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José de Sousa Ramos
(1948–2007)

José Sousa Ramos was the main supporter of the idea of organizing the

International Conference on Difference Equations and Applications 2007 in

Lisbon, at the Instituto Superior Técnico. The ICDEA, jointly with ECIT

(European Conference on Iteration Theory) were the conferences that he

most enjoyed to attend. Unfortunately he deceased January 1, 2007, and

therefore could not play the role that he had planned in the organization

of this Conference.

Sousa Ramos had a first degree in Physics and obtained his Ph.D. in

Mathematics. In these sciences he showed a huge knowledge and a par-

ticular capacity of analyzing physical phenomena into the mathematical

framework. He had a very creative and autonomous mind. This often led

him to rather original ideas and very different and interesting ways of look-

ing at several aspects of either Mathematics or Physics, which he enjoyed

to discuss with everyone around.

He left us a strong legacy in the domain of Dynamical Systems, namely

in the so called Symbolic Dynamics. A large work that he would have hated

to build up only by his own, in complete solitude. Indeed, his extreme

simplicity and modesty jointly with a rare joy of sharing explain the reason

why it is so difficult for one to find a simple paper signed by him only.

An important aspect of his daily work, were the appointments he

continuously had with his students and collaborators. In those meet-
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ings the advances in several problems were discussed and understood not

only theoretically, but also experienced with a computer aid, a method

that he thought essential and that largely increased as an “experimental

mathematics”.

Little by little, Sousa Ramos set up to build a large group of around

twenty people from several universities, spread out over the country from

north to south, that worked with him in almost permanence. In this way,

he was able to achieve something very uncommon in our country: be-

ing the founder of a mathematical school. A true school in Dynamical

Systems which is already continuing his legacy through the participation

and organization of this conference.
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Preface

These proceedings include articles based on talks presented at the

12th International Conference on difference equations and applications

(ICDEA07). The conference was held in Lisbon, July 23–27, 2007, under

the auspices of the International Society of Difference Equations (ISDE).

This volume encompasses articles on a variety of current topics such as

stability, bifurcation, functional equations, chaos theory, mathematical bi-

ology, mathematical economics, boundary value problems, neural networks,

cellular automata, combinatorics, and numerical methods. There are arti-

cles on hyperbolic dynamics in Nash maps (Misiurewicz et al.), discrete

versions of the Lyapunov-Schmidt method (Vanderbauwhede), hyperbolic

and minimal sets (Pinto et al.), difference equations with continuous time

(Sharkovsky et al.), interval maps on cellular automata (Ramos et al.), and

chaotic synchronization (Caneco). On mathematical biology, we include ar-

ticles on stability through migration (Fujimoto et al.), a two-dimensional

competing species model (Johnson et al.), and a multiplicative delay popu-

lation dynamics model (Braverman et al.). In addition, we have papers on

Stochastic difference equations (Appleby et al.), combinatorics of Newton

maps (Balibrea), fuzzy dynamical systems (Rodriguez-Lopez), discretized

panograph equations, nonlinear boundary problems (Sharkovsky et al.),

and neural networks (Cheng et al.) are also included. Due to our limited

space, we have not mentioned many papers in these proceedings. The in-

terested reader may find a complete list of the titles in this volume under

the Contents section.

The editors sincerely appreciate the excellent job of our referees, without

which this volume would never have materialized. We present this volume to

the mathematical community and hope that it will be a stimulus to research

in discrete time problems that arise in a plethora of scientific disciplines as

well as those that are related to various fields within mathematics.

Saber N. Elaydi

Henrique Oliveira

José Manuel Ferreira

João F. Alves
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Combinatorics of Newton Maps on Quintic Equations

Francisco Balibrea

Facultad de Matemáticas, Universidad de Murcia,
Campus de Espinardo, 30100 Murcia, Spain

E-mail: balibrea@um.es

We study some dynamical properties of the Newton maps associated to real
quintic polynomial equations of one variable. Using Tschirnhaus transforma-
tions and topological conjugation, we suppose the equation has been reduced
to the form pc = x5 − cx+1 = 0 where c ∈ R. Then we use symbolic dynamics
and in particular the construction of kneading sequences which allow to know

the dynamical behavior of the Newton map Npc(x) = x − pc(x)
p′

c(x
associated to

the map pc.

Keywords: Newton maps; difference equation; symbolic dynamics; Markov par-
titions; quintic equation.

Dedicated to the memory of Professor José de Sousa Ramos

1. Introduction and motivation

Finding roots of polynomials is an old problem in mathematics and consid-
eration of dynamics of Newton maps as applied to real polynomials has a
long research history even in one variable. In this setting numerical New-
ton method supplies one of the simplest and most widely-used root-finding
methods constructing sequences approaching the roots of the equation.

The fundamental property of Newton method for a general map f on
R is that it transforms the problem of finding roots of f(x) = 0 when f

is differentiable, into the problem of finding attracting fixed points of the
associate Newton map Nf (x).

We bring here some interesting problems, not yet completely solved even
for real cubic polynomial equations. For example, there may have open sets
of initial points which do not lead to any root but instead to an attracting
cycle of period grater than one. Boundaries of the basin of attraction of
attracting cycles have a fractal structure which it is not yet well understood
(see [7] and [8]).
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Another type of results was given by Barna [1] saying that for real
polynomials in one variable of degree at least 4 with distinct simple real
roots, the set of initial points not converging to a root is homeomorphic to
a Cantor set.

Under standard assumptions, the Newton method is locally convergent
in a suitable set surrounding the solution. The possibility that a small
change in x0 can cause a drastic change in convergence indicates the nasty
nature of the convergence problem.

A detailed treatment of the cubic polynomial case can be seen in [4] and
a complete description of its combinatorics is given in [11].

In this paper we are dealing with the general quintic equation

x5 + c1x
4 + c2x

3 + c3x
2 + c4x + c5 = 0

which has been largely considered in the literature trying to construct con-
vergent sequences to its roots.

To this aim, we reduce the number of parameters until 2 using the
Tschirhaus transformation [3], obtaining the equation

x5 + ax + b = 0

and then by topological conjugation we transform our problem in that of
solving the equation

pc(x) = x5 − cx + 1 = 0

depending only of the real parameter c.
In section 3, using standard symbolic dynamics, we introduce the ad-

missibility rules of the sequences associated to Newton map Npc and study
their structure. The techniques of symbolic dynamics are based on notions
of the kneading theory for one-dimensional multimodal maps, (see Milnor
and Thurston [9]). It allows us to construct a tree of kneading sequences
for Npc .

It is also possible to see a connection between kneading theory and
subshifts of finite type is shown by using a commutative diagram derived
from the topological configurations associated with m-modal maps which
can be appreciated in [6].

2. Newton maps for quintics

We transform the polynomial equation x5 + ax + b = 0 using topological
conjugacy. It is well known that f and g are topologically conjugate pro-
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vided there is an homeomorphisms τ such that f ◦ τ = τ ◦ g. In such case
for fn and gn we have the same dynamical properties.

Proposition 2.1. Let g(x) = x5 + ax + b5 where b �= 0 and f(x) = x5 +
cx + 1 where c = a/b4. Then Ng and Nf are topologically conjugate via the
homeomorphism τ(x) = x/b.

Let us see what happens when b = 0.

Proposition 2.2. Let g(x) = x5 + a4x, τ(x) = x/a, with a �= 0, and
p+(x) = x5 + x. Then Ng and Np+ are topologically conjugate by τ . By
other hand, if g(x) = x5 − a4x and p−(x) = x5 − x then Ng and Np− are
topologically conjugate by τ.

When a = 0 we have f(x) = x5.
Last two propositions imply that the dynamics of Newton map for quin-

tic g(x) = x5 + ax+ b is equivalent to the dynamics of Newton map for the
polynomial family fc(x) = x5 + cx+1 or to ga(x) = x5 +ax. Moreover, the
Newton map for function ga(x) is topologically conjugate to Newton map
for one of the three polynomials:

p−(x) = x(x4 − 1), p+(x) = x(x4 + 1), or p0(x) = x5.

Therefore the study of Newton map for quintic polynomials is reduced
to the case fc(x) = x5 − cx + 1, where c ∈ R.

• When c < 0, it is easy to verify that Npc has exactly one real
root and that its stable set (the set of points which are forward
asymptotic to it) is R.

• When c = 0, there is also one real root and its stable set contains
all real numbers except 0.

• When c > 0 we have three interesting cases which will be considered
later.

The polynomial pc(x) has a maximum at d1 = − 4
√

c/5 and a minimum
at d3 = 4

√
c/5.

Note that when c increases, the minimum of f decreases and the max-
imum increases. When c = c0 = 5 × 2−8/5 = 1.64938... the minimum is
0.

Note also that when c is bigger than c0, f has three real roots.
In last case, has sense to use the following result due to Rényi
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Theorem 2.1. Let f : R → R. Let us suppose that f ′′(x) is monotone
increasing for all x ∈ R and that f has exactly three real roots ai (i = 1, 2, 3).
Then the sequence xn+1 = xn − f(xn)/f ′(xn) converges to one of the roots
for every choice of x0 except for x0 belonging to a countable set E of singular
points. For any ε > 0 there exists an interval (x, x + ε) containing three
points yi (x < yi < x + ε, i = 1, 2, 3) having the property that if x0 = yi,
then (xn)∞n=0 converges to ai (i = 1, 2, 3).

The polynomial pc(x) = x5 − c x + 1 has three real roots when c > c0

and p
′′
c (x) = 20x3 is monotone increasing for all x ∈ R, so we are in the

conditions of last theorem.
Finally the most interesting situation happens when c is between 0 and

c0, in this case pc(x) has only one real root.
Now we consider pc(x) = x5 − c x + 1, so

N ′
pc

(x) =
p

′′
c (x)pc(x)

(p′
c(x))2

=
20 x3pc(x)

(p′
c(x))2

.

If N ′
pc

(x) = 0 we have x = 0 or pc(x) = 0.
As the roots of pc(x) are super-stable fixed points (p′(x) = 0), the only

interesting critical point of Npc is 0 denoted by d2, so for the study of the
iteration of Npc we will start at x0 = d2.

Let us now describe the numerical experiments which can be performed
in the (x, c) - plane, computing the bifurcation diagram for Npc with pc(x) =
x5−c x+1, where c ∈ (0, c0). There is a sequence of windows where Npc(d2)
converges to a stable periodic orbit with period (n ∈ N), intercalated with
intervals where the critical point d2 converges to the fixed point d0 which
can be seen in Fig 1.

Until now we have studied the case with only two coefficients in the
quintic polynomials (in such a case we have at most three roots).

But there are other possibilities for a general quintic equation,

(1) the quintic equation has four distinct real roots, one of them double;
(2) the quintic equation has five distinct real roots.

Now it applies the follow result:

Theorem 2.2 (Barna). If f is a real polynomial having all real roots and
at least four distinct ones, then the set of initial values for which Newton
method does not yield to a root of f is homeomorphic to a Cantor set. The
set of exceptional initial values J(f) is of Lebesgue measure zero.
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Fig. 1.

Proof. For a proof we refer to Hurley and Martin [5]. They all give modern
proof of Barna result [1]. The underlying idea is to show that the set J(f)
arises in a way which is very similar to the usual Cantor set construction.
Wong proves this result using symbolic dynamics [13].

Therefore in next section we will concentrate in the most interesting
case pc(x) = x5 − cx + 1 for c ∈ (0, c0).

3. Symbolic dynamics

The dynamical system associated to Npc(x) can be globally studied using
the kneading theory which is an appropriate tool to classify topologically
the dynamics of maps. In what follows we will use an extension of the
Milnor-Thurston’s theory to discontinuous maps defined in not necessarily
compact subsets of R adapted to maps Npc(x) where pc(x) = x5 − cx + 1,
and 0 < c < c0 which allows us to compute in some cases the topological
entropy of such maps.

To this aim, let us consider the alphabet Ac = {A, A0, B, L, C, M, R}
and the set Ωc = AN0

c (N0 = N ∪ {0}), the space of all sequences composed
of elements of Ac. In order to avoid all preimages of {d1, d3}, instead of in
R we will work in the subset

Λc = R\
⋃

n∈N0

N−n
pc

({d1, d3}) = R\Ac
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where Ac is a countable set of points. Given x ∈ Λc, its itinerary ic(x) =
(ic(x)0, ic(x)1, ..., ic(x)n, ...) is defined by

ic(x)m =




A if Nm
pc

(x) ∈ (−∞, d0(c)) = I0(c)

A0 if Nm
pc

(x) = d0(c)

B if Nm
pc

(x) ∈ (d0(c), d1(c)) = I1(c)

L if Nm
pc

(x) ∈ (d1(c), d2) = I2(c)

C if Nm
pc

(x) = d2

M if Nm
pc

(x) ∈ (d2, d3(c)) = I3(c)

R if Nm
pc

(x) ∈ (d3(c),∞) = I4(c)

observe that d2 = 0 and does not depend on c and that the equation
Npc(x) = 0 has as unique solution x = 4

−1
5 which does not depend on c.

If we now consider the shift operator σ : Ωc → Ωc, σ(X0X1X2...) =
(X1X2X3...), then it is immediate the commutativity of the diagram

Npc

Λc −→ Λc

ic ↓ ↓ ic
Ωc −→ Ωc

σ

We introduce in Ωc the lexicographic ordering, derived from the natural
ordering of symbols in Ac:

A < A0 < B < L < C < M < R

and state also that

(−1)R < (−1)M < C < (−1)L < (−1)B < A0 < (−1)A

After this we state in Ωc the following ordering

Definition 3.1. We say that X ≺ Y (or Y 	 X) for X, Y ∈ Ωc,
if there exists k ≥ 0 such that for 0 ≤ i ≤ k − 1 is Xi = Yi and
(−1)nBL(X0...Xk−1)Xk < (−1)nBL(X0...Xk−1)Yk where nBL(X0...Xk−1) is
equal to the number of symbols B and L which appear in X0...Xk−1, that
is, the number of times that the iterates of the point belong to decreasing
intervals of the map Npc(x).



September 13, 2010 11:13 WSPC - Proceedings Trim Size: 9in x 6in 01

9

Definition 3.2. We say X � Y (respectively Y 
 X) if X ≺ Y or X = Y

(respectively Y 	 X or X = Y ).

Example 3.1. Let MRRM... and MRRR... be two sequences with a
common block MRR. Then nBL(MRR) is even and therefore MRRM... ≺
MRRR... . For the sequences RLRA..., RLRR..., nBL(RLR) is odd and
then RLRA... 	 RLRR...

The lexicographic ordering is total in Ωc and it is compatible with the
usual ordering on Λc. The relationship between the two orderings is stated
in the following result whose proof is similar to that of Proposition 3 from
[9].

Proposition 3.1. Let x, y ∈ Λc

(1) If x < y then ic(x) � ic(y)
(2) If ic(x) ≺ ic(y), then x < y

Our task now is to introduce a criterium of admissibility of itineraries
in Ωc. Of special interest are the itineraries of d2 and d0. In the case d0 the
unique possible itinerary is (A0)∞.

To this end, consider the subset J ⊂ (0, c0) given by

J = {c ∈ (0, c0) : ∪
n∈N0

Nn
pc

(d2) ∩ {d1, d3} = ∅} = J1 ∪ J2.

where J1 = (0, c∗)∩ J , J2 = (c∗, c0)∩ J and c∗ = 5
√

5 which corresponds to
the solution of Npc(0) = 1

c = d3.

J1 = (0, c∗)\H1 (respectively J2 = (c∗, c0)\H2) where H1, H2 are some
subsets of parameters.

We distinguish between this two subsets because the corresponding
maps of the family have different dynamics. In the first case, is Npc(0) =
1
c > d3 and Npc(0) = 1

c < d3 in the second but the shape of the graphs of
the maps are similar.

For each c ∈ J we will denote the itinerary of the orbit of the critical
point d2 by Y c.

We describe the rules for admissible sequences looking at the graph of
Npc(x) and also construct the admissible matrix
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T 1
c =




1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 1
1 1 1 1 1 1 1




for c ∈ J1 and alphabet Ac

If c ∈ J2 the alphabet is similar, but not the admissible matrix which is

T 2
c =




1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 1 1
0 0 0 0 0 1 0
0 0 0 0 0 1 1
1 1 1 1 1 1 1




where in both matrix, T k
ij = 1 (k = 1, 2) whenever if x ∈ Ii(c) then Npc(x)

can belong to Ij(c) where the interval Ij(c) were introduced in the definition
of ic(x) for j = 0, .., 4, and T k

ij = 0 otherwise.
We introduce the following admissibility rules:




σi(Y c)0 = A ⇒ σi+1(Y c) = (A)∞

σi(Y c)0 = B ⇒ σi+1(Y c) = (A)∞

σi(Y c)0 = M ⇒ σi+1(Y c) 	 Y c

σi(Y c)0 = L ⇒ σi+1(Y c) 	 Y c

CH(M)∞ and CH(R)∞ are not admissible

. (1)

If

Ω+
c = {Y ∈ Ωc : TYi,Yi+1 = 1 and holding (1)}

then

Ω+ =
⋃
c∈J

Ω+
c
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contains all admissible sequences for all c ∈ J and will be called the
set of admissible sequences. For example, the sequence (CMMRR)∞ is
admissible.

It is clear that Ω+
c is totally ordered by 
.

Example 3.2. To see the admissibility we must pay attention to the fact
that the critical point d2 is a local minimum and, in such case, if we have
σi(Y )1 = L or σi(Y )1 = M (where Y is a periodic sequence with period
n of the critical point d2, 1 ≤ i < n) then we must have σi(Y ) > Y . So
the sequence (RLRC)∞ is admissible and appears near c = 1.3346..., while
the sequences (LMAC)∞ and (RMRC)∞ are not admissible for the same
reason.

Again, in a similar way to what is made in [9] we define the kneading
increments associated to kneading data by

νdi = θ(d+
i ) − θ(d−i ) with i = 0, 1, 2, 3

where θ(x) is the invariant coordinate of each symbolic sequence associated
to the itinerary of each point di, see [9].

Using this we define the kneading matrix N(t) and the kneading deter-
minant

D(t) =
(−1)i+1Di(t)

(1 − εit)

=
dY (t)

(1 − t)(1 − tk)

where Di(t) is the determinant of N(t) without the column i and the cy-
clotomic polynomials in the denominator correspond to the stable periodic
orbits of d0 and d2, see [9].

Example 3.3. If we compute the kneading increment for the sequence
RLRC, we obtain the kneading matrix

N(t) =




− 1+t
1−t 1 0 0 0

− t
1−t −1 1 0 − t

1−t

0 0 −1 + 2t2−2t4

1−t4 1 2t−2t3

1−t4
t

1−t 0 0 −1 1 − t
t−1


 .

With i = 2 we have ε2 = −1 (because N
′
fc

(x)|[d0,d1] < 0), from which we
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get

D(t) =
(−1) D2(t)

1 + t

=
(1 + t)(1 − t − t2 − t3)

(1 − t)(1 − t4)
.

Next we denote by dY (t) the numerator of D(t) given by D(t) (1 −
t) (1− tk), where k is the period of the critical point d2 and Y is the knead-
ing sequence associated to d2. Each kneading data determines a kneading
determinant but the most significant factor of the numerator is determined
by the kneading sequence Y .

It is easy to see the following result

Proposition 3.2. To the set Ω+ of the ordered kneading sequences can
be associated the tree TY , where in each k-level of the tree are localized
kneading sequence of k length.

Corollary 3.1. To TY we associate a tree TdY (t) of the numerators of
kneading determinant.

To proof this corollary we need the following result

Lemma 3.1. Let Y be an admissible periodic sequence corresponding to
orbit of the critical point d2 of period k whose the numerator of the kneading
determinant dY (t), now we designate by dk(t). Then dk(t) has degree n = k

and the polynomials correspondent to the periodic sequences of period k + 1
(k + 1 - level of the tree) follow the rule of construction:

(1 − t)dk(t) = 1 − t + a2t
2 + a3t

3 + ... + aktk−1︸ ︷︷ ︸
p(t)

−δtk − δtk+1︸ ︷︷ ︸
q(t)

= p(t) + q(t)

↙ ↓ ↓ ↘
A L M R

(1 − t)dk+1(t) = p(t) − 2δtk; p(t) + 2δtk; p(t) − 2δtk+1; p(t) + tq(t)

with ak ∈ {−2, 0, 2} and δ = (−1)nL where nL is equal to the number of
times that the symbol L appears in the symbolic sequence Y.

Proof. Computing the kneading determinants of the sequences in each
level k of the set Ω+ of the ordered kneading sequences and analyzing the
passage from level k to level k + 1 and using the induction it goes out the
rule of the indicated construction.
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If we want to see the symbolic dynamics in the tree for the converging
points in the Newton method, it is of ramifications ending with A∞. In this
case dY (t) stays constant after reaching the first symbol.

Theorem 3.1. Let P and Q be kneading sequences in Ω+ with the lexi-
cographic order ≺. If P ≺ Q then cP > cQ, where cP (respectively cQ) is
the parameter value corresponding to the kneading sequence P (respectively
Q). If c1 > c2 then there are P, Q ∈ Ω+ with P � Q, where P (respectively
Q) is the kneading sequence realized by the parameter value c1 (respectively
c2). Moreover, for the Newton map Npc associated to quintic map pc, the
topological entropy is a non-decreasing function of c on (0, c0)

Proof. We are given only some ideas of the proof which will appear else-
where. For we extend the Tsujii results on the quadratic map to the Newton
map [12]. Then we prove that the kneading sequence P associated to the or-
bit of the critical point d2 is monotone decreasing with respect to parameter
c on the range (0, c0).
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3. D. S. Dummit, Solving solvable quintics, Math. Comp., 57 (1991), 387-401.
4. A. R. Holmgren, A first course in discrete dynamical systems, Universitext,

Springer-Verlag (2000).
5. M. Hurley and C. Martin, Newton’s Algorithm and Chaotic Dynamical

Systems, SIAM J. Math. Anal, 15 (1984), 238-252.
6. J. P. Lampreia and J. Sousa Ramos, Trimodal maps, Int. J. Bifurcation and

Chaos, 3 (1993), 1607-1617.
7. Curt McMullen, Families of rational maps and iterative root-finding algo-

rithms, Ann. Math. (2) 125(3) (1987), 467-493.
8. Curt McMullen, Braiding of the attractor and the failure of iterative algo-

rithms, Invent. Math. 91(2) (1988), 259-272.



September 13, 2010 11:13 WSPC - Proceedings Trim Size: 9in x 6in 01

14

9. J. Milnor and W. Thurston, On iterated maps of the interval, In Dynamical
systems: proceedings 1986-87, pp. 465-563, Lecture Notes in Mathematics
1342, Springer-Verlag, 1988.
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We investigate the dynamics of the Nash better response map for a family of

games with two players and two strategies. This family contains the games of

Coordination, Stag Hunt and Chicken. Each map is a piecewise rational map

of the unit square to itself. We describe completely the dynamics for all maps

from the family. All trajectories converge to fixed points or period 2 orbits. We

create tools that should be applicable to other systems with similar behavior.

Keywords: Nash maps; Hyperbolic dynamics; Periodic points.

1. Introduction

1.1. Economics introduction

Nash1–3 produced three proofs of the existence of an equilibrium point for

n-person games. Each proof applied a fixed point theorem to a mapping

from the Cartesian product of the players’ mixed strategy sets to itself.

Iteration of such a map leads to a discrete time dynamical system on the

product space of the players’ mixed strategies.
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Nash’s3 proof focused on a better response map with the property

that each fixed point is an equilibrium point, and vice versa. Becker and

Chakrabarti4 generalized Nash’s better response map to extend the exis-

tence theorem to incorporate some forms of nonexpected utility theories as

well as to games with a continuum of pure strategies.

In Ref. 5 we analyzed the dynamics of the Nash map for Matching

Pennies and showed that the game’s equilibrium point was unstable – the

players’ mixed strategies converge to an orbit of period eight from any

initial starting point except the mixed strategy equilibrium point. The Nash

dynamics that one observes is quite different from what one gets if the

players use their best responses. When the players use the best response

map then the play simply cycles over the pure strategies.

The fact that the Nash map has interesting dynamics in the game of

Matching Pennies raises questions about the dynamics of such behavior in

other 2× 2 games. Thus one would be curious about what would happen,

say, in the case of the games of Coordination, Stag Hunt, or Chicken.

The purpose of this paper is to present a thorough analysis of the Nash

better response dynamics for a one-parameter family of 2 × 2 games that

includes versions of the above games. We focus on the essential Nash map

defined on the unit square. This map is derived from Nash’s better response

map by recognizing that it is sufficient to study the evolution of each players’

probability of playing one of the available two pure strategies.

The payoff matrices that describe 2× 2 games form an eight parameter

family of matrices. Some of these matrices describe equivalent games under

various notions of equivalence. The payoff matrices we investigate here form

a five parameter family and are described as follows.

strategy Left Right

Top (c + α, b′ + α) (b, b′)

Bottom (c, c′) (b + α, c′ + α)

where α ≥ 0. All these games have the common feature that there are two

pure strategy Nash equilibrium points, namely, (Top, Left) and (Bottom,

Right) and a mixed strategy equilibrium. Some Coordination games belong

to this class of games. Let b = 0 = b′ and c = 0 = c′. Then the payoff

matrices become

strategy Left Right

Top (α, α) (0, 0)

Bottom (0, 0) (α, α)
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where α ≥ 0. Every game described by the five parameter family of matrices

above has the same essential Nash map as a game described by a payoff

matrix in this one parameter family (see Sec. 2, Eqs. (1) and (2)).

The following version of the Stag-Hunt game also fits our model (see

Refs. 6 and 7).

strategy Hunt Stag Chase Rabbit

Hunt Stag (4, 4) (1, 3)

Chase Rabbit (3, 1) (2, 2)

The class of games also includes realizations of Chicken, as given below:

strategy Not Blink Blink

Not Blink (−10,−10) (5,−5)

Blink (−5, 5) (0, 0)

If we interchange the strategy of one of the players then this game also fits

our model.

In our analysis of the Nash dynamics of this class of games we find that

the nature of the dynamics related to the mixed strategy equilibrium point

is sensitive to the payoffs of the game. For example, the mixed strategy

equilibrium point can change from being an orientation preserving saddle

point to an orientation reversing repelling point. This latter observation is

especially interesting since, as far as we know, the existing literature on

evolutionary games has not explicitly noted this phenomenon. This behav-

ior cannot occur in the case of evolutionary dynamics in continuous time.

The observations about the local instability of the pure strategy equilib-

rium is, however, quite consistent with results obtained in the literature on

evolutionary dynamics in continuous time, as for example in Ref. 8.

1.2. Mathematics introduction

From the mathematical point of view, the problem we solve in the paper is

to describe completely maps from a certain concrete one-parameter family

H of maps of the unit square to itself. Problems of this type are often the

most difficult ones in the whole theory of dynamical systems. While a lot

of abstract theory exists, only a small part of this theory can be used in

a concrete situation. Quite often the assumptions of general theorems are

impossible to check. Sometimes the reasons why we cannot decide what

is going on are deep. This applies especially to systems with complicated
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dynamics. How can one practically distinguish between a dense orbit and

a periodic orbit of period 10100000000? However, for systems with relatively

simple behavior a full description should be possible.

The systems considered in this paper fall into this category of “systems

with relatively simple behavior,” where after making some computations

and drawing several computer pictures one can guess what is going on, but

there is no obvious way to confirm it rigorously.

To resolve this problem, we create tools that allow us to prove exactly

what we need. They are described in Sec. 4. They basically consist (after

the standard preliminary use of symmetry to simplify the map) of several

steps. The first one is to show that in the interesting region our map is

an orientation preserving homeomorphism. The second step is to identify

regions where the points are moved by the map in specific directions (cones

of directions). This is basically treating our system as a difference equa-

tion. The third step is to see where the points from those regions can be

mapped. Here we use the fact that under a homeomorphism the regions can-

not “jump” over each other; the cyclic order around a point where several

regions meet must stay the same.

Although this looks very similar to the classical nullcline method, here

we deal with a system with discrete instead of continuous time (in other

words, with difference equations, rather than differential ones). This makes

a substantial difference in considering what can happen to the trajectories

of the system. We do not formalize our methods, although we believe that

they can be used in many similar situations. However, each specific situation

may require minor modifications, so it may be difficult to pinpoint exact

assumptions that have to be made.

The computationally most difficult situations in the family H arise for

parameter values for which bifurcations occur and the system is not hy-

perbolic. We do not consider them very important, and even omit them

in the statement of Theorem 2.1, although we include them in Sec. 4 for

completeness. Therefore the reader should not feel disturbed by formulas

like those from the proof of Lemma 4.9 (starting with Eq. (19) this proof

ceases to be computational).

2. Description of the family H and results

Let

[
(a, a′) (b, b′)

(c, c′) (d, d′)

]



September 7, 2010 16:7 WSPC - Proceedings Trim Size: 9in x 6in 02

19

define a two person, two pure strategy game with X the row player and

Y the column player. The two players have strategies x̄ = (x, 1 − x) and

ȳ = (y, 1− y), respectively. The payoff matrices for X and Y are

Rx =

[
a b

c d

]
and Ry =

[
a′ b′

c′ d′

]
.

The expected payoff for X is x̄RxȳT and the expected payoff for Y is

x̄RyȳT .

Define

tx = x + max{0, (e1 − x̄)RxȳT },
t1−x = (1− x) + max{0, (e2 − x̄)RxȳT },

ty = y + max{0, x̄Ry(e1 − ȳ)T },
t1−y = (1− y) + max{0, x̄Ry(e2 − ȳ)T },

with e1, e2 the standard basis vectors.

The Nash map on the pair of probability vectors is

(x̄, ȳ) 7→
((

tx
tx + t1−x

,
t1−x

tx + t1−x

)
,

(
ty

ty + t1−y

,
t1−y

ty + t1−y

))
.

All information is contained in the essential Nash map on the unit

square

n = (n1, n2) : [0, 1]2 → [0, 1]2,

defined by

n1(x, y) =
tx

tx + t1−x

=
x + max{0, (e1 − x̄)RxȳT }

1 + max{0, (e1 − x̄)RxȳT }+ max{0, (e2 − x̄)RxȳT } ,

n2(x, y) =
ty

ty + t1−y

=
y + max{0, x̄Ry(e1 − ȳ)T }

1 + max{0, x̄Rx(e1 − ȳ)T }+ max{0, x̄Ry(e2 − ȳ)T } ,

with x̄ and ȳ as before. It is clear from the definition that in this setting

the essential Nash map is a continuous map of the unit square into itself.

If we let [r]+ = max{0, r}, [r]− = max{0,−r} and α = a− c, β = b− d,

γ = a′ − b′, δ = c′ − d′, the essential Nash map reduces to

n1(x, y) =
x + (1− x)[αy + β(1− y)]+

1 + (1− x)[αy + β(1− y)]+ + x[αy + β(1− y)]−
, (1)

n2(x, y) =
y + (1− y)[γx + δ(1− x)]+

1 + (1− y)[γx + δ(1− x)]+ + y[γx + δ(1− x)]−
. (2)
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Consequently, essential Nash maps arising from the 2 by 2 games form

a four parameter family of piecewise rational, continuous maps of the unit

square to itself. In what follows we examine the dynamics of a one parameter

family H of essential Nash maps. It is given by α = γ > 0 and β = δ = −α.

The game of Coordination is defined by
[

(1, 1) (−1,−1)

(−1,−1) (1, 1)

]
.

The essential Nash map for Coordination occurs in H with α = 2.

The game of Chicken is defined by
[

(−10,−10) (5,−5)

(−5, 5) (0, 0)

]
.

Interchanging the ordering for X ’s choices one observes that the essential

Nash map for Chicken occurs in H with α = 5.

An essential Nash map n = (n1, n2) ∈ H reduces to

n1(x, y) =
x + α(1− x)[2y − 1]+

1 + α(1− x)[2y − 1]+ + αx[2y − 1]−
,

n2(x, y) =
y + α(1− y)[2x− 1]+

1 + α(1− y)[2x− 1]+ + αy[2x− 1]−
.

The diagonal is {(x, x) : 0 ≤ x ≤ 1}. The region above the diagonal is

{(x, y) : 0 ≤ x < y ≤ 1} and the region below the diagonal is {(x, y) : 0 ≤
y < x ≤ 1}. Reflection about the diagonal is given by the map rd(x, y) =

(y, x). The anti-diagonal is {(x, 1 − x) : 0 ≤ x ≤ 1}. The region above

the anti-diagonal is {(x, y) : x + y > 1} and the region below the anti-

diagonal is {(x, y) : x + y < 1}. Reflection about the anti-diagonal is given

by ra(x, y) = (1 − y, 1 − x). A set A is called invariant for a map f if

f(A) ⊆ A.

Let f : U → V , where U, V ⊆ R
2, be a local diffeomorphism. The map

f is orientation preserving at p ∈ U if the Jacobian at p is positive and

orientation reversing at p if the Jacobian is negative at p.

The main results about the one parameter family H of essential Nash

maps are summarized in the following theorem. The reader can get slightly

more information from Secs. 3 and 4.

We will say that a point x is attracted to A (where A can be a point or

a compact set) if the trajectory of x converges to A, that is, the distance

from the k-th image of x to A converges to 0 as k →∞. When we say that

a fixed point is orientation preserving or reversing, we mean the behavior

of the map in a neighborhood of that point.
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Theorem 2.1. Let n ∈ H be the essential Nash map described above.

(a) For all α, (0, 0) and (1, 1) are orientation preserving, topologically at-

tracting fixed points and (1/2, 1/2) is a fixed point. There are no other

fixed points.

(b) When 0 < α ≤ 1/2, then n is a homeomorphism onto its image. When

1/2 < α, then n is not one-to-one.

(c) For 0 < α < 2, (1/2, 1/2) is an orientation preserving saddle fixed

point whose stable manifold is the anti-diagonal and unstable manifold

is the diagonal (without (0, 0) and (1, 1)).

(d) For 2 < α < 4, (1/2, 1/2) is an orientation reversing saddle fixed point

whose stable manifold is the anti-diagonal and unstable manifold is the

diagonal (without (0, 0) and (1, 1)).

(e) For α ≤ 4, all points below the anti-diagonal are attracted to (0, 0) and

all points above the anti-diagonal are attracted to (1, 1).

(f) For 4 < α < 2(1 +
√

2), (1/2, 1/2) is an orientation reversing repelling

fixed point. There is a saddle period two orbit on the anti-diagonal.

One point of this orbit lies below (1/2, 1/2) and its stable manifold is

the part of the anti-diagonal with x < 1/2. The other point lies above

(1/2, 1/2) and its stable manifold is the part of the anti-diagonal with

x > 1/2. All points below the anti-diagonal are attracted to (0, 0) and

all points above the anti-diagonal are attracted to (1, 1).

(g) For α > 2(1+
√

2), (1/2, 1/2) is an orientation reversing repelling fixed

point. There is an attracting orbit of period two on the anti-diagonal.

There are two saddle period two orbits that follow the orbit of period

two on the anti-diagonal. One saddle orbit lies below the anti-diagonal

and one above. There are no other periodic points. Every other point is

attracted to one of the periodic orbits mentioned (including (0, 0) and

(1, 1)). For illustration, see Fig. 1.

The set of nonwandering points of each map in H consists of a finite

number of periodic points. The points (0, 0) and (1, 1) are always topolgi-

cally attracting, but the derivative of the essential Nash map at these points

is the identity. Except for the special values of α: 2, 4 and 2(1+
√

2), and ex-

cept for the points (0, 0) and (1, 1), all nonwandering points are hyperbolic

periodic points. For this reason we refer to the dynamics as hyperbolic.

In Fig. 1 we have marked all periodic points of n for α = 6. Additionally

we have marked the anti-diagonal and the stable and unstable manifolds of

the period 2 saddles. Note that the stable manifolds serve as a boundary

between the basins of attraction of the points (0, 0) and (1, 1) and the basin
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Fig. 1. Periodic points for α = 6.

of attraction of the period 2 attracting orbit. The intersections between

unstable manifolds are possible because the map n is not a homeomorphism.

The four functions that occur in the essential Nash map simplify. We

denote them as follows.

n+
1 (x, y) =

x + α(1− x)(2y − 1)

1 + α(1− x)(2y − 1)
if y ≥ 1/2,

n−

1 (x, y) =
x

1 + αx(1− 2y)
if y ≤ 1/2,

n+
2 (x, y) =

y + α(1− y)(2x− 1)

1 + α(1− y)(2x− 1)
if x ≥ 1/2,

n−

2 (x, y) =
y

1 + αy(1− 2x)
if x ≤ 1/2.

The two lines x = 1/2 and y = 1/2 divide the square into four quadrants.

We refer to the quadrants by compass points. The northeast quadrant is

NE = {(x, y) : 1/2 ≤ x ≤ 1, 1/2 ≤ y ≤ 1}, and similar descriptions hold

for the SE, SW and NW quadrants. In the NE quadrant the essential

Nash map is n = (n+
1 , n+

2 ), in the SE quadrant it is n = (n−

1 , n+
2 ), in the

SW quadrant n = (n−

1 , n−

2 ) and in the in the NW quadrant n = (n+
1 , n−

2 ).

We will refer to the lines separating the quadrants as borders. Also there
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are the North, South, East and West regions (see Fig. 2).

NW NE

SW SE

(   ,    ) (   ,    )

(   ,    ) (   ,    )

n   n n   n

n   n n   n

1     2
+      -

1     2
+     +

1     2
 -      -

1     2
 -     +

Fig. 2. Quadrants, functions and directions.

3. Essential Nash map

In this section we will investigate the essential Nash map n in the whole

square [0, 1]2.

Lemma 3.1. The essential Nash map n commutes with rd and with ra.

Therefore both the diagonal and the anti-diagonal are invariant for n.

Proof. The first statement follows from a simple computation. The second

part follows from the first one and the fact that the diagonal is the set of

the fixed points of rd and the anti-diagonal is the set of the fixed points of

ra.

Lemma 3.2. Consider the essential Nash map acting on the unit square.

(a) The number n1(x, y) − x is positive if x 6= 1 and y > 1/2, negative if

x 6= 0 and y < 1/2, and zero otherwise (including y = 1/2). Similarly,

the number n2(x, y) − y is positive if y 6= 1 and x > 1/2, negative if

y 6= 0 and x < 1/2, and zero otherwise (including x = 1/2). Loosely

speaking, this means that under the action of the essential Nash map,

all points in the open NE quadrant move to the northeast, all points

in the open SE quadrant move to the northwest, all points in the open

SW quadrant move to the southwest, and all points in the open NW

quadrant move to the southeast (see Fig. 2).
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(b) The essential Nash map has three fixed points. They are (0, 0), (1, 1)

and (1/2, 1/2).

(c) The northeast and southwest quadrants are invariant for n. Every point

in the southeast quadrant, except (1/2, 1/2), is attracted to the point

(0, 0) and every point in the northeast quadrant, except (1/2, 1/2), is

attracted to the point (1, 1).

Proof. Statement (a) follows from simple computations. Statements (b)

and (c) follow from (a).

Lemma 3.3. The anti-diagonal and the regions above and below the anti-

diagonal are invariant for n. Moreover, there exists a neighborhood U of

(1/2, 1/2) such that for every point p ∈ U which does not lie on the anti-

diagonal the distance of n(p) from the anti-diagonal is larger than the dis-

tance of p from the anti-diagonal.

Proof. We have

n+
1 (x, y)+n−

2 (x, y)−1 = (x+y−1)
1 + 2αy(1− x)

[1 + α(1− x)(2y − 1)][1 + αy(1− 2x)]
.

(3)

Since the fraction on the right is always positive, we see that if a point p

is above the anti-diagonal and in the NW quadrant then n(p) is above the

anti-diagonal. Since n commutes with rd, we get the same result when we

replace NW by SE. The NE quadrant is invariant by Lemma 3.2 (c). Thus,

the region above the anti-diagonal is invariant for n. Since n commutes with

ra, the region below the anti-diagonal is also invariant for n. By continuity,

the anti-diagonal is also invariant.

Using (3) and assuming that x+y−1 > 0, one can compute easily that

n+
1 (x, y) + n−

2 (x, y)− 1 > x + y − 1

is equivalent to

1− x− y + 2xy > α(1− x)(1− 2x)(2y − 1)y.

At x = y = 1/2 the left-hand side of this inequality is equal to 1/2, while the

right-hand side is 0. Therefore the inequality holds in some neighborhood of

(1/2, 1/2). Thus, if p belongs to this neighborhood and lies above the anti-

diagonal in the NW quadrant, the distance of n(p) from the anti-diagonal

is larger than the distance of p from the anti-diagonal. Using reflections

about the anti-diagonal and diagonal and Lemma 3.2 (a), we get a whole

neighborhood U of (1/2, 1/2) such that for every point p ∈ U which does
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not lie on the anti-diagonal the distance of n(p) from the anti-diagonal is

larger than the distance of p from the anti-diagonal.

We will need all eight partial derivatives of the four functions that define

the essential Nash map for the discussion that follows. They are

∂n+
1

∂x
=

1

[1 + α(1− x)(2y − 1)]2
,

∂n+
1

∂y
=

2α(1− x)2

[1 + α(1− x)(2y − 1)]2
,

∂n−

1

∂x
=

1

[(1 + αx(1− 2y)]2
,

∂n−

1

∂y
=

2αx2

[(1 + αx(1− 2y)]2
, (4)

∂n+
2

∂x
=

2α(1− y)2

[1 + α(1− y)(2x− 1)]2
,

∂n+
2

∂y
=

1

[1 + α(1− y)(2x− 1)]2
,

∂n−

2

∂x
=

2αy2

[1 + αy(1− 2x)]2
,

∂n−

2

∂y
=

1

[1 + αy(1− 2x)]2
.

We know from Lemma 3.2 (c) that the fixed points (0, 0) and (1, 1) are

topological attractors (although from the differentiable point of view they

are neutral; it is easy to check that the derivative at them is the identity).

Let us investigate the nature of the third fixed point, (1/2, 1/2).

Lemma 3.4.

(a) All four derivatives of the essential Nash map at (1/2, 1/2) are

[
1 α

2
α
2 1

]
.

(b) The above matrix has two eigenvalues. The larger in modulus is 1 +
α
2 with eigenvector (1, 1)T

and the smaller in modulus is 1 − α
2 with

eigenvector (1,−1)T
.

(c) When 0 < α < 2, (1/2, 1/2) is an orientation preserving saddle fixed

point. When 2 < α < 4, (1/2, 1/2) is an orientation reversing saddle

fixed point. When 4 < α, (1/2, 1/2) is an orientation reversing repelling

fixed point.
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Proof. Statements (a) and (b) are computations. Statement (c) follows

immediately from the first two statements.

Let us turn to the investigation of the behavior of n on the diagonal

and anti-diagonal.

Lemma 3.5.

(a) The diagonal is mapped by n homeomorphically onto itself.

(b) The anti-diagonal is mapped by n homeomorphically into itself if and

only if α ≤ 1/2 (then orientation is preserved) or if α ≥ 2 (then orien-

tation is reversed).

(c) The upper and lower halves of the diagonal are invariant for n.

(d) The upper and lower halves of the anti-diagonal are invariant for n if

and only if α ≤ 1.

Proof. The essential Nash map restricted to the diagonal in the NE quad-

rant is given by

x 7→ x + α(1− x)(2x− 1)

1 + α(1− x)(2x− 1)
.

Its derivative is

1 + 2α(1− x)2

[1 + α(1− x)(2x − 1)]2
> 0

and both endpoints of this segment are fixed points of n. In the SW quad-

rant the situation is similar because of the symmetry with respect to the

anti-diagonal. This proves statements (a) and (c).

The essential Nash map restricted to the anti-diagonal in the NW quad-

rant is given by

y 7→ y

1 + αy(2y − 1)
.

Its derivative is

1− 2αy2

[1 + αy(2y − 1)]2
.

If α ≤ 1/2 then the derivative above is positive for all y ∈ [1/2, 1), if α ≥ 2

then it is negative for all y ∈ (1/2, 1], and if 1/2 < α < 2 then it changes

sign in (1/2, 1). In the SE quadrant the situation is similar because of the

symmetry with respect to the diagonal. This proves statement (b).
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To prove statement (d), note that for y > 1/2

y

1 + αy(2y − 1)
≥ 1

2

is equivalent to αy ≤ 1, which holds for all y ∈ [1/2, 1] if and only if α ≤ 1

(and the situation is similar in the SE quadrant).

Let us return to the global view on the essential Nash map. We will use

the following lemma (see Ref. 9, cf. Ref. 5).

Lemma 3.6. Suppose that C is a Jordan curve in the plane and D is the

closure of the region bounded by C. Let f be a map from D into R
2
, which

is a local homeomorphism on the interior D◦
of D and a homeomorphism

from C onto its image. Then:

(a) f(C) is a Jordan curve and f(D◦) is the region bounded by f(C);

(b) f is a homeomorphism of D onto its image.

Lemma 3.7. If α ≤ 1/2 then n is a homeomorphism onto its image.

Proof. Assume that α ≤ 1/2. By Lemma 3.1 it follows that it is enough to

prove that n restricted to the triangle T with the vertices (0, 1), (1, 1) and

(1/2, 1/2) is a homeomorphism onto its image and that n(T ) ⊆ T . From

the formulas for the partial derivatives of n we see that the Jacobian of

n in the NW quadrant is a fraction with a positive denominator and the

numerator equal to 1−4α2(1−x)2y2. Thus, this Jacobian is positive except

at (0, 1), where it is zero. Similarly, the Jacobian of n in the NE quadrant

is a fraction with a positive denominator and the numerator equal to 1 −
4α2(1− x)2(1− y)2, so it is positive everywhere. Therefore by Lemma 3.6

it remains to check that the image of the boundary of T is contained in T

and that n restricted to this boundary is a homeomorphism.

Let us figure out how n acts on the three segments that comprise the

boundary of T . By Lemma 3.5, n restricted to the segment joining (0, 1)

with (1/2, 1/2) is a homeomorphism onto its subsegment, and n maps the

segment joining (1/2, 1/2) with (1, 1) homeomorphically onto itself. In the

NW quadrant we have

n(x, 1) =

(
x + α(1− x)

1 + α(1− x)
,

1

1 + α(1− 2x)

)
.

The second coordinate of the image above is a 1-to-1 function of x, so n

restricted to the segment I joining (0, 1) with (1/2, 1) is a homeomorphism.
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By Lemma 3.3 the image lies above the anti-diagonal (except the point

n(0, 1)).

To check that it lies above the diagonal, note that it is equivalent to

x + α(1− x)

1 + α(1− x)
<

1

1 + α(1− 2x)
,

which is in turn equivalent to

α2(1− 2x)(1− x) + αx(1 − 2x) + (x− 1) < 0.

If x = 1/2, this is true. Fix x ∈ [0, 1/2) and look at the expression above

as a quadratic polynomial of α. The coefficients by α2 and α are positive,

so the maximal value (for α ∈ (0, 1/2]) is attained at α = 1/2. Then the

value of this polynomial is (−2x2 + 3x − 3)/4 < 0, so n(I) lies above the

diagonal.

On the segment J joining (1/2, 1) with (1, 1) we have n+
2 (x, 1) = 1, so the

image is contained in I ∪ J . In particular, one eigenvector of the derivative

of n is horizontal. The Jacobian there is positive, so the corresponding

eigenvalue is non-zero. Therefore n restricted to J is a homeomorphism onto

its image. The set n(J) intersects the diagonal only at (1, 1). Moreover, the

image of I intersects the line y = 1 only at n(1/2, 1). This completes the

proof.

Lemma 3.2 (c) tells us what happens to the trajectories of points that

fall into the NE or SW quadrant. Let us consider other possibilities.

Lemma 3.8. If the whole trajectory of a point p stays in the NW quadrant

then p belongs to the anti-diagonal and is attracted to (1/2, 1/2). Similarly,

if the whole trajectory of a point p stays in the SE quadrant then p belongs

to the anti-diagonal and is attracted to (1/2, 1/2).

Proof. Assume that the whole trajectory of a point p stays in the NW

quadrant. By Lemma 3.2 (a), along the trajectory both coordinates change

in a monotone way. Therefore the trajectory converges to a fixed point.

The only fixed point in the NW quadrant is (1/2, 1/2), so the trajectory

converges to this point. By Lemma 3.3, when the points on the trajectory

are sufficiently close to (1/2, 1/2), they have to lie on the anti-diagonal.

Since by Lemma 3.3 both the regions below and above the anti-diagonal

are invariant, already p had to lie on the anti-diagonal.

The similar statement for the SW quadrant follows from the symmetry

of the map with respect to the diagonal.
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4. Making use of the symmetry

By the results of the preceding section, the only trajectories with unknown

behavior are those that go through both NW and SE quadrants. In order to

investigate them, we consider rd◦n in the NW and SE quadrants. This map

commutes with rd because n does. Therefore, again looking at the NW and

SE quadrants will be equivalent. In order to simplify further computations,

we conjugate this map via the affine map s(x, y) = (1−2x, 2y−1). It maps

the NW quadrant to the whole square [0, 1]2, the fixed point (1/2, 1/2) is

mapped to (0, 0), and the anti-diagonal is mapped to the diagonal. The

formula for our new map f = s ◦ rd ◦ n ◦ s−1 in [0, 1]2, that we have to

investigate, is

f(x, y) =

(−2y + αx(1 + y)

2 + αx(1 + y)
,
−2x + αy(1 + x)

2 + αy(1 + x)

)
.

We will use notation f(x, y) = (x′, y′).

Lemma 4.1. If α ≤ 2 then for every (x, y) ∈ [0, 1]2, except the fixed point

(0, 0), we have x′ < x and y′ < y.

Proof. The inequality x′ < x can be written as

−2y + αx(1 + y)

2 + αx(1 + y)
< x

and this is equivalent to

(1 + y)(αx2 − αx + 2) > 2(1− x). (5)

Since α ≤ 2, we have for x > 0

αx2 > 0 ≥ (α− 2)x

and if x = 0, there is an equality. Therefore

αx2 − αx + 2 > 2(1− x)

with equality for x = 0, and (5) follows for (x, y) 6= (0, 0).

The same computations with x, y switched give us y′ < y.

Let us return to the map n. The next lemma reduces the set of trajecto-

ries with unknown behavior to the ones that alternate (regularly) between

the NW and SE quadrants.

Lemma 4.2. Assume that α > 2. If (x, y) 6= (1/2, 1/2) belongs to the NW

quadrant then n(x, y) does not belong to the NW quadrant. Similarly, if
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(x, y) 6= (1/2, 1/2) belongs to the SE quadrant then n(x, y) does not belong

to the SE quadrant.

Proof. Suppose that the point (x, y) 6= (1/2, 1/2) and its image both be-

long to the NW quadrant. Then

0 ≤ x ≤ 1/2 ≤ y ≤ 1 (6)

and

x + α(1− x)(2y − 1)

1 + α(1− x)(2y − 1)
≤ 1/2 ≤ y

1− αy(2x− 1)
. (7)

The first inequality of (7) is equivalent to α(1 − x)(2y − 1) ≤ 1 − 2x, and

the second one to αy(1− 2x) ≤ 2y − 1. From this and (6) we get

α(1− x) ≤ 1− 2x

2y − 1
≤ 1

αy
.

Thus, (1 − x)y ≤ 1/α2. Together with (6), α > 2 and (x, y) 6= (1/2, 1/2),

this gives us a contradiction.

Lemma 4.3. If 2 < α ≤ 3 + 2
√

2 then the region R of the square [0, 1]2

where x′ > x is bounded from below by the segment of the lower side of the

square from x = 0 to x = (α − 2)/α and from above by the graph of

y =
2(1− x)

αx2 − αx + 2
− 1. (8)

If α > 3 + 2
√

2 then R is bounded from below by the segment of the lower

side of the square from x = 0 to x = (α − 2)/α, from the left and right by

the pieces of the graph of (8), and from above by the segment of the upper

side of the square from

x =
α− 1−

√
1− 6α + α2

2α

to

x =
α− 1 +

√
1− 6α + α2

2α
.

At the points of the boundary of R where (8) holds we have x′ = x. In the

rest of [0, 1]2 we have x′ < x.

The same statements are true if we switch x with y and x′
with y′

.
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Proof. As we already noticed in the proof of Lemma 4.1, the inequality

x′ > x is equivalent to

(1 + y)(αx2 − αx + 2) < 2(1− x). (9)

Moreover, x′ = x is equivalent to (8). If αx2 − αx + 2 > 0, then (9) is

equivalent to

y <
2(1− x)

αx2 − αx + 2
− 1. (10)

Let us look closer at (8). We have y = 0 when x = 0 or x = (α − 2)/α.

If α < 8 then αx2−αx+2 > 0, so y > 0 is equivalent to 0 < x < (α−2)/α.

If α ≥ 8 then the solutions to αx2 − αx + 2 = 0 are

x =
1

2

(
1±

√
1− 8

α

)
.

We have

0 <
1

2

(
1−

√
1− 8

α

)
<

1

2

(
1 +

√
1− 8

α

)
<

α− 2

α
.

The last inequality above follows from the inequality (α − 2)/α > 1/2 and

the fact that the value of the polynomial αx2 − αx + 2 at x = (α− 2)/α is

4/α > 0.

Next we differentiate the function given by (8). We get

dy

dx
=

2(αx2 − 2αx + α− 2)

(αx2 − αx + 2)2
.

Thus, if 0 ≤ x < 1−
√

2/α then dy/dx > 0 and if 1−
√

2/α < x ≤ 1 then

dy/dx < 0 (except at the points where the denominator is 0). Note that if

α ≥ 8 then

1

2

(
1−

√
1− 8

α

)
≤ 1−

√
2

α
≤ 1

2

(
1 +

√
1− 8

α

)
.

Putting all this together we get the following description of the region

R. It is bounded from below by the segment of the lower side of the square

from x = 0 to x = (α− 2)/α. If the graph of (8) on this interval fits in the

square, it bounds R from above. This happens when (8) with y = 1 has no

solutions or one solution. A simple computation shows that this is when

α ≤ 3 + 2
√

2. For larger values of α, up to 8, the graph of (8) goes out

of the square through the upper side, and we get a description of R as in

the statement of the lemma (simple computations give the values of x for
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which this graph intersects the upper side of the square). If α ≥ 8 then this

description is still valid, since as the denominator of the right-hand side

of (8) goes to 0, y goes to infinity; the part of the graph of (8) between the

values of x where the denominator is infinity does not count because there

αx2 − αx + 2 < 0.

The last statement of the lemma follows from the symmetry of f with

respect to the diagonal.

Lemma 4.4. If α ≤ 4 then for the map n all points below the anti-diagonal

are attracted to (0, 0) and all points above the anti-diagonal are attracted to

(1, 1).

Proof. By Lemma 3.2 (c) and Lemma 3.1, it is sufficient to prove that

the trajectories of all points of the NW quadrant above the anti-diagonal

converge to (1, 1).

If α ≤ 2 then by Lemmas 3.2 (a) and 4.1 as we move along such a

trajectory then the distance from the diagonal decreases. Thus, either the

trajectory enters the NE quadrant (and then it converges to (1, 1)) or it

converges to (1/2, 1/2). However, the latter is impossible by Lemma 3.3.

If 2 < α ≤ 4 then by Lemma 4.2 in order to find out how the trajectory

of a point p behaves it is enough to analyze the trajectory of s(p) under

f . To do this we will show that the region R, described in Lemma 4.3, lies

below the diagonal. Then its reflection from the diagonal lies above the

diagonal, and since s(p) also lies above the diagonal, on the trajectory of

s(p) for f the first coordinate decreases. Thus, this trajectory either gets

out of the square or it converges to (0, 0). Therefore the trajectory of p

for n either enters the NE quadrant (and then it converges to (1, 1)) or it

converges to (1/2, 1/2). Again, the latter is impossible by Lemma 3.3.

To show that R lies below the diagonal, we note that if this is not the

case then the graph of (8) intersects the diagonal at some point other than

(0, 0). However, if the right-hand side of (8) is equal to x and x 6= 0 then

αx2 = α−4, and this has no solution (with x 6= 0) if α ≤ 4. This completes

the proof.

Let us illustrate the dynamics of f . We mark the region R and the re-

gion R̃ symmetric to it with respect to the diagonal, the regions which are

mapped outside the square, the fixed points inside the square, and approx-

imate directions in which the points move (that is, approximate directions

of vectors f(p) − p). The formulas for the regions which are mapped out-

side the square are simple. Since the denominators in the formula for f are
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positive, x′ < 0 is equivalent to

x <
2y

α(1 + y)
.

To get the inequality equivalent to y′ < 0 we have to switch x and y.

Figure 3 illustrates the case 2 < α ≤ 4.

α α=3 =4
R

R
~

R

R
~

Fig. 3. Map f for α = 3 and α = 4.

Let us now investigate the dynamics of n for α > 4. As we already

noticed, Lemma 3.2 (c) tells us everything about the behavior of the tra-

jectories that enter the NE or SW quadrants, and by Lemma 4.2 in the

remaining two quadrants in order to understand the dynamics of n it is

enough to understand the dynamics of f in [0, 1]2. In particular, except

the point (0, 0), all fixed points of f correspond to period 2 orbits of n.

Therefore, let us start with investigating the fixed points of f .

We will need the following simple lemma.

Lemma 4.5. Let T be the trace and D the determinant of a 2 by 2 matrix

A. Then A has two real eigenvalues, one larger than 1 and another smaller

than 1, if and only if T > D + 1.

Proof. The equation for the eigenvalues of A is x2 − Tx + D = 0. Its

discriminant is ∆ = T 2 − 4D, and the solutions are (T ±
√

∆)/2. They are

both real, one larger than 1 and another smaller than 1, if and only if ∆ > 0
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and

T −
√

∆

2
< 1 <

T +
√

∆

2
,

which is equivalent to
√

∆ > |T − 2|, that is, ∆ > (T − 2)2. Note that this

implies ∆ > 0. Since ∆ > (T − 2)2 is equivalent to T > D + 1, the proof is

complete.

Lemma 4.6.

(a) If α > 4 then (0, 0) and

q =

(√
1− 4

α
,

√
1− 4

α

)

are fixed points of f . If α > 2(1 +
√

2) then additionally

q1 =

(
α +
√

α2 − 4α− 4

2(α + 1)
,
α−
√

α2 − 4α− 4

2(α + 1)

)

and

q2 =

(
α−
√

α2 − 4α− 4

2(α + 1)
,
α +
√

α2 − 4α− 4

2(α + 1)

)

are fixed points of f . These are all fixed points of f .

(b) If 4 < α < 2(1 +
√

2) then q is a saddle; if α > 2(1 +
√

2) then q is

attracting.

(c) Points q1 and q2 are saddles.

Proof. Let us find all fixed points of f . For this we have to solve the system

of equations

x =
−2y + αx(1 + y)

2 + αx(1 + y)
,

y =
−2x + αy(1 + x)

2 + αy(1 + x)
.

It can be rewritten as

2x + 2y = αx(1 + y)(1− x), (11)

2x + 2y = αy(1 + x)(1− y). (12)

Therefore we get

x(1 + y)(1− x) = y(1 + x)(1− y),
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which is equivalent to

(y − x)(xy + x + y − 1) = 0.

This means that either x = y or xy = 1− x− y.

If x = y then (11) becomes 4x = αx(1 − x2) which has non-negative

solutions x = 0 and x =
√

1− 4
α
. This proves that if α > 4 then (0, 0) and

q are fixed points of f .

If xy = 1− x− y then (11) is equivalent to x + y = αxy. Plugging this

value of x + y back to the equation xy = 1− x − y we get xy = 1/(α + 1)

and x + y = α/(α + 1). This means that x and y are the two roots of the

equation

x2 − α

α + 1
x +

1

α + 1
= 0. (13)

This equation has real roots if α ≥ 2(1 +
√

2) (where for α = 2(1 +
√

2)

both roots are
√

1− 4/α), and this gives us additional fixed points q1 and

q2 for α > 2(1 +
√

2).

The method we used gave us all solutions of our system of equations,

so statement (a) is proved.

To prove statements (b) and (c), we need the partial derivatives of f .

They are:

∂x′

∂x
=

2α(1 + y)2

[2 + αx(1 + y)]2
,

∂x′

∂y
=

−4

[2 + αx(1 + y)]2
,

∂y′

∂x
=

−4

[2 + αy(1 + x)]2
,

∂y′

∂y
=

2α(1 + x)2

[2 + αy(1 + x)]2
.

Thus, the eigenvalues of the derivative of f at q are

2α(1 + x)2 − 4

[2 + αx(1 + x)]2
,

corresponding to the eigenvector (1, 1)T , and

2α(1 + x)2 + 4

[2 + αx(1 + x)]2
,

corresponding to the eigenvector (1,−1)T , where x =
√

1− 4/α. Note that

both eigenvalues are positive. Simple computations (where we replace x2
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by 1 − 4/α whenever it appears) show that the first eigenvalue is smaller

than 1 if and only if

α2 − 6α + 8 > (4α− α2)x.

The left-hand side is equal to (α − 4)(α − 2), so for α > 4 it is positive,

while the right-hand side is negative. This shows that the first eigenvalue

is smaller than 1. Similarly, the second eigenvalue is smaller than 1 if and

only if

α2 − 6α + 4 > (4α− α2)x.

If α ≥ 3 +
√

5 then the left-hand side is non-negative, while the right-

hand side is negative, so the second eigenvalue is smaller than 1. If 4 < α <

3+
√

5 then both sides are negative, so we take their squares and change the

direction of the inequality. We get after a short computation α2−4α−4 > 0,

which is true for α > 2(1+
√

2). Thus, the second eigenvalue is smaller than

1 if α > 2(1 +
√

2) and greater than 1 if 4 < α < 2(1 +
√

2). This proves

statement (b).

Consider now the fixed point q1 = (x, y) (or q2 = (x, y); the computa-

tions are the same). As we established in the proof of statement (a),

xy + x + y = 1 (14)

and x, y are the two roots of the equation (13). Therefore,

xy =
1

α + 1
, x + y =

α

α + 1
(15)

and

x2 =
αx− 1

α + 1
, y2 =

αy − 1

α + 1
. (16)

In view of (14), we have x(1 + y) = 1 − y and y(1 + x) = 1 − x, so the

derivative of f at q1 is




2α(1+y)2

[2+α(1−y)]2
−4

[2+α(1−y)]2

−4
[2+α(1−x)]2

2α(1+x)2

[2+α(1−x)]2


 .

Its determinant is positive, so by Lemma 4.5 in order to prove statement (c)

it remains to check that its trace is larger than its determinant plus 1. This

is equivalent to

[
2α(1 + y)2 − (2 + α(1− y))2

] [
2α(1 + x)2 − (2 + α(1− x))2

]
< 16. (17)
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Using (16) we get

2α(1 + y)2 − (2 + α(1− y))2 =
(α3 + 12α2 + 8α)y − (α3 + 2α2 + 8α + 4)

α + 1

and

2α(1 + x)2 − (2 + α(1− x))2 =
(α3 + 12α2 + 8α)x− (α3 + 2α2 + 8α + 4)

α + 1
.

Thus, (17) is equivalent to

(sy − t)(sx − t) < 16(α + 1)2, (18)

where

s = α3 + 12α2 + 8α and t = α3 + 2α2 + 8α + 4.

By (15), we have

(sy − t)(sx− t) = s2 1

α + 1
− st

α

α + 1
+ t2,

so (18) is equivalent to

s2 − αst + (α + 1)t2 < 16(α + 1)3.

This in turn is equivalent to

8α6 − 8α5 − 104α4 − 184α3 − 128α2 − 32α > 0.

The left-hand side of this inequality can be factorized as

8α(α + 1)3(α2 − 4α− 4),

so it is positive for α > 2(1 +
√

2). This completes the proof.

Remark 4.7. A quick look at the formulas for the partial derivatives of

f tells us that the Jacobian of f is positive in the whole square for all

α > 2. Moreover, by Lemmas 3.1 and 3.3 the diagonal, the region above the

diagonal and the region below the diagonal are mapped by f respectively

to the diagonal, above the diagonal and below the diagonal.

Lemma 4.8. The map f is a diffeomorphism from [0, 1]2 onto its image.

Proof. In view of Lemma 3.6, Remark 4.7 and the symmetry of f with

respect to the diagonal, it is enough to show that f restricted to the union

of the segments I = [0, 1]×{0} and J = {1}×[0, 1] is a homeomorphism onto

its image. On I we have y′ = −x and on J we have y′ = 1− 2/(1 + αy). In

both expressions the right-hand side is a strictly monotone function of the
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variable, so f is one-to-one, and therefore a homeomorphism onto image,

on both I and J . It remains to check that f(I) and f(J) are disjoint except

for the common endpoint. Suppose that f(x, 0) = f(1, y). Then by the

formulas above, −x = 1− 2/(1 + αy). Comparing x′ we get 1/(2 + αx) =

(1 + y)/(2 + α(1 + y)). Eliminating x from this system of two equations we

get

1 + αy

2 + α + 2αy − α2y
=

1 + y

2 + α + αy
.

This is equivalent to y(α− 1)(αy + α + 1) = 0. Therefore the only solution

is y = 0, which gives us x = 1. This completes the proof.

According to Lemma 4.6, we have to distinguish between the case 4 <

α ≤ 2(1 +
√

2), when f has only one fixed point other than (0, 0), and the

case α > 2(1 +
√

2), when f has three such points. Let us consider the first

case (see Fig. 4). For α = 2(1 +
√

2) the derivative of f at the fixed point

q has one eigenvalue equal to 1. Therefore we need a special lemma about

the nature of this point.

α α=4.5 =4.8

R

R
~

R

R
~

q
q

R̂
R̂

Fig. 4. Map f for α = 4.5 and α = 4.8.

Lemma 4.9. Assume that α = 2(1 +
√

2). Let p ∈ [0, 1]2 be a point that

does not lie on the diagonal. Then the trajectory of p does not converge to

the fixed point q.
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Proof. According to Lemma 4.6 (a), q = (
√

2− 1,
√

2− 1). Let us change

the variables, so that q becomes the origin, one axis is along the diagonal,

and the other perpendicular to it. That is,

u = (x −
√

2 + 1) + (y −
√

2 + 1), v = x− y.

If the image of (u, v) is (u′, v′), then

u′= 2[(2+
√

2)(u4+v
4)−(4+2

√
2)u2

v
2+(6+10

√
2)u(u2−v

2)+(36+4
√

2)u2−(20+12
√

2)v2+(8+16
√

2)u]

[(1+
√

2)(u2−v
2)+(6+2

√
2)u+(2+2

√
2)v+(4+4

√
2)][(1+

√
2)(u2−v

2)+(6+2
√

2)u−(2+2
√

2)v+(4+4
√

2)]
,

v′= 4v[(1+
√

2)(u2−v
2)+(8+4

√
2)u+(12+8

√
2)]

[(1+
√

2)(u2−v
2)+(6+2

√
2)u+(2+2

√
2)v+(4+4

√
2)][(1+

√
2)(u2−v

2)+(6+2
√

2)u−(2+2
√

2)v+(4+4
√

2)]
.

Taking the second order approximation to u′ and v′/v we get

u′ = (4
√

2− 5)u− 19− 13
√

2

2
u2 − 3−

√
2

2
v2 + h1(u, v),

v′ = v

[
1− (3

√
2− 3)u +

48− 31
√

2

4
u2 +

4−
√

2

4
v2 + h2(u, v)

]
,

where

lim
u,v→0

h1(u, v)

u2 + v2
= lim

u,v→0

h2(u, v)

u2 + v2
= 0.

Since the numbers 19− 13
√

2, 3−
√

2, 48− 31
√

2 and 4−
√

2 are positive,

there exists a neighborhood U of (0, 0) such that if (u, v) ∈ U then

u′ ≤ λu and |v′| ≥ |v|(1− µu), (19)

where

λ = 4
√

2− 5 and µ = 3
√

2− 3.

Note that 0 < λ < 1 and µ > 0.

Suppose that the trajectory of a point p ∈ [0, 1]2 that does not lie on

the diagonal converges to q. We are working in the coordinates u, v, so

q = (0, 0). By replacing p by its image under a large iterate of the map we

may assume that the whole trajectory is contained in U . Denote the n-th

point of this trajectory by (un, vn). By Remark 4.7, vn 6= 0 for all n. If

for some n we have un ≤ 0, then by (19) um ≤ 0 for all m ≥ n, so, again

by (19), |vm+1| ≥ |vm| for all m ≥ n. Therefore vm does not converge to 0,

a contradiction. Thus, un > 0 for all n. By (19) we get un ≤ u0λ
n for all

n, so, once more by (19),

|vn| ≥ |v0|
n−1∏

i=0

(1− µu0λ
i) > |v0|

∞∏

i=0

(1− µu0λ
i)
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(of course, we may assume that µu0 < 1). The infinite product above is

convergent to a positive number, so |vn| is bounded away from 0, a contra-

diction. This completes the proof.

Lemma 4.10. Assume that 4 < α ≤ 2(1+
√

2). Then for f the trajectories

of all points on the diagonal except (0, 0) converge to the fixed point q. The

trajectories of all points not on the diagonal leave the square [0, 1]2.

Proof. The reader is advised to consult Fig. 4 when reading this proof.

By Remark 4.7, the diagonal is invariant. By Lemma 4.3, all points of

the diagonal except (0, 0) and q are mapped by f in the direction of q.

This proves that the trajectories of all points on the diagonal except (0, 0)

converge to q.

Consider the set R̂ = R ∩ R̃ and a point p = (x, y) from the part of

its boundary above the diagonal. Then p belongs to the boundary of R, so

x′ = x. It also belongs to R̃, so y′ > y. In other words, the vector f(p)− p

points vertically upwards. Since this part of the boundary is a part of the

graph of the function (8), it is mapped by f to a curve above itself. By

symmetry, the part of the boundary of R̂ below the diagonal is mapped by

f to a curve to the right of itself. This proves that f(R̂) ⊃ R̂.

By Lemma 4.3, all points of R̂ are mapped by f upwards and to the right.

Therefore their trajectories either converge to q or leave R̂. If α ≤ 2(1+
√

2),

then by Lemma 4.6, q is a saddle, so its stable manifold is one-dimensional.

We know already this manifold, it is the diagonal (without (0, 0)). Thus the

trajectories of the points not on the diagonal cannot converge to q. Hence,

they have to leave R̂. If α = 2(1+
√

2), we get to the same conclusion using

Lemma 4.9.

If a point p = (x, y) is above the diagonal and not in R̂, then by

Lemma 4.3 x′ < x. Its trajectory cannot enter R̂, because f(R̂) ⊃ R̂ and f

is one-to-one (by Lemma 4.8). Therefore, this trajectory either leaves the

square [0, 1]2 or converges to one of the fixed points (0, 0) and q. It cannot

converge to q by the argument from the preceding paragraph. It cannot

converge to (0, 0), because when close to (0, 0), it would be in R̃, where f

sends points upwards. Thus, it has to leave the square. By the symmetry,

the trajectory of every point below the diagonal and not in R̂ has to leave

the square. This completes the proof.

Now we move to the case α > 2(1 +
√

2) (see Fig. 5).
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α α=5.5 =9

R

R
~

R̂

R

R
~

q

q

R̂q

q

q

q

W

W
M

s

s

1

2

1

2

1

2

Fig. 5. Map f for α = 5.5 and α = 9.

Lemma 4.11. Assume that α > 2(1+
√

2). Then for f the stable manifold

W s
1 of q1 goes from (0, 0) (excluding this point) via q1 to a point on the

right side of the square [0, 1]2. The stable manifold W s
2 of q2 goes from

(0, 0) (excluding this point) via q2 to a point on the upper side of the square

[0, 1]2. The trajectories of all points of the region between those manifolds

converge to the fixed point q. The trajectories of all points below W s
1 and

all points to the left of W s
2 leave the square [0, 1]2.

Proof. The reader is advised to consult Figs. 5 and 6 when reading this

proof.

By a similar argument as in the proof of Lemma 4.10 (except that now

we have to look at 4 pieces of the boundary of the set R̂, defined as in that

lemma), we get f(R̂) ⊃ R̂. Moreover, arguments of the same type (looking

where the vector f(p)− p points on the pieces of the boundary; see Fig. 6)

show that each component A of R \ R̃ and of R̃ \R is mapped into itself or

outside the square (that is, f(A) ⊆ A ∪ (R2 \ [0, 1]2). Here we additionally

use the fact that since f is an orientation preserving diffeomorphism, the

circular order of the pieces of the boundaries of R and R̃ coming out from

a fixed point remains the same after the application of f . The fact that for

large values of α two of the regions have pieces of the boundary lying on

the boundary of the square [0, 1]2 makes no difference, since as we noted in

the proof of Lemma 4.8, on the right side of the square y′ is a monotone

function of y (and by symmetry, on the upper side of the square x′ is a
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monotone function of x).

Fig. 6. The directions at which the points on the boundaries of R and R̃ are mapped

by f .

By Lemma 4.6, the fixed points q1 and q2 are saddles. They lie at the

intersection points of the boundaries of R and R̃. Taking into account the

directions in which f maps the points (see Fig. 5), we see that W s
1 in a small

neighborhood of q1 has to lie in R̂ and [0, 1]2\(R∪R̃). To see what happens

to it globally, we have to take the preimages of this short piece of W s
1 . The

set R̂ is invariant under f−1, so one component of W s
1 \ {q1} lies in R̂. All

points of R̂ are mapped by f−1 down and to the left, so all trajectories

converge to (0, 0). Therefore, this component of W s
1 \ {q1} ends up at (0, 0)

(but of course (0, 0) does not belong to it). The other component starts

in the region where all points are mapped by f−1 up and to the right. It

cannot enter a component of R̃ \ R, since that component is invariant for

f . Therefore it ends up at a point of the upper or right side of the square.

However, W s
1 cannot cross the diagonal, so it has to end up at a point of

the right side of the square. By symmetry, W s
2 stretches from (0, 0) via q2

to a point on the upper side of the square.

Let M be the region of [0, 1]2 between W s
1 and W s

2 . The set f(R̂ ∩
M) is bounded by a piece of W s

1 , a piece of W s
2 , a curve contained in

the component of R \ R̃ that lies above R̂ and a curve contained in the

component of R \ R̃ that lies to the right of R̂. The trajectories of points in

those components converge to q by the already standard argument about

directions in which the points are mapped by f . The same argument shows

that the trajectories contained entirely in R̂∩M do the same (they cannot
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converge to q1 or q2 because they do not lie on their stable manifolds). The

same argument applies to the remaining part of M , that is, to M \ (R∪ R̃).

Here we use additionally the observation that such a trajectory cannot leave

M because it cannot cross W s
1 or W s

2 (remember that f is an orientation

preserving homeomorphism).

The trajectories of all points below W s
1 and all points to the left of W s

2

leave the square [0, 1]2 by the already completely standard argument and

the observation that such trajectories cannot converge to (0, 0) (looking

again at the directions). This completes the proof.

5. Proof of the Main Theorem

Now we are ready to prove Theorem 2.1.

Proof of (a). By Lemma 3.2 (b), n has three fixed points: (0, 0), (1, 1)

and (1/2, 1/2). By equation (4), the derivative of n at (0, 0) and (1, 1) is

the identity, so those points preserve orientation. By Lemma 3.2 (c), they

are topologically attracting.

Proof of (b). When 0 < α ≤ 1/2, then n is a homeomorphism onto its

image by Lemma 3.7. When 1/2 < α < 2, by Lemma 3.3 the anti-diagonal is

invariant for n, but by Lemma 3.5 n restricted to it is not a homeomorphism.

When α ≥ 2, by Lemma 3.5 n restricted to the anti-diagonal reverses

orientation. Since by Lemma 3.3 n preserves the regions above and below

the anti-diagonal, it reverses orientation (in two dimensions) at the points

of the anti-diagonal. However, by Theorem 2.1 (a) the fixed points (0, 0)

and (1, 1) are orientation preserving. Thus, n cannot be a homeomorphism

onto its image.

Proof of (c). Assume that 0 < α < 2. By Lemma 3.4 (c), (1/2, 1/2) is

an orientation preserving saddle fixed point. By Lemmas 3.3 and 3.5 (a),

both the anti-diagonal and diagonal are invariant, so by Lemma 3.4 (b) the

stable and unstable manifolds of (1/2, 1/2) are contained respectively in

the anti-diagonal and diagonal. Since there are no other fixed points on the

anti-diagonal, the stable manifold is equal to it. Since the only other fixed

points on the diagonal are its endpoints, the unstable manifold is equal to

the diagonal without endpoints.

Proof of (d). Assume that 2 < α < 4. By Lemma 3.4 (c), (1/2, 1/2) is

an orientation reversing saddle fixed point. By Lemmas 3.3 and 3.5 (a),
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both the anti-diagonal and diagonal are invariant, so by Lemma 3.4 (b) the

stable and unstable manifolds of (1/2, 1/2) are contained respectively in

the anti-diagonal and diagonal. By Lemma 4.1, the stable manifold is equal

to the anti-diagonal. Since the only other fixed points on the diagonal are

its endpoints, the unstable manifold is the diagonal without endpoints.

Proof of (e). This is Lemma 4.4.

Proof of (f). Assume that 4 < α < 2(1+
√

2). By Lemma 3.4 (c), (1/2, 1/2)

is an orientation reversing repelling fixed point. By Lemma 4.6 (a), there

is a period 2 orbit on the anti-diagonal (corresponding to the fixed point q

of f). By Lemma 4.6 (b), it is a saddle. One point of this orbit lies below

(1/2, 1/2). By Lemma 4.10, its stable manifold is the part of the anti-

diagonal with x < 1/2. By symmetry, the other point lies above (1/2, 1/2)

and its stable manifold is the part of the anti-diagonal with x > 1/2. By

Lemmas 4.10, 4.2, 3.2 (c) and 3.3, all points below the anti-diagonal are

attracted to (0, 0) and all points above the anti-diagonal are attracted to

(1, 1).

Note that if α = 2(1 +
√

2), we get the same results, except that the

period 2 orbit on the anti-diagonal is not a saddle.

Proof of (g). Assume that α > 2(1 +
√

2). By Lemma 3.4 (c), (1/2, 1/2)

is an orientation reversing repelling fixed point. By Lemma 4.6 (a), there is

a period 2 orbit P on the anti-diagonal (corresponding to the fixed point q

of f) and there are two period 2 orbits that follow P (corresponding to the

fixed points q1 and q2 of f). By Lemma 4.6 (b) and (c), P is attracting, and

the other two period 2 orbits are saddles. By the symmetries, one saddle

orbit lies below the anti-diagonal and one above. By Lemmas 4.11, 4.2

and 3.2 (c), every other point is attracted to one of the periodic orbits

mentioned (including (0, 0) and (1, 1)).
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This paper is concerned with the attractive cycles of an artificial neural net-

work consisting of n neurons situated on the vertices of a regular polygon and

connected by its edges. The weight matrix and the bias are dependent on two

paramters α and β. By elementary analysis, we are able to give a complete ac-

count on the relations between the parameters and the existence and stability

of cycles in these networks.

1. Introduction

Most complex systems such as the nervous system are composed of mul-

tiple elements interacting with each other as time evolves. Because of the

complexity of these systems, accurate mathematical description are usually

impossible, and one thus resorts to simplifications. One simplification is

that time is discrete so that simulation can be carried out by digital de-

vices. Another is that the behavior of a system at one time depends on the

state of the system at a preceding time. Yet another one is that the elements

of the system have only a limited number of different values. Despite the

rather gross simplifying assumptions, the resulting models can nevertheless

be extraordinary complex, yet analysis may lead to useful information on

the original system as well as applications in designing digital devices.

In this paper, we are concerned with one such simple artificial neural

network model consisting of n neurons situated on the vertices of a regular

polygon with n vertices, and are connected by its edges. Furthermore, each

neuron unit can take on two values designated by +1 and −1. To avoid

trivial cases, we will assume that n ≥ 3.

∗
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More specifically, let us label the vertices of the polygon in a clockwise

manner by 1, 2, ..., n, and the corresponding state values of the neurons

u1, ..., un by u
(t)
1 , ..., u

(t)
n . We suppose the i-th neuron is connected only to

the two neurons situated on the neighboring vertices and that it interacts

with its neighboring neuron units in such a manner that the weight matrix

is of the form

W = α




−2 1 0 ... 0 1

1 −2 1 ... 0 0

0 1 −2 ... 0 0

... ... ... ... ... ...

1 0 0 ... 1 −2




n×n

,

and the bias vector is of the form

ω = β(−1,−1, ...,−1)†,

where α, β are real parameters. We will assume that u
(t)
i takes on bipolar

values −1 or 1, and the update function F is defined by

F
(
(u1, ..., un)

†

)
= (sgn (u1), ..., sgn (un))

†

,

where sgn (u) = +1 if u ≥ 0 and sgn (u) = −1 if u < 0. Under these

assumptions, our neural network now takes the form

u(t+1) = F (Wu(t) + ω), t = 0, 1, 2, ..., (1)

which depends on the two real parameters α and β. Therefore, for any given

α, β ∈ R, and an initial state vector
(
u

(0)
1 , ..., u

(0)
n

)
†

, (1) defines a vector

sequence
{
u(t)

}∞

t=0
such that

u(1) = F (Wu(0) + ω), u(2) = F (Wu(1) + ω), ... .

It is of great interest to study the qualitative behavior of this solution

sequence as the parameters α and β vary. Indeed, for different F, W and

ω, the corresponding system has different properties and some of them

can be incorporated in the design of logic, association, learning or memory

networks, Boolean cellular automata (see last section), etc.

It is easy to write a computer program to simulate our neural network.

A number of interesting long term behaviors of the solution sequences can

then be observed. Here we will report what have been observed and explain

the reasons behind these observed behaviors.

To facilitate descriptions of our findings, we first recall some of the

terminologies in elementary discrete iteration theory (see e.g. [2]). Let X
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be a finite set with cardinality |X | and f a mapping of the set X into X. If

f(u) = v, then v is called the image of u and u a preimage of v. If w ∈ X

does not have a preimage, then it is called a terminal element of X.

The iterates of f are defined by

f0 = I, f1 = f, f2 = f ◦ f, f3 = f ◦ f ◦ f, ...

and the iterates of an element u in X under f are defined by

u(i) = f i(u), i = 0, 1, 2, ... .

In particular, u(0) is called the zeroth iterate, u(1) is called the first iterate,

etc. of u. If we form a sequence
{
u(0), u(1), u(2), ...

}
of iterates of u, then

since X is finite, it is clear that the sequence
{
u(n)

}∞

n=0
must repeat itself

after a finite number of steps. It is therefore not difficult to see that every

sequence
{
u(0), u(1), ...

}
is of the form

{
u(0), u(1), ..., u(N−1), u(N), u(N+1), ..., u(N+ω−1), u(N+ω) = u(N), u(N+1), ...

}
,

where N + ω < |X | (the numbers N and ω may depend on u(0)), and

u(0), u(1), ..., u(N+$−1) are pairwise distinct.

It is natural to call the subsequence {u(N), u(N+1), ..., u(N+ω−1)} a cycle.

More precisely, a point v in X is a periodic point of period ω if its iterates

v(0), v(1), ..., v(ω−1) are pairwise distinct but v(0) = v(ω). If v is a periodic

point of period ω, then
〈
v(0), v(1), ..., v(ω−1)

〉
is said to form a ω-cycle. Note

that any cycle in X has period less than or equal to |X | . A point u in X is

said to be attracted to a cycle if one of its iterates is equal to some element

in the cycle. The set of points in X which are attracted to a cycle is said to

be the basin of attraction of this cycle. In case every point in X is attracted

to a cycle of X, this cycle is said to be globally attractive.

A periodic point of period 1 is also called a fixed point of f. In other

words, v is a fixed point of f if f(v) = v. A fixed point v is also said to be

a global attractor if the cycle 〈v〉 is globally attractive. Note that when a

global attractor exists in X, there will not exist any cycles of period greater

than or equal to 2.

Analysis of bipolar state value discrete time neural network is difficult

due to its combinatorial nonlinear nature. By focusing on specific artificial

network models, we may, however, be able to give a detailed analysis. In

the following, we will be able to provide a complete analysis of the existence

of cycles as well as the basin of attraction of these cycles.
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2. Classification

We make the following observations. First, (1) can be written as a system

of equations

u
(t+1)
1 = sgn

(
α

(
u(t)

n − 2u
(t)
1 + u

(t)
2

)
− β

)
,

u
(t+1)
2 = sgn

(
α

(
u

(t)
1 − 2u

(t)
2 + u

(t)
3

)
− β

)
,

... = ...

u
(t+1)
n−1 = sgn

(
α

(
u

(t)
n−2 − 2u

(t)
n−1 + u(t)

n

)
− β

)
,

u(t+1)
n = sgn

(
α

(
u

(t)
n−1 − 2u(t)

n + u
(t)
1

)
− β

)
.

Therefore, if we define u
(t)
0 = u

(t)
n and u

(t)
n+1 = u

(t)
1 for t = 0, 1, 2, ..., then

we can write

u
(t+1)
i = sgn

(
α

(
u

(t)
i−1 − 2u

(t)
i + u

(t)
i+1

)
− β,

)
, i = 1, 2, ..., n.

The values u
(t)
1 , u

(t)
2 are naturally said to be neighboring, so are u

(t)
2 , u

(t)
3 ; ...;

and u
(t)
n−1, u

(t)
n . Furthermore, since the neuron units are on the vertices of a

regular polygon, it is also natural to call u
(t)
n , u

(t)
1 neighboring values.

When u
(t)
i−1 = 1, u

(t)
i = 1 and u

(t)
i+1 = 1 for i ∈ {1, ..., n}, we have

u
(t+1)
i = sgn (−β). Similarly, the state value u

(t+1)
i can take on sgn (−2α−

β), sgn (−4α−β), sgn (4α−β) or sgn (2α−β). These values can only take

on −1 or 1 and therefore it is natural to discuss the behavior of our network

in separate cases by regarding (α, β) as a point in the plane. There are 10

mutually exclusive and exhaustive cases:

1. β > 0, 2α− β ≥ 0;

2. 2α− β < 0, 4α− β ≥ 0;

3. 4α− β < 0, 4α + β > 0;

4. 4α + β ≤ 0, 2α + β > 0;

5. 2α + β ≤ 0, β > 0;

6. β ≤ 0, 2α + β > 0;

7. 2α + β ≤ 0, 4α + β > 0;

8. 4α + β ≤ 0, 4α− β ≥ 0;

9. 4α− β < 0, 2α− β ≥ 0;

10. 2α− β < 0, β ≤ 0.

A vector u is said to be bipolar if each of its components is either +1

or −1. For the sake of convenience, the column vector δ(n) = (δ1, ..., δn)† is

defined by δi = (−1)i for i = 1, 2, ..., n; the column vector 1(n) is defined by

(1, 1, ..., 1)†; and the column vector −1(n) is defined by (−1,−1, ...,−1)
†

.
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If no confusion is caused, δ(n), 1(n) and −1(n) are also denoted by δ, 1

and −1 respectively. Let a = (a1, ..., ak) and b = (b1, ..., bj) be two vectors.

The augmented vector (a1, ..., ak, b1, ..., bj) will be denoted by a|b, and the

column vector (a1, ..., ak, b1, ..., bj)
†

by a†|b†. The notations a|b|c, etc. will

have similar meanings.

Since the vertices of a regular polygon can be relabeled, we need to

introduce the following mathematical tools to describe allowable label-

ing. The cyclic permutation of a bipolar vector (u1, u2, ..., un−1, un) is

(un, u1, u2, ..., un−1) and the reflection is (un, un−1, ..., u2, u1). Two bipolar

vectors u and v are said to be equivalent if v can be obtained by performing

a finite number of cyclic permutations or reflections on u. Such a relation

is easily shown to be an equivalence relation.

If u is a bipolar vector different from 1 and −1, then the components of

some equivalent vector of u can be broken up into consecutive parts with

alternate signs. More precisely, since u is different from 1 and −1, there will

be a pair of consecutive components with different signs. By performing a

finite number of cyclic permutations and reflections if necessary, we may

suppose without loss of generality that un = −1 and u1 = +1. Since u 6= 1,

we must have u1 = ... = ui1 = +1 and ui1+1 = −1 for some i1 ∈ {1, ..., n−
1}. Next, if i1 ≤ n − 1, there must be some i2 ∈ {i1 + 1, ..., n} such that

ui1+1 = ... = ui2 = −1 and ui2+1 = +1. This process can be repeated again

and again until we run out of numbers in {1, ..., n} to choose from. Then

clearly we will end up with a partition {S1, S2, ..., S2m} of {1, ..., n} such

that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and

uj = +1 for j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and uj = −1 for j ∈ S2 ∪ ... ∪ S2m.

Lemma 1. Let u be a bipolar n-vector different from 1 and −1. Then there

is an equivalent vector v of u and a partition {S1, S2, ..., S2m} of {1, ..., n}
such that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n}
and vj = +1 for j ∈ S1∪S3∪ ...∪S2m−1 and vj = −1 for j ∈ S2∪ ...∪S2m.

In the following discussions, in cases where Lemma 1 is used, we will, for

the sake of convenience, set S2m+1 = S1 where S1 is given in Lemma 1. Also,

given a n-vector u = (u1, u2, ..., un)†, and a subsequence S = {i1, i2, ..., ij}
of the sequence {1, ..., n}, we will set

u(S) = (ui1 , ui2 , ..., uij
)†.

In particular, the vector v in the above Lemma 1 can be written as

v = v(S1)|v(S2)|v(S3)|...|v(S2m).
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In case m ≥ 1, the vectors v(S1), v(S3), ..., v(S2m−1) are naturally called

the positive arches of v and the vectors v(S2), ..., v(S2m) the negative arches.

More generally, let u = (u1, u2, ..., un)† be an arbitrary bipolar vector. A

sub-vector of the form (uα, uα+1, ..., uβ)†, 1 ≤ α ≤ β ≤ n, is said to be a

positive arch of u if uα−1 = −1, uα = uα+1 = ... = uβ = +1 and uβ+1 = −1.

A negative arch of u is similarly defined.

As a final notation, we will denote

f(u) = F (Wu + ω),

where F, W and ω are defined in the first section.

3. Cases 3 and 8

Among the different possible cases, the one where 4α−β < 0 and 4α+β > 0

is relatively simple.

Indeed, when u
(t)
i−1 = 1, u

(t)
i = 1 and u

(t)
i+1 = 1, we can calculate u

(t+1)
i =

sgn (−β) = −1. Similarly, we can construct the following table




u
(t)
i−1 +1 +1 −1 −1 +1 +1 −1 −1

u
(t)
i +1 +1 +1 +1 −1 −1 −1 −1

u
(t)
i+1 +1 −1 +1 −1 +1 −1 +1 −1

u
(t+1)
i −1 −1 −1 −1 −1 −1 −1 −1


 ,

which can also be expressed as




u
(t)
i−1 ∗

u
(t)
i &

u
(t)
i+1 #

u
(t+1)
i −1


 ,

where ∗, & and # can either be −1 or +1. Given any initial vector u(0),

u(1) = (−1,−1, ...,−1)† = u(2) = u(3) = ...

Therefore, we have the following obvious result.

Theorem 1. Suppose 4α − β < 0 and 4α + β > 0. The n-vector −1 is a

fixed point and also a global attractor.

We remark that it will take at most one step for every vector to be

attracted to −1.
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Similarly, when 4α + β ≤ 0 and 4α − β ≥ 0, we may construct the

following table



u
(t)
i−1 ∗

u
(t)
i $

u
(t)
i+1 #

u
(t+1)
i +1


 ,

where ∗, $ and # can either be −1 or +1. Given any initial vector u(0),

u(1) = (+1, +1, ..., +1)† = u(2) = u(3) = ...

As a corollary, the n-vector 1 is a global attractor.

4. Cases 2 and 7

In case 2 where 2α−β < 0 and 4α−β ≥ 0, we can construct the following

table 


u
(t)
i−1 ∗ +1 $ −1

u
(t)
i +1 −1 −1 −1

u
(t)
i+1 # +1 −1 +1

u
(t+1)
i −1 +1 −1 −1


 , (2)

where ∗, # and $ can either be +1 or −1.

There are several immediate consequences:

(i) For each i ∈ {1, ..., n}, u
(t+1)
i = +1 if and only if u

(t)
i−1 = +1,

u
(t)
i = −1 and u

(t)
i+1 = +1.

(ii) It is clear from (i) that −1 is a fixed point. We assert that it is

the only fixed point. Indeed, if u(0) = (u
(0)
1 , ..., u

(0)
n ) is a fixed point

with u
(0)
k = +1, then in view of the second column of (2), −1 =

u
(1)
k = u

(0)
k = +1, which is a contradiction.

(iii) Let u(0) be a n-vector with two consecutive components equal to

−1. Then u(t) = −1 for all t ≥ n/2. By performing a finite number

of cyclic permutations and reflections if necessary, we may assume

without loss of generality that u
(0)
n = u

(0)
1 = −1. Then in view of

(i),

u
(1)
n−1 = u(1)

n = u
(1)
1 = u

(1)
2 = −1.

By induction, we see that

u
(n/2−1)
n/2+1 = ... = u(n/2−1)

n = u
(n/2−1)
1 = ... = u

(n/2−1)
n/2 = −1
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if n is even and

u
((n−1)/2)
(n+1)/2 = ... = u((n−1)/2)

n = u
((n−1)/2)
1 = ... = u

((n−1)/2)
(n+1)/2 = −1

if n is odd.

(iv) When n is even, 〈δ,−δ〉 is an unique 2-cycle and each vector u(0) /∈
{δ,−δ} is attracted to −1 in at most n/2 + 1 steps. To see this,

note that

δ
(0)
1 = −1, δ

(0)
2 = +1, ... , δ(0)

n = +1.

In view of (2),

δ
(1)
1 = +1, δ

(1)
2 = −1, ... , δ(1)

n = −1,

and

δ
(2)
1 = −1, δ

(2)
2 = +1, ... , δ(2)

n = +1,

that is δ(1) = −δ(0) = −δ, and δ(2) = δ(0) as required. Next, if u(0)

is different from δ and −δ, then it must have a pair of neighboring

neuron units which have the same values. If u
(0)
i = u

(0)
i+1 = −1 for

some i ∈ {1, ..., n}, then in view of (iii), u(t) = −1 for t ≥ n/2. If

u
(0)
i = u

(0)
i+1 = +1 for some i ∈ {1, ..., n}, then in view of the second

column of (2), u
(1)
i = u

(1)
i+1 = −1. Again, in view of (iii), we see

that u(t) = −1 for t ≥ n/2+1. Finally, {δ,−δ} is unique since each

vector u(0) /∈ {δ,−δ} is attracted to −1.

(v) When n is odd, every vector u is attracted to−1 in at most (n+1)/2

steps. That is to say −1 is a global attractor. Indeed, since u(0)

has an odd number of components, it must have two consecutive

components with the same sign. The conclusion now follows from

(iii).

Theorem 2. Suppose 2α − β < 0 and 4α − β ≥ 0. Then −1 is the only

fixed point. If in addition n is even, then 〈δ,−δ〉 is the unique 2-cycle, and

all bipolar n-vectors distinct from δ and −δ are attracted to −1 (in at most

n/2 + 1 steps). If in addition n is odd, then −1 is a global attractor (and

any bipolar n-vector is attracted to it in at most (n + 1)/2 steps).

As a direct consequence, we remark that when n is odd, since −1 is

a global attractor, no ω-cycles with ω ≥ 2 can exist. Similarly, when n is

even, no ω-cycles with ω > 2 can exist.

To illustrate our result, take n = 3. There are 8 bipolar vectors. Let

u1 = (+1, +1, +1)† = 1 and u4 = (−1,−1,−1)† = −1. Then the re-

maining vectors belong to two different classes with representing vectors
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u2 = (+1,−1, +1)† and u3 = (+1,−1,−1)†. In case 2α − β < 0 and

4α− β ≥ 0, we can check directly that all vectors are attracted to −1.

Similarly, take n = 4. Other than u1 = (+1, +1, +1, +1)† = 1 and u6 =

(−1,−1,−1,−1)† = −1, there are four essentially different bipolar vectors

u2 = (+1, +1, +1,−1)†, u3 = (+1, +1,−1,−1)†, u4 = (+1,−1,−1,−1)†

and u5 = (+1,−1, +1,−1)†. The vectors u1, u2, u3, u4, u6 are attracted to

−1, while 〈u5,−u5〉 is an unique 2-cycle.

In case 7 where 2α + β ≤ 0 and 4α + β > 0, we can construct the

following table



u
(t)
i−1 $ +1 −1 ∗

u
(t)
i +1 +1 +1 −1

u
(t)
i+1 +1 −1 −1 #

u
(t+1)
i +1 +1 −1 +1


 ,

where ∗, # and $ can either be +1 or −1.

By means of the same arguments discussed above, it is easily seen that

1 is the only fixed point. If n is even, then 〈δ,−δ〉 is the unique 2-cycle, and

all vectors distinct from δ and −δ are attracted to 1. If n is odd, then 1 is

a global attractor.

5. Cases 5 and 10

In case 5 where 2α+β ≤ 0 and β > 0, we can construct the following table:



u
(t)
i−1 +1 & −1 $

u
(t)
i +1 +1 +1 −1

u
(t)
i+1 +1 −1 +1 ∗

u
(t+1)
i −1 +1 +1 −1


 , (3)

where &, ∗ and $ can either be +1 or −1.

There are several immediate consequences:

(i) For each i ∈ {1, ..., n}, in view of the second column of (3), u
(t+1)
i =

−u
(t)
i if and only if u

(t)
i−1 = +1, u

(t)
i = +1 and u

(t)
i+1 = +1, and in

view of the third, fourth and the fifth column of (3), u
(t+1)
i = u

(t)
i

if and only if at least one of u
(t)
i−1, u

(t)
i or u

(t)
i+1 is −1.

(ii) If u(0) is a bipolar vector such that for any i ∈ {1, ..., n}, at least

one of u
(0)
i−1, u

(0)
i or u

(0)
i+1 is −1, then by (i), u(1) = u(0). In other

words, u(0) is a fixed point. Conversely, if u(0) is a fixed point,

then for any i ∈ {1, ..., n}, at least one of u
(0)
i−1, u

(0)
i or u

(0)
i+1 is −1.
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For otherwise u
(0)
j−1 = u

(0)
j = u

(0)
j+1 = +1 for some j ∈ {1, ..., n}

would imply u
(1)
j = −1 which is contrary to the assumption that

u
(1)
j = +1.

(iii) In view of the fifth column of (3), −1 is a fixed point. We assert

that its basin of attraction is {1,−1}. Indeed, If u(0) = 1, then, by

(i), u(1) = −1, so 1 is attracted to the fixed point −1. If u(0) /∈
{1,−1}, then u(0) has at least a pair of neighboring components

with different state value. By applying a finite number of cyclic

permutations and reflections if necessary, we may assume without

loss the generality that the first two components of u(0) satisfy(
u

(0)
1 , u

(0)
2

)
= (+1,−1) .

In view of (i), (
u

(1)
1 , u

(1)
2

)
= (+1,−1) ,

(
u

(2)
1 , u

(2)
2

)
= (+1,−1) ,

... = ...

and in general,(
u

(t)
1 , u

(t)
2

)
= (+1,−1) , t = 0, 1, 2, ... .

This shows that u(t) /∈ {1,−1} for any t ∈ {1, 2, ...}.
(iv) Let u(0) /∈ {1,−1} be a bipolar n-vector such that u

(0)
i−1 =

u
(0)
i = u

(0)
i+1 = +1 for some i ∈ {1, ..., n}. By Lemma 1, we

may assume without loss of any generality that there is a par-

tition {S1, S2, ..., S2m} of {1, ..., n} such that S1 = {1, ..., i1},
S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and u

(0)
j = +1 for

j ∈ S1 ∪S3 ∪ ...∪S2m−1 and u
(0)
j = −1 for j ∈ S2 ∪ ...∪S2m. Since

u
(0)
i−1 = u

(0)
i = u

(0)
i+1 = +1 for some i ∈ {1, ..., n}, we may assume

further that i1 ≥ 3. Then by (i),

u
(1)
0 = −1, u

(1)
1 = +1, u

(1)
2 = u

(1)
3 = ... = u

(1)
i1−1 = −1,

u
(1)
i1

= +1, u
(1)
i1+1 = −1.

Clearly, for each i ∈ S1, at least one of the components u
(1)
i−1, u

(1)
i

or u
(1)
i+1 is −1. By (i) again, we see further that

u
(0)
i1

= +1, u
(0)
i1+1 = u

(0)
i1+2 = ... = u

(0)
i2

= −1, u
(0)
i2+1 = +1
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imply

u
(1)
i1

= +1, u
(1)
i1+1 = u

(1)
i1+2 = ... = u

(1)
i2

= −1, u
(1)
i2+1 = +1.

Thus, for each i ∈ S2, at least one of the components u
(1)
i−1, u

(1)
i or

u
(1)
i+1 is −1. By similar analysis, we see that for each i ∈ {1, ..., n},

at least one of the components u
(1)
i−1, u

(1)
i or u

(1)
i+1 is −1. In view

of (ii), u(1) is a fixed point. Finally, since u
(1)
n = u

(1)
0 = −1 and

u
(1)
1 = +1, we see that u(1) is different from 1 and from −1.

(v) Let v be a preimage of u under f, that is, let u = f(v). If ui = +1,

then vi = +1. This is true in view of the third and the fourth

columns of (3).

(vi) Let u 6= −1 be a fixed point. By Lemma 1, we may assume with-

out loss the generality that there is a partition {S1, S2, ..., S2m}
of {1, ..., n} such that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ...,

S2m = {i2m−1 + 1, ..., n} and uj = +1 for j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1

and uj = −1 for j ∈ S2 ∪ ... ∪ S2m. Let u be written as

u = u(S1)|u(S2)|u(S3)|...|u(S2m).

Since u is a fixed point, in view of (ii), 1 ≤ |u(S2k−1)| ≤ 2 for k ∈
{1, ..., m}. Let v be a preimage of u under f, that is, let f(v) = u.

Suppose m = 1. We assert that

v = u = u(S1)|u(S2).

To see this, we consider two cases: |S1| = 1 and |S1| = 2. Suppose

the former case holds, assume |S2| = 2, then

u = (+1,−1,−1)†.

In view of (v), v1 = +1. We assert that v2 = −1. If v2 = +1,

then in view of the second and the third column of (3), v3 = +1

for otherwise u2 = +1 which is contrary to our assumption. But

if v1 = v2 = v3 = +1, then in view of the second column of (3),

u1 = −1, which is contrary to our assumption. The case where

|S1| = 1 and |S2| > 2 is similarly proved. Next, suppose the latter

case |S1| = 2 hold. If |S2| = 1, then

u = (+1, +1,−1)†.

By the third and the fourth columns of (3),

v = (+1, +1, x)†.
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We assert that x = −1. Otherwise, by the second column of (3)

u2 = −1, which is contrary to our assumption. The case where

|S1| = 2 and |S2| > 1 can be proved by induction. Suppose m > 1.

If |S2k−1| = 2 for some k ∈ {1, ..., m}, we assert that v(S2k−1) =

u(S2k−1), v(S2k) = u(S2k) and v(S2k−2) = u(S2k−2). Indeed, if

|S2k| = 1, then

u(S2k−1)|u(S2k) = (+1, +1,−1)†.

By the third and the fourth columns of (3),

v(S2k−1)|v(S2k) = (+1, +1, x)†.

We assert that x = −1. Otherwise, by the second column of

(3) the second component of u(S2k−1)|u(S2k) is −1, which is

contrary to our assumption. The case where |S2k−1| = 2 and

|S2k| > 1 can be proved by induction. Similarly, we may show that

v(S2k−2)|v(S2k−1) = u(S2k−2)|u(S2k−1). (In particular, if m = 2,

and if |S1| = 2, or, |S3| = 2, then v = u.) If (m > 1 and)

|S2k−1| = 1 for some k ∈ {1, ..., m}, we assert that v(S2k) = u(S2k)

or v(S2k) = −u(S2k). Indeed, the first component of v(S2k) is +1 or

−1. If the former case holds, then the second component of v(S2k)

must be +1, otherwise, the second component of u(S2k), in view of

the third column of (3), is +1, which is contrary to our assumption

on u(S2k). By induction, we may then show that all the compo-

nents of v(S2k) are −1. If the latter case holds, we assert that the

second component of v(S2k) is +1. Otherwise, in view of the third

and the fourth columns of (3), the second component of u(S2k)

must be +1, which is again contrary to our assumption on u(S2k).

By induction, we see that each component of v(S2k) is −1.

Example 5.1. Take n = 12 and u = (+1, −1, −1 + 1, −1, −1, −1, +1,

+1, −1, −1)†. In view of (ii), it is a fixed point. Furthermore, it is of the

form

u = u(S1)|u(S2)|u(S3)|u(S4)|u(S5)|u(S6)

= (+1)†|(−1,−1)†|(+1)†|(−1,−1,−1)†|(+1, +1)†|(−1,−1)†.

In view of (v), we see that any vector v that is being mapped to u is of the

form

v = (+1, ∗, ∗, +1, ∗, ∗, ∗, +1, +1, ∗, ∗)†,
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where each ∗ can be either +1 or −1. But since |S5| = 2, in view of (vi),

v = (+1, ∗, ∗, +1,−1,−1,−1, +1, +1,−1,−1)†.

Finally, since |S1| = 1, in view of (vi), v can either be

(+1, +1, +1, +1,−1,−1,−1, +1, +1,−1,−1)†

or

(+1,−1,−1, +1,−1,−1,−1, +1, +1,−1,−1)†.

Example 5.2. Take n = 4. Let u = (+1,−1, +1,−1)†. Then u is a fixed

point in view of (ii). Furthermore, its basin of attraction is {v, u}, where v =

(+1, +1, +1,−1)†. Let w = (+1,−1,−1,−1)†. Then its basin of attraction

is {w}. Let p = (+1, +1,−1,−1)†. Then its basin of attraction is {p}.

Example 5.3. Take n = 5. Let u = (+1,−1, +1,−1,−1)†. Then u

is a fixed point in view of (ii). Furthermore, its basin of attraction is

{w, v, u}, where w = (+1, +1, +1,−1,−1)† and v = (+1,−1, +1, +1, +1)†.

Let p = (+1, +1,−1, +1,−1)†. Then its basin of attraction is {p}. Let

q = (+1,−1,−1,−1,−1)†. Then its basin of attraction is {q}. Let r =

(+1, +1,−1,−1,−1)†. Then its basin of attraction is {r}.

Example 5.4. Take n = 6. Let u = (+1,−1, +1,−1, +1,−1)†. Then

u is a fixed point in view of (ii). If f(v) = u, then by (v), v1 =

v3 = v5 = +1. In view of (3), it is easily determined that v = u

or v = (+1, +1, +1,−1, +1,−1)†. Thus the basin of attraction of u is

{u, (+1, +1, +1,−1, +1,−1)†}. Let u = (+1, +1,−1, +1,−1,−1)†. In view

of (v) and (vi), we see that any v that satisfies f(v) = u is of the form

v = (+1, +1,−1, +1, x, y)†.

Again, by (3), it is easily determined that x = −1 and y = −1. Let

u = (+1,−1, +1,−1,−1,−1)†. By similar arguments, we may show that its

basin of attraction is {w, v, u}, where w = (+1, +1, +1, −1,−1,−1)† and

v = (+1,−1, +1, +1, +1, +1)†. Let u = (+1,−1,−1, +1,−1,−1)†. Then its

basin of attraction is {p, u}, where p = (+1, +1, +1, +1,−1,−1)† . Finally,

let u = (+1,−1,−1,−1,−1,−1)†. Its basin of attraction is {u}.

Theorem 3. Suppose 2α + β ≤ 0 and β > 0.

(1) A bipolar vector u is a fixed point if, and only if, for any i ∈ {1, ..., n},
at least one of ui−1, ui or ui+1 is −1. Furthermore, any bipolar vector u

is attracted, in at most one step, to a fixed point (which can explicitly be

given if the sign distribution of u is known).
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(2) The basin of attraction of the fixed point −1 is {1,−1}. Let u /∈
{1,−1} be a fixed point and {S1, S2, ..., S2m} is a partition of {1, ..., n} such

that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and

uj = +1 for j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and uj = −1 for j ∈ S2 ∪ ... ∪ S2m.

If m = 1, then the only preimage of u is itself. If m > 1, then for any

preimage v of u,

v(S2k−1) = u(S2k−1), k ∈ {1, ..., m},

|S2k−1| = 1⇒ v(S2k) = u(S2k) or − u(S2k), k ∈ {1, ..., m},

and

|S2k−1| = 2⇒ v(S2k−2)|v(S2k−1)|v(S2k)

= u(S2k−2)|u(S2k−1)|u(S2k), k ∈ {1, ..., m}.

We remark that once the preimages of a fixed point u is determined,

then the basin of attraction of u is just the set of all its preimages which

are completely described by Theorem 3.

In case 10 where 2α− β < 0 and β ≤ 0, we can construct the following

table



u
(t)
i−1 ∗ # +1 −1

u
(t)
i +1 −1 −1 −1

u
(t)
i+1 & +1 −1 −1

u
(t+1)
i +1 −1 −1 +1


 ,

where ∗, # and & can either be +1 or −1.

Similar to case 5, a bipolar vector is a fixed point if, and only if, for

any i ∈ {1, ..., n}, at least one of ui−1, ui or ui+1 is +1. 1 is a fixed point

and the its basin of attraction contains 1 and −1 only. Furthermore, any

bipolar vector is attracted to a fixed point.

If u 6= 1 is a fixed point and {S1, S2, ..., S2m} is a partition of {1, ..., n}
such that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n}
and uj = +1 for j ∈ S1∪S3∪ ...∪S2m−1 and uj = −1 for j ∈ S2∪ ...∪S2m.

If m = 1, then the basin of attraction of u is {u}. If m > 1, then for any v

in the basin of attraction of u,

v(S2k) = u(S2k), k ∈ {1, ..., m},

|S2k| = 1⇒ v(S2k+1) = u(S2k+1) or − u(S2k+1), k ∈ {1, ..., m},
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and

|S2k|=2⇒v(S2k−1)|v(S2k)|v(S2k+1)=v(S2k−1)|u(S2k)|u(S2k+1), k∈{1, ..., m},

where we have defined S2m+1 = S1.

6. Cases 4 and 9

In case 4 where 4α + β ≤ 0 and 2α + β > 0, we can construct the following

table 


u
(t)
i−1 $ +1 −1 ∗

u
(t)
i +1 +1 +1 −1

u
(t)
i+1 +1 −1 −1 &

u
(t+1)
i −1 −1 +1 −1


 , (4)

where ∗, $ and & can either be +1 or −1.

There are some immediate consequences:

(i) For each i ∈ {1, ..., n}, u
(t+1)
i = +1 if and only if u

(t)
i−1 = −1,

u
(t)
i = +1 and u

(t)
i+1 = −1; and u

(t+1)
i = −1 if u

(t)
i = −1. Therefore,

if u
(0)
j−1 = −1, u

(0)
j = +1 and u

(0)
j+1 = −1 for some j ∈ {1, ..., n},

then

u
(t)
j−1 = −1, u

(t)
j = +1, u

(t)
j+1 = −1

for all t ≥ 0.

(ii) A bipolar vector u is a fixed point if, and only if, for any i ∈
{1, ..., n}, at least one of ui or ui+1 is −1. Indeed, if u

(0)
i = −1, then

in view of the fifth column of (4), u
(1)
i = −1; and if u

(0)
i = +1, then

by assumption, u
(0)
i−1 = u

(0)
i+1 = −1, so that, in view of (i), u

(1)
i = +1.

Conversely, if u is a fixed point but there is some j ∈ {1, ..., n} such

that u
(0)
j = u

(0)
j+1 = +1. Then in view of the second column of (4),

u
(1)
j = −1 which is contrary to our assumption that u

(0)
j = u

(1)
j .

(iii) In view of (ii), −1 is a fixed point. Furthermore, in view of the

second column of (4), 1
(1)

= −1. Let u(0) be a bipolar vector dif-

ferent from 1 and −1. Then by Lemma 1, we may assume with-

out loss of generality that there is a partition {S1, S2, ..., S2m}
of {1, ..., n} such that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ...,

S2m = {i2m−1 +1, ..., n} and u
(0)
j = +1 for j ∈ S1∪S3∪ ...∪S2m−1

and u
(0)
j = −1 for j ∈ S2 ∪ ... ∪ S2m. If in addition |S2k−1| ≥ 2 for

all k = 1, 2, ..., m, then in view of (i) and the second, third and the
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fifth columns of (4), u(1) = −1, which means that u(0) is attracted

to −1. If some |S2k−1| = 1, then by (i), u(0) is not attracted to −1.

(iv) Let u(0) be a bipolar vector different from 1 and −1. Then by

Lemma 1, we may assume without loss of generality that there is

a partition {S1, S2, ..., S2m} of {1, ..., n} such that S1 = {1, ..., i1},
S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and u

(0)
j = +1 for

j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and u
(0)
j = −1 for j ∈ S2 ∪ ... ∪ S2m. If

i1 = 1, then u
(0)
0 = −1, u

(0)
1 = +1 and u

(0)
2 = −1. In view of (i),

u
(t)
0 = u

(0)
0 = −1, u

(t)
1 = u

(0)
1 = +1, u

(t)
2 = u

(0)
2 = −1

for t ≥ 0. If i1 > 1, then in view of the second and the third columns

of (4),

u
(t)
0 = u

(t)
1 = ... = u

(t)
i1+1 = −1, t ≥ 1.

In either case, for any i ∈ {1, ..., i1}, at least one of u
(1)
i or u

(1)
i+1 is

−1. Next, in view of the fifth column of (4),

u
(t)
i1+1 = u

(t)
i1+2 = ... = u

(t)
i2

= −1, t ≥ 1.

Again, for any i ∈ {i1 + 1, ..., i2}, at least one of u
(1)
i or u

(1)
i+1 is −1.

In general, we see that for any i ∈ {1, ..., n}, at least one of u
(1)
i or

u
(1)
i+1 is −1. Therefore, by (ii), u(1) is a fixed point. Furthermore, if

i3 − i2, i5 − i4, ..., i2m−1 − i2m−2 > 1, then u(1) = −1, otherwise,

for i1 = 1 and each i2k+1 ∈ {i3, i5, ..., i2m−1} with i2k+1 − i2k = 1,

then u
(t)
i2k+1

= +1 for t ≥ 0.

(v) Let v be a preimage of u under f, that is, u = f(v). If ui = +1,

then vi = +1. This is true in view of the fourth column of (4).

(vi) Let u 6= −1 be a fixed point. Since 1 is not a fixed point, by

Lemma 1, we may assume without loss the generality that there is

a partition {S1, S2, ..., S2m} of {1, ..., n} such that S1 = {1, ..., i1},
S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and uj = +1 for

j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and uj = −1 for j ∈ S2 ∪ ... ∪ S2m. Let u

be written as

u = u(S1)|u(S2)|u(S3)|...|u(S2m).

Since u is a fixed point, in view of (ii), |S2k−1| = 1 for any k ∈
{1, ..., m}. Let v be a preimage of u under f, that is, f(v) = u.

Suppose |S2k| ≤ 3 for some k ∈ {1, ..., m}. We assert that

v(S2k−1)|v(S2k)|v(S2k+1) = u(S2k−1)|u(S2k)|u(S2k+1),
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where u(S2m+1) = u(S1) and v(S2m+1) = v(S1). To see this, we

consider two cases: |S2k| = 3 and |S2k| ≤ 2. Suppose the former

case holds, then

u(S2k−1)|u(S2k)|u(S2k+1) = (+1,−1,−1,−1, +1)†.

In view of (v),

v(S2k−1)|v(S2k)|v(S2k+1) = (+1, x, y, z, +1)†.

We assert that x = −1. Otherwise, by (i), the first component of

u(S2k−1)|u(S2k)|u(S2k+1) is −1, which is contrary to our assump-

tion. Thus the first component of v(S2k) must be −1, so that

v(S2k−1)|v(S2k)|v(S2k+1) = (+1,−1, y, z, +1)†.

Next, we assert that y = z = −1. If y = +1, then z = +1, for

otherwise, by the fourth column of (4), the third component of

u(S2k−1)|u(S2k) |u(S2k+1) is +1, which is a contradiction. But if

y = z = +1, by the second and the third columns of (4), the last

component of u(S2k−1)|u(S2k)|u(S2k+1) is −1, which is contrary to

our assumption. That is to say

v(S2k−1)|v(S2k)|v(S2k+1) = u(S2k−1)|u(S2k)|u(S2k+1).

The case where |S2k−1| = 1 and |S2k| ≤ 2 is similarly proved. Sup-

pose |S2k| ≥ 4 for some k ∈ {1, ..., m}. Then by reasons just shown,

the first and the last components of v(S2k) are −1. Furthermore, by

(i), v(S2k) cannot have three consecutive components of the form

−1, +1,−1.

Example 6.1. Take n = 6. Let u = (+1,−1, +1,−1, +1,−1)†. Then

u is a fixed point in view of (ii) and its preimage is itself. Let u =

(+1,−1,−1,−1,−1,−1)†, which is a fixed point in view of (ii). Then

S1 = {1} and S2 = {2, 3, 4, 5, 6},
u = (+1)† | (−1,−1,−1,−1,−1)† .

Now |S2| = 5. In view of (vi), the preimages are of the form

(+1,−1, ∗, $, #,−1)
†

,

and the subvector (−1, ∗, $, #,−1)† cannot have three consecutive compo-

nents of the form −1, +1,−1. Thus the preimages are

(+1,−1,−1,−1,−1,−1)
†

, (+1,−1, +1, +1,−1,−1)
†

,

(+1,−1,−1, +1, +1,−1)
†

, (+1,−1, +1, +1, +1,−1)
†

.
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Theorem 4. Suppose 4α + β ≤ 0 and 2α + β > 0.

(1) A bipolar vector u is a fixed point if, and only if, for any i ∈ {1, ..., n},
at least one of ui or ui+1 is −1.

(2) Every bipolar vector u is, in at most one step, attracted to a fixed

point (which can explicitly be given when the sign distribution of u is

known).

(3) Let u 6= −1 be a fixed point and let {S1, S2, ..., S2m} is a partition

of {1, ..., n} such that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ..., S2m =

{i2m−1 + 1, ..., n} and uj = +1 for j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and uj = −1

for j ∈ S2 ∪ ... ∪ S2m. Then |S2k−1| = 1 for all k ∈ {1, ..., m}, and for any

preimage v of u,

v(S2k−1) = u(S2k−1), k ∈ {1, ..., m},

and the first as well as the last components of each v(S2k) are −1. Further-

more, if |S2k| ≤ 3 for some k ∈ {1, ..., m}, then for preimage v of u,

v(S2k−1)|v(S2k)|v(S2k+1) = u(S2k−1)|u(S2k)|u(S2k+1),

and if |S2k| ≥ 4, v(S2k) cannot have three consecutive components of the

form −1, +1,−1.

In particular −1 is a fixed point and its basin of attraction is the union

of the set {1,−1} and the set of all bipolar vectors whose positive arches

have two or more components.

We remark that once the preimages of a fixed point u is determined,

then the basin of attraction of u is just the set of all its preimages.

In case 9 where 4α − β < 0 and 2α − β ≥ 0, we can construct the

following table




u
(t)
i−1 ∗ +1 & −1

u
(t)
i +1 −1 −1 −1

u
(t)
i+1 $ +1 −1 +1

u
(t+1)
i +1 −1 +1 +1


 ,

where ∗, & and $ can either be +1 or −1.

By means of the same arguments shown in case 4, we may show that

a bipolar vector u is a fixed point if, and only if, for each i ∈ {1, ..., n},
at least one of u

(0)
i or u

(0)
i+1 is +1. Furthermore, every bipolar vector is

attracted to a fixed point in at most one step. If u(t) 6= 1 is a fixed point and

there is a partition {S1, S2, ..., S2m} of {1, ..., n} such that S1 = {1, ..., i1},
S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and u

(0)
j = +1 for j ∈
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S1 ∪ S3 ∪ ... ∪ S2m−1 and u
(0)
j = −1 for j ∈ S2 ∪ ... ∪ S2m, then |S2k| = 1

for any k ∈ {1, ..., m} and

v(S2k) = u(S2k), k ∈ {1, ..., m}

and the first and the last components of each v(S2k−1) are +1. For any

preimage v of u, if |S2k−1| ≤ 3 for some k ∈ {1, ..., m}, then

v(S2k−2)|v(S2k−1)|v(S2k) = u(S2k−2)|u(S2k−1)|u(S2k),

and if |S2k−1| ≥ 4, then v(S2k−1) cannot have three consecutive components

of the form +1,−1, +1. In particular 1 is a fixed point and its basin of

attraction is the union of the set {1,−1} and the set of bipolar vectors

whose negative arches have two or more components.

7. Cases 1 and 6

In case 1 where β > 0 and 2α−β ≥ 0, we can construct the following table



u
(t)
i−1 ∗ $ +1 −1

u
(t)
i +1 −1 −1 −1

u
(t)
i+1 # +1 −1 −1

u
(t+1)
i −1 +1 +1 −1


 , (5)

where ∗, # and $ can either be +1 or −1.

There are several immediate consequences:

(i) For each i ∈ {1, ..., n}, u
(t+1)
i = u

(t)
i if, and only if, u

(t)
i−1 = −1,

u
(t)
i = −1 and u

(t)
i+1 = −1. Thus if one of u

(t)
i−1, u

(t)
i or u

(t)
i+1 is +1,

then u
(t+1)
i = −u

(t)
i .

(ii) It is clear from the fifth column of (5) that −1 is a fixed point. We

assert that it is the only fixed point and that 1
(1)

= −1. Indeed,

any vector u(0) 6= −1 must have a component u
(0)
i = +1. In view of

the second column of (5), u
(1)
i = −1, which means that u(0) cannot

be a fixed point. The fact that 1
(1)

= −1 follows from the second

column of (5).

(iii) If u(0) is a vector such that for all i ∈ {1, ..., n}, neither u
(0)
i−1 =

u
(0)
i = u

(0)
i+1 = −1 nor u

(0)
i−1 = u

(0)
i = u

(0)
i+1 = +1, then

〈
u(0),−u(0)

〉
is a 2-cycle. To see this, we show that for each i ∈ {1, ..., n}, u

(1)
i =

−u
(0)
i . Indeed, if u

(0)
i = +1, then by (i), u

(1)
i = −1; and if u

(0)
i =

−1, then by assumption, either u
(0)
i−1 = +1 or u

(0)
i+1 = +1, so that
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u
(1)
i = +1 by (i). Conversely, if

〈
w(0), w(1)

〉
is a 2-cycle, we assert

that for all i ∈ {1, ..., n}, neither w
(0)
i−1 = w

(0)
i = w

(0)
i+1 = −1 nor

w
(0)
i−1 = w

(0)
i = w

(0)
i+1 = +1. Indeed, we first note, in view of (ii),

that
{
w(0), w(1)

}
∩ {1,−1} must be empty. Now suppose to the

contrary that w
(0)
j−1 = w

(0)
j = w

(0)
j+1 = −1. By applying a finite

number of cyclic permutations and reflections if necessary, we may

assume without loss of generality that j = 2 so that w
(0)
1 = w

(0)
2 =

w
(0)
3 = −1. Since w(0) 6= −1, we see that w

(0)
1 = w

(0)
2 = w

(0)
3 = ... =

w
(0)
i = −1 while w

(0)
i+1 = +1 for some i ∈ {3, ..., n− 1}. But in view

of (i), w
(1)
i−1 = −1 and w

(1)
i = +1 and w

(2)
i−1 = +1. This is contrary

to the assumption that w
(0)
i−1 = w

(2)
i−1. Thus there is no j ∈ {1, ..., n}

such that w
(0)
j−1 = w

(0)
j = w

(0)
j+1 = −1. The other case can similarly

be shown. We remark that as a consequence, if
〈
w(0), w(1)

〉
is a

2-cycle, then w(1) = −w(0).

(iv) Let u(0) be a bipolar vector such that for some i ∈ {1, ..., n}, u
(0)
i

and u
(0)
i+1 have different signs, then in view of (i),

(
u

(1)
i , u

(1)
i+1

)
†

= −
(
u

(0)
i , u

(0)
i+1

)
†

,

(
u

(2)
i , u

(2)
i+1

)
†

= −
(
u

(1)
i , u

(1)
i+1

)
†

=
(
u

(0)
i , u

(0)
i+1

)
†

,

and in general,

(
u

(t)
i , u

(t)
i+1

)
†

= (−1)t
(
u

(0)
i , u

(0)
i+1

)
†

, t = 0, 1, ... .

(v) The basin of attraction of the fixed point −1 is the set {1,−1}.
Indeed, as explained in (ii), 1

(1)
= −1. If u(0) is different from 1 or

−1, then by (iv), for any t ≥ 0, u(t) must have a consecutive pair

of components which are different. Thus u(0) cannot be attracted

to 1 nor −1.

(vi) Let u(0) be a bipolar vector such that u
(0)
i = +1, u

(0)
i+1 = u

(0)
i+2 =

... = u
(0)
i+k = −1 and u

(0)
i+k+1 = +1 for some i and k satisfying

0 ≤ i ≤ i + k ≤ n. If k = 1, then by (iv),

(
u

(t)
i , u

(t)
i+1, u

(t)
i+2

)
†

= (−1)t (+1,−1, +1)
†

= (−1)t+1δ(3).
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If k = 2, then by (iv) again,

(
u

(t)
i , u

(t)
i+1, u

(t)
i+2, u

(t)
i+3

)
†

= (−1)t (+1,−1,−1, +1)
†

= (−1)t+1 (δ(2)| − δ(2)) , t ≥ 0.

If k = 3, then in view of (i),

(
u

(1)
i , u

(1)
i+1, u

(1)
i+2, u

(1)
i+3, u

(1)
i+4

)
†

= (−1, +1,−1, +1,−1)
†

= δ(5),

so that by (iv),

(
u

(t)
i , u

(t)
i+1, u

(t)
i+2, u

(t)
i+3, u

(t)
i+4

)
†

= (−1)t+1δ(5), t = 1, 2, ... .

If k = 4, then in view of (i),

(
u

(1)
i , u

(1)
i+1, u

(1)
i+2, u

(1)
i+3, u

(1)
i+4, u

(1)
i+5

)
†

= (−1, +1,−1,−1, +1,−1)† ,

(
u

(2)
i , u

(2)
i+1, u

(2)
i+2, u

(2)
i+3, u

(2)
i+4, u

(2)
i+5

)
†

= (+1,−1, +1, +1,−1, +1)
†

,

and
(
u

(t)
i , u

(t)
i+1, u

(t)
i+2, u

(t)
i+3, u

(t)
i+4, u

(t)
i+5

)
†

= (−1)t+1 (δ(3)|δ(3)) , t ≥ 1.

By induction, we may then see that when k is odd,

(
u
( k−1

2 )
i , u

(k−1
2 )

i+1 , ..., u
( k−1

2 )
i+k , u

(k−1
2 )

i+k+1

)
†

= (−1)
k+1
2 δ(k + 2)

and
(

u
( k−1

2 +t)
i , u

( k−1
2 +t)

i+1 , ..., u
( k−1

2 +t)
i+k , u

( k−1
2 +t)

i+k+1

)
†

= (−1)t+ k+1
2 δ(k + 2), t ≥ 0;

when k is even,

(
u
( k−2

2 )
i , u

( k−2
2 )

i+1 , ..., u
( k−2

2 )
i+k , u

( k−2
2 )

i+k+1

)
†

=

(
(−1)

k

2 δ

(
k + 2

2

)
|δ

(
k + 2

2

))
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and (
u
( k−2

2 +t)
i , u

( k−2
2 +t)

i+1 , ..., u
( k−2

2 +t)
i+k , u

( k−2
2 +t)

i+k+1

)
†

= (−1)t

(
(−1)

k

2 δ

(
k + 2

2

)
|δ

(
k + 2

2

))
, t ≥ 0.

(vii) If u(0) /∈ {1,−1}, then by Lemma 1, we may assume without loss

of generality that there is a partition {S1, S2, ..., S2m} of {1, ..., n}
such that S1 = {1, ..., i1}, S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 +

1, ..., n} and u
(0)
j = +1 for j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and u

(0)
j = −1

for j ∈ S2 ∪ ... ∪ S2m. We now consider the iterates of the vector
(
u(0)

n , u
(0)
1 , ..., u

(0)
i1

, u
(0)
i1+1

)
†

= (−1, +1, ..., +1,−1)
†

.

In view of (i), we see that

(
u(1)

n , u
(1)
1 , u

(1)
2 , ..., u

(1)
i1−1, u

(1)
i1

, u
(1)
i1+1

)
†

=(+1,−1,−1, ...,−1,−1, +1)†.

Thus, by (v), if i1 is odd, then

(
u(t)

n , u
(t)
1 , u

(t)
2 , ..., u

(t)
i1−1, u

(t)
i1

, u
(t)
i1+1

)
†

= ±δ(i1 + 2) (6)

for t ≥ n, and if i1 is even, then
(
u(t)

n , u
(t)
1 , u

(t)
2 , ..., u

(t)
i1−1, u

(t)
i1

, u
(t)
i1+1

)
†

= ±
(

(−1)i1/2δ

(
i1 + 2

2

)
|δ

(
i1 + 2

2

))
(7)

for t ≥ i1/2. In both cases, for each i ∈ {1, ..., i1}, neither u
(t)
i−1 =

u
(t)
i = u

(t)
i+1 = −1 nor u

(t)
i−1 = u

(t)
i = u

(t)
i+1 = +1. Next, consider the

iterates of the vector(
u

(0)
i1

, u
(0)
i1+1, ..., u

(0)
i2

, u
(0)
i2+1

)
†

= (+1,−1, ...,−1, +1)
†

.

In view of (v) again, when t is sufficiently large, for each i ∈ {i1 +

1, ..., i2}, neither u
(t)
i−1 = u

(t)
i = u

(t)
i+1 = −1 nor u

(t)
i−1 = u

(t)
i =

u
(t)
i+1 = +1. These show that

〈
u(t),−u(t)

〉
is a 2-cycle for all large

t. In conclusion, we have shown that any u(0) not in {1,−1} will

be attracted to a 2-cycle.

(viii) Let f(v) = u, that is, v is a preimage of u. In view of (5), if ui = +1,

then it is necessary that vi = −1.



September 27, 2010 23:25 WSPC - Proceedings Trim Size: 9in x 6in 03

68

(ix) A bipolar vector u is terminal if for some i ∈ {1, ..., n}, ui−1 = ui =

ui+1 = +1. Indeed, suppose to the contrary that f(v) = u. Then

vi−1 = vi = vi+1 = −1. By in view of the fifth column of (5), the

fact that vi−1 = vi = vi+1 = −1 would imply ui = −1, which is

contrary to our assumption that ui = +1.

(x) Let w be a bipolar vector different from 1 and −1 and

{S1, S2, ..., S2m} is a partition of {1, ..., n} such that S1 = {1, ..., i1},
S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and wj = +1 for

j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and wj = −1 for j ∈ S2 ∪ ... ∪ S2m.

Let f(v) = w, that is, v is a preimage of w. Suppose there is some

k ∈ {1, ..., m} such that |S2k−1| = 2, then

v(S2k−1)|v(S2k) = − (w(S2k−1)|w(S2k)) .

First, suppose |S2k| = 1, that is,

w(S2k−1)|w(S2k) = (+1, +1,−1)†,

we assert that

v(S2k−1)|v(S2k) = (−1,−1, +1)† = − (w(S2k−1)|w(S2k)) .

Indeed, in view of (viii),

v(S2k−1)|v(S2k) = (−1,−1, x)†.

If x = −1, then by the fifth column of (5), the second component

of w(S2k−1)|w(S2k) would be −1, which is contrary to our assump-

tion. Thus x = +1. Similarly, suppose |S2k| = 2, that is,

w(S2k−1)|w(S2k) = (+1, +1,−1,−1)†.

then

v(S2k−1)|v(S2k) = (−1,−1, +1, +1)† = − (w(S2k−1)|w(S2k)) .

Indeed, as above, we may show

v(S2k−1)|v(S2k) = (−1,−1, +1, y)†.

If y = −1, then by the third and the fourth column of (5), the

fourth component of w(S2k−1)|w(S2k) would be +1, which is again

contrary to our assumption. The rest of our proof can now be com-

pleted by induction. By dual arguments, we may easily see that if

for some k ∈ {0, 1, ..., m− 1}, |S2k+1| = 2, then

v(S2k)|v(S2k+1) = − (w(S2k)|w(S2k+1)) .
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If for some k ∈ {1, ..., m}, |S2k−1| ≥ 1 and |S2k+1| ≥ 1, then

v(S2k−1)|v(S2k)|v(S2k+1) = − (w(S2k−1)|w(S2k)|w(S2k+1))

or

v(S2k−1)|v(S2k)|v(S2k+1) = − (w(S2k−1)| − w(S2k)|w(S2k+1)) .

Indeed, assume without loss of generality that |S2k−1| = 1 =

|S2k+1| and that

w(S2k−1)|w(S2k)|w(S2k+1) = (+1,−1,−1, ...,−1,−1, +1)
†

.

Then

v(S2k−1)|v(S2k)|v(S2k+1) = (−1, ∗, ∗, ..., ∗, ∗,−1)† ,

where each ∗ can be +1 or −1. Assume the second com-

ponent of v(S2k−1)|v(S2k)|v(S2k+1) is −1, then we assert its

third component is also −1. Otherwise, by (i) the second

component of w(S2k−1)|w(S2k)|w(S2k+1), as the first iterate of

v(S2k−1)|v(S2k)|v(S2k+1), must be +1, which is contrary to our

assumption on w. By induction, it is then easily seen that the

fourth component, etc. are all −1. On the other hand, if we as-

sume that the second component of v(S2k−1)|v(S2k)|v(S2k+1) is

+1, then we assert its third component is also +1. Otherwise, by

(i), the third component of w(S2k−1)|w(S2k)|w(S2k+1), as the first

iterate of v(S2k−1)|v(S2k)|v(S2k+1), must be +1, which is again a

contradiction. By induction, it is then easily seen that the fourth

component, etc. are all +1. The proof of our assertion is complete.

Let us now consider some examples. Let 〈w,−w〉 be a 2-cycle and

let {S1, S2, ..., S2m} is a partition of {1, ..., n} such that S1 = {1, ..., i1},
S2 = {i1 + 1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and wj = +1 for

j ∈ S1 ∪ S3 ∪ ... ∪ S2m−1 and wj = −1 for j ∈ S2 ∪ ... ∪ S2m. Since

〈w,−w〉 is a 2-cycle, in view of (iii), |S2k| ≤ 2 and |S2k−1| ≤ 2 for all

k = 1, 2, 3, ..., m. By means of (viii), (ix) and (x), we may calculate the

basin of attraction of w. For instance, suppose |S2k| = |S2k−1| = 2 for all

k = 1, 2, 3, ..., m. In view of (ix), f−1(w) = −w and f−1(−w) = w. Its

basin of attraction is therefore the set {w,−w} . As another example, let

n = 12 and w = (+1,−1, +1, +1,−1,−1, +1,−1,−1, +1,−1, +1)† which is
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depicted as follows:

w =

+ − +

1 2 3

+ 12 4 +

− 11 5 −
+ 10 6 −

9 8 7

− − +

·

Let

a =

− + −
1 2 3

− 12 4 −
+ 11 5 +

− 10 6 +

9 8 7

+ + −

, b =

− + −
1 2 3

− 12 4 −
+ 11 5 +

− 10 6 +

9 8 7

− − −

x =

+ − +

1 2 3

+ 12 4 +

− 11 5 −
+ 10 6 −

9 8 7

+ + +

, y =

− − +

1 2 3

− 12 4 +

− 11 5 −
+ 10 6 −

9 8 7

+ + +

and

v =

− − +

1 2 3

− 12 4 +

− 11 5 −
+ 10 6 −

9 8 7

− − +

, z =

+ + −
1 2 3

+ 12 4 −
+ 11 5 +

− 10 6 +

9 8 7

− − −
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and

u =

+ + −
1 2 3

+ 12 4 −
+ 11 5 +

− 10 6 +

9 8 7

+ + −

Then w = −a and 〈w, a〉 is a cycle.

The preimages of w are a and b, the preimages of b are x and y, the

preimages of a are w and v, and the preimages of v are z and u. For instance,

since w12 = w1 = w3 = w4 = +1, we see that a preimage of w must have

the form

− + −
1 2 3

− 12 4 −
+ 11 5 +

∗ 10 6 +

9 8 7

∗ ∗ ∗

.

Next, since (w7, w8, w9, w10) = (+1,−1,−1, +1), we see that a preimage of

w must either be of the form

∗ ∗ ∗
1 2 3

∗ 12 4 ∗
∗ 11 5 ∗
− 10 6 ∗

9 8 7

+ + −
or of the form

∗ ∗ ∗
1 2 3

∗ 12 4 ∗
∗ 11 5 ∗
− 10 6 ∗

9 8 7

− − −

.



September 27, 2010 23:25 WSPC - Proceedings Trim Size: 9in x 6in 03

72

Thus the only preimages that satisfy these requirements are a and b.

Note that the bipolar vectors x, y, z and u are terminal since they have

three or more consecutive components which are equal to +1. Therefore,

the basin of attraction of w is exactly {w, a, b, x, y, z, u} .

Theorem 5. Suppose β > 0 and 2α− β ≥ 0. Then

(1) −1 is the only fixed point and its basin of attraction is {1,−1}.
(2)

{
w(0), w(1)

}
is a 2-cycle if, and only if, for any i ∈ {1, ..., n}, neither

w
(0)
i−1 = w

(0)
i = w

(0)
i+1 = −1 nor w

(0)
i−1 = w

(0)
i = w

(0)
i+1 = +1. Any 2-cycle{

w(0), w(1)
}

must have property w(1) = −w(0)
.

(3) Any bipolar vector u not in {1,−1} is attracted to a 2-cycle (which

can be explicitly given when the sign distribution of u is known).

(4) A bipolar vector u is terminal if for some i ∈ {1, ..., n}, ui−1 = ui =

ui+1 = +1.

(5) Let w be a bipolar vector and suppose there is a partition

{S1, S2, ..., S2m} of {1, ..., n} such that S1 = {1, ..., i1}, S2 = {i1 +

1, ..., i2}, ..., S2m = {i2m−1 + 1, ..., n} and wj = +1 for j ∈ S1 ∪ S3 ∪
... ∪ S2m−1 and wj = −1 for j ∈ S2 ∪ ... ∪ S2m. Let v be a preimage of w.

If there is some k ∈ {1, ..., m} such that |S2k−1| = 2, then

v(S2k−2)|v(S2k−1)|v(S2k) = − (w(S2k−2)|w(S2k−1)|w(S2k)) .

If for some k ∈ {1, ..., m}, |S2k−1| = 1 = |S2k+1| , then

v(S2k−1)|v(S2k)|v(S2k+1) = − (w(S2k−1)|w(S2k)|w(S2k+1))

or

v(S2k−1)|v(S2k)|v(S2k+1) = − (w(S2k−1)| − w(S2k)|w(S2k+1)) .

In case 6 where β ≤ 0 and 2α + β > 0, we can construct the following

table 


u
(t)
i−1 +1 # −1 &

u
(t)
i +1 +1 +1 −1

u
(t)
i+1 +1 −1 +1 ∗

u
(t+1)
i +1 −1 −1 +1


 ,

where ∗, # and & can either be +1 or −1.

By means of the same argument shown in case 1, we may show that 1

is the only fixed point and its basin of attraction is {1,−1}. Furthermore,〈
w(0), w(1)

〉
is a 2-cycle if, and only if, w(1) = −w(0) and for any i ∈

{1, ..., n}, neither w
(k)
i−1 = w

(k)
i = w

(k)
i+1 = +1 nor w

(k)
i−1 = w

(k)
i = w

(k)
i+1 = −1.

Any vector not in {1,−1} is attracted to a 2-cycle. The preimages of a
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bipolar vector can always be calculated, so is the basin of attraction of a

2-cycle.

8. Remarks

The long time behaviors of the solution space of our artificial neural network

(1) depend on both the location of the parameter pair (α, β) in the plane

and the initial neuron states. By means of the straight lines

β = 0; β = 2α; β = 4α and β = −4α,

the plane can be divided into ten different regions so that when (α, β)

is ‘switched’ into one of them, the behaviors of the corresponding solution

space (in terms of the cycles and their basins of attractions) will also change

accordingly.

We may further elaborate on the previous remark in terms of Boolean

cellular automata. The so called cellular automata is a concept formulated

by scientists to simulate complex systems. In a cellular automaton, there

are identical elements, usually located in a regular array of cells. The update

rule for each cell depends on that cell and some of its nearest neighbors.

In a Boolean cellular automaton, the state of each cell is either 0 or 1,

and is updated according to certain Boolean rules. Therefore our neural

network fits in this setting. Since there are three inputs, the network takes

23 possible input states, and can have 26 Boolean functions which determine

the output of a cell. For example, the following Table is one of the possible

Boolean functions

Input 000 001 010 011 100 101 110 111

Output 0 0 0 0 0 0 0 0

If we identify each 0 with −1 and each 1 with +1 in the above table, we

see that this is just the same table in Case 3.

Since the 10 different cases in our previous analysis are generated by

choosing different combination of α and β, we now have a neural network

that may simulate 10 different Boolean cellular automata simply by manip-

ulation of two ‘analog’ parameters. Furthermore, our results in the previous

sections can now be applied for understanding this ‘switchable’ automata

without too much difficulty.
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1. Introduction

The goal of this work is to characterize the fine structures of fractals and

its dynamics determined by hyperbolic and chaotic dynamical systems and

by dynamical systems that are in the frontier between order and chaos.

The fine structures of fractals are determined by the geometric properties

of the fractals when studied at infinitesimal scales. This leads us to say

that two fractals have the same fine structures and similar dynamics on

them if the corresponding dynamical systems are differentiable conjugate.

We will use the renormalization operator to understand the fine structures

of the dynamical systems in the frontier between order and chaos (see E.

de Faria, W. de Melo and A. Pinto (ref. 21)). In hyperbolic dynamics, these

fine structures are characterized by affine structures (see A. Pinto and D.

Rand (ref. 70), and A. Pinto and D. Sullivan (ref. 75)).

1.1. Hyperbolic dynamics

In Section 2, we construct Teichmüller spaces which characterize the smooth

conjugacy classes of unidimensional hyperbolic dynamics (see D. Sullivan

(ref. 85), A. Pinto and D. Sullivan (ref. 75) and A. Pinto and D. Rand

(ref. 64)). These Teichmüller spaces have infinite dimension which implies

that there is a great diversity of fine structures. Hence, we say that these

dynamical systems are flexible. These dynamical systems also show the



September 27, 2010 23:26 WSPC - Proceedings Trim Size: 9in x 6in 04

76

following feature that we call explosion of smoothness: if there is a topo-

logical conjugacy between two of these dynamical systems with a non-zero

derivative at a point then these systems are smooth conjugate (see F. Fer-

reira and A. Pinto (ref. 26)). Similar results are proved for uniformly asymp-

totically affine (uaa) unidimensional hyperbolic dynamics whose (uaa) con-

jugacy classes form the completion of the smooth conjugacy classes (see

D. Sullivan (ref. 87) and F. Ferreira (ref. 23)). These (uaa) systems are

not necessarily smooth, however their eigenvalues are well-defined (see F.

Ferreira and A. Pinto (ref. 25)).

In Section 3, like as in the unidimensional case, we construct Teichmüller

spaces which characterize the smooth conjugacy classes of surface diffeomor-

phisms with hyperbolic basic sets. These Teichmüller spaces have infinite

dimension and so we say that these dynamical systems are flexible (see E.

Cawley (ref. 12) and A. Pinto and D. Rand (ref. 67)). Since, the holonomies

of these dynamical systems are smooth (see A. Pinto and D. Rand (ref. 68)),

we get that all the stable leaves have the same fine structures and, similarly,

all the unstable leaves also have the same fine structures.

In contrast with the above results showing the flexibility of surface dif-

feomorphisms with hyperbolic basic sets, we also show the existence of rigid

features for these dynamical systems: if the degree of the smoothness of the

holonomies is greater than 1 plus the maximal Hausdorff dimension of the

hyperbolic basic set along the stable and unstable leaves, then we obtain

that the dynamical system is smooth conjugate to a rigid (or affine) model

(see E. Ghys (ref. 28) and A. Pinto and D. Rand (ref. 69)). For Anosov

diffeomorphisms the rigid models are the Anosov automorphisms in the

torus. For Plykin attractors there is no rigid models which implies that

the smoothness of the holonomies is not greater than 1 plus the Hausdorff

dimension of the basic set along the stable leaves (see F. Ferreira, A. Pinto

and D. Rand (ref. 72)).

The construction of the Teichmüller spaces for smooth conjugacy classes

of surface diffeomorphisms with hyperbolic basic sets shows that the smooth

structures of the stable leaves do not impose any restrictions on the smooth

structures along the unstable leaves, and vice-versa. However, using Gibbs

Theory and the ratio decomposition of Gibbs measures introduced by A.

Pinto and D. Rand in (ref. 66), if we demand that the basic sets have

an invariant geometric measure (for instance a measure equivalent to the

Hausdorff measure), then we obtain explicit relations between the smooth

structures of the stable and unstable leaves (see also E. Cawley (ref. 12)

and Ya. Sinai (ref. 81)).
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In the future, we hope that these technics can be used with success for

studying laminations in surfaces, non-uniformly hyperbolic dynamics and

flows in 3-dimensional manifolds.

1.2. The frontier between order and chaos

In Section 4, we will study the frontier between order and chaos for uni-

modal families of quadratic type. We start describing the route from order

to chaos and the discovering of the universal constants α = 0.399 . . . and

δ = 4.669 . . . (by M. Feigenbaum in (ref. 22) and by P. Coullet and C.

Tresser in (ref. 13)). These universal constants appear in several scientific

experiments (see, for instance, (ref. 14), (ref. 32) and (ref. 78)). To explain

the existence of these universal constants, M. Feigenbaum, and, indepen-

dently, P. Coullet and C. Tresser introduced the period doubling operator

inspired in the works of K. Wilson (see (ref. 89)). They conjectured the ex-

istence of a unique hyperbolic fixed point for the period doubling operator

with the property that α and δ are the two eigenvalues with greater mod-

ulus at the fixed point. Furthermore, they conjectured that the unimodal

maps in the stable manifold of the period doubling operator form the fron-

tier between order and chaos. O. Lanford in (ref. 37) proved the existence

of the hyperbolic fixed point in a space of real analytic maps, using interval

arithmetics and the support of a computer for doing the numerical compu-

tations (see also J.-P. Eckmann and P. Wittwer (ref. 17)). D. Sullivan in

(ref. 86) proved that the stable manifold of the period doubling operator

consists of all infinitely renormalizable unimodal maps of quadratic type.

The existence of the universal constant α is associated to the fine structure

of the infinitely renormalizable unimodal maps. D. Rand in (ref. 76) proved

that the unimodal maps contained in the stable manifold of the renormal-

ization are conjugate in the closure of their critical orbits by a map with a

smooth extension to the real line which implies that they are rigid. A. Pinto

and D. Rand in (ref. 63) proved that the degree of smoothness of the exten-

sion to the reals of the conjugacy is 2.11 . . .. The universal constant 2.11 . . .

is determined by a formula which involves the second and third eigenvalues

with greater modulus of the period doubling operator. R. Mackay, A. Pinto

and J. Zeijts in (ref. 47) generalized this last result to bimodal maps.

In Section 5, we study with the help of the renormalization operator

the geometric properties of the unimodal maps with quadratic type. The

conjectures of M. Feigenbaum, P. Coullet and C. Tresser for the period

doubling operator were extended to the renormalization operator as we

pass to describe: The infinitely renormalizable unimodal maps converge
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under renormalization to a limit set A with the following properties: (i) the

renormalization operator restricted to the limit set A is topologically con-

jugate to a shift; (ii) the limit set A is hyperbolic with unstable manifolds

with dimension 1 and stable manifolds with codimension 1. Restricting the

renormalization operator to the set of all C2 infinitely renormalizable uni-

modal maps with bounded geometric type, D. Sullivan in (ref. 87) and in

(ref. 86) proved the existence of a limit set AL ⊂ A for all maps with the

following properties: (i) the renormalization operator restricted to AL is

topologically conjugate to a shift of finite type; (ii) the maps in AL are

real analytic unimodal maps with quadratic-like holomorphic extensions;

(iii) the stable set of a unimodal map g ∈ AL consists of all unimodal

maps topological conjugate to g on the closure of their critical orbits. For

infinitely renormalizable maps with bounded geometry and quadratic-like

holomorphic extensions, C. McMullen in (ref. 52) proved the exponential

convergence of the renormalization operator along the stable sets. As a

corollary of this result, C. McMullen proved that the topological conjugacy

between two unimodal maps in the same stable set and with quadratic-like

holomorphic extensions has a smooth extension to the real line. W. de Melo

and A. Pinto in (ref. 55) generalized this result for C2 infinitely renormal-

izable unimodal maps with bounded geometry and of quadratic type. M.

Lyubich in (ref. 44) proved the hyperbolicity of the set AL in a space of

equivalence classes of germs of maps quotient by affine diffeomorphisms.

Inspired by the work of A. Davie in (ref. 15), E. de Faria, W. de Melo and

A. Pinto in (ref. 21) generalized the result of M. Lyubich showing that AL

has the properties of a hyperbolic set for the renormalization operator in

the space U3 of C3 unimodal maps with quadratic type. The first difficulty

of this generalization is the fact that the renormalization operator is not

Frechet differentiable in U3. However, they proved that the unstable sets

are real analytic submanifolds with dimension 1, and that the stable sets

are C1 submanifolds with codimension 1. Furthermore, they proved the fol-

lowing rigidity result in the parameter space: the holonomy between any

two transversals to the stable lamination is C1+α, with α > 0.

The renormalization operator naturally appears in several other fam-

ilies of maps, such as, families of critical circle maps and families of an-

nulus maps (see, for instance, E. de Faria and W. de Melo (ref. 19) and

(ref. 20), R. Mackay (ref. 46), M. Martens (ref. 51), W. de Melo (ref. 54),

S. Ostlund, D. Rand, J. Sethna and E. Siggia (ref. 61) and M. Yampolsky

(ref. 90)). In the future, we hope that similar results can be proven for these

families.
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2. Hyperbolic unidimensional dynamics

Hyperbolic dynamics is one of the main sources of examples of dynamical

systems with chaotic properties. In this section, we are going to concentrate

in the study of hyperbolic endomorphisms in 1-dimensional manifolds and,

in next section, we will study hyperbolic diffeomorphisms on 2-dimensional

manifolds.

2.1. Examples: cookie-cutters and tent maps

We are going to study two representative classes of hyperbolic dynamical

systems consisting of cookie-cutters and tent maps (which we will define

later). The results that we will present for these maps are also satisfied in

the larger context of Markov maps on train-tracks. The reason that we have

chosen to study the cookie-cutters as examples of Markov maps is that the

invariant set of these maps are cantori. This fact demands a more careful

study of the meaning of smoothness for the conjugacies between these maps,

since the concept of smoothness in Cantor sets is not common. Here, we

will use the same definition as the one presented for instance in (ref. 85).

The reason that we also have chosen to study the tent maps is that they

have an extra difficulty coming from the fact of not being differentiable or

even continuous at a point. The study of cookie-cutters and tent maps will

also be useful in Sections 4 and 5 to understand the description of the route

from order to chaos.

Let us define cookie-cutters and tent maps. Let F : I0 ∪ I1 → I be a

C1+α map, where I0 = [0, a], I1 = [b, 1] and I = [0, 1], with a ≤ b and α > 0,

satisfying the following hyperbolicity condition: There exist constants λ < 1

and C > 0 with the property that if x ∈ I0 ∪ I1, and n ≥ 1 is such that

F (x), . . . , F n−1(x) ∈ I0 ∪ I1, then |(F n)′(x)| > Cλn. If a < b, we say that

F is a cookie-cutter. If a = b, we say that F is a tent map (see Figure 1).

I

I II

I 0 I 0 I 01 I1 I1

I 00 I 00I 00 01 I 01 I 0110 I10 I1011 I11 I11

Fig. 1. Cookie-cutters and tent maps.
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2.2. Chaotic dynamics

We start by giving a set of properties that we will use to characterize the

concept of chaotic dynamics. We would like to note that there is no universal

definition of chaotic dynamics. The notion of chaotic dynamics that we will

use is simple to state and shows the complexity of the dynamics of these

systems (see also R. Devaney (ref. 16) and C. Robinson (ref. 77)). Then,

we introduce the shift map in a symbolic space that we will use to prove

that the cookie-cutters and the tent maps are chaotic.

We say that a map G : C → C is chaotic, with respect to a metric d in

C, if it satisfies the following properties:

(i) The closure of the periodic orbits of G is C;

(ii) There exists a point in C whose orbit is dense in C;

(iii) There exists δ > 0 such that for every β > 0 and every

x ∈ C, there exist y ∈ C and n > 0, such that d(x, y) < β

and d(Gn(x), Gn(y)) > δ.

Let σ : {0, 1}N → {0, 1}N be the shift given by

σ(ε1ε2 . . .) = α1α2 . . . ,

where αi = εi+1, for all i ∈ N. Let d : {0, 1}N × {0, 1}N → R be the metric

given by d(ε1ε2 . . . , α1α2 . . .) =
∑

∞

n=1 2−n|εn−αn|. The shift map is chaotic

(see a proof for instance in (ref. 16)).

Let F : I → I be a cookie-cutter or a tent map. We will call n-cylinders

of I the intervals of the form

Iε1...εn
= {x ∈ Iε1 : F jx ∈ Iεj+1 , 1 ≤ j < n}.

The invariant set of F is given by CF = ∩∞n=1 ∪ε∈{0,1}n Iε. Hence, if F is

a coockie-cutter the invariant set CF is a Cantor set, and if F is a tent

map the invariant set CF is the interval I . The map h : {0, 1}N → CF

which associates to a sequence ε1ε2 . . . the unique point in ∩n≥1Iε1...εn
is

well-defined (see (ref. 16)). Furthermore, the map h is Hölder-continuous,

onto and F ◦ h(ε) = h ◦ σ(ε), for every ε ∈ {0, 1}N. Thus, we note that

the map h transfers the chaotic properties of the shift map to the map F

restricted to the invariant set CF .

2.3. Teichmüller spaces

We are going to characterize the topological conjugacy classes of cookie-

cutters and tent maps. Then, we study the fine structures of the invariant
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sets of these maps which lead us to the smooth classification of the smooth

conjugacy classes of these maps. This classification was essentially devel-

oped in the works of M. Feigenbaum, D. Sullivan, A. Pinto and D. Rand.

Finally, we present a result of F. Ferreira and A. Pinto on explosion of

smoothness for conjugacies between unidimensional hyperbolic dynamics.

We say that two maps F and G are topologically conjugate, if there is

a homeomorphism h : CF → CG such that h ◦ F (x) = G ◦ h(x), for all

x ∈ CF , and h extends as a homeomorphism to the interval. If h has a

C1+α extension to the interval I , with 0 < α ≤ 1, we say that F and

G are C1+α
conjugate. We remind the reader that a diffeomorphism h :

I → J is C1+α, if h is smooth and if there is a constant C > 0 such that

|h′(x) − h′(y)| ≤ C|x − y|α, for all x, y ∈ I . Since the cookie-cutters are

topologically conjugate to the shift we obtain that two cookie-cutters F e

G ( or two tent maps) are topologically conjugate, if and only if, for each

j ∈ {0, 1}, F ′(x) and G′(y) have the same sign for x ∈ IF
j and y ∈ IG

j .

Now, we are going to introduce the solenoid functions which will allow

us to determine when F and G are also C1+α conjugate. A cookie-cutter

F determines a solenoid function sF : {0, 1}N → R
+ defined by

sF (ε1ε2 . . .) = lim
n→∞

|Jεn...ε2 |
|Iεn...ε1 |

,

where the interval Jεn...ε2 is such that (i) Iεn...ε20∪Jεn...ε2∪Iεn...ε21 = Iεn...ε2

and (ii) the interior of Jεn...ε2 is disjoint of the sets Iεn...ε20 and Iεn...ε21.

Theorem 2.1. The Hölder functions s : {0, 1}N → R
+

form a Teichmüller

space for the smooth conjugacy classes of cookie-cutters, i.e.

(i) the maps F and G are smooth conjugate if, and only if,

sF = sG;

(ii) given a Hölder function s : {0, 1}N → R
+
, there exists a

cookie-cutter F such that sF = s.

Let us associate to each C1+α tent map F the corresponding solenoid

function. For simplicity of the exposition we will consider just the case

where F ′(x) > 0, for every x ∈ I0 ∪ I1. We define the solenoid function

determined by F through the following equality

sF (ε1ε2 . . .) = lim
n→∞

|Iαn...α1 |
|Iεn...ε1 |

,

where Iαn...α1 is the cylinder on the right of Iεn...ε1 (we say that a cylinder

J is on the right of a cylinder K if K and J have a common endpoint
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and for every x ∈ K and y ∈ J we have that x ≤ y.). Hence, the solenoid

function s : {0, 1}N → R
+ satisfies the following matching condition (see

Figure 2):

sF (ε1ε2 . . . εn . . .) = lim
n→∞

|Iαn...α10|+ |Iαn...α11|
|Iεn...ε10|+ |Iεn...ε11|

=
sF (0ε1 . . .)sF (1ε1 . . .)(1 + sF (0α1 . . .))

1 + sF (0ε1 . . .)
. (1)

Let Σ0 be the subset of {0, 1}N whose elements have the form 0ε1ε2 . . ..

I

I

0 01 11

1

ε εn

n

... I
1ε εn ...

I
1ε εn ... ...α α

I
1n ...α α I

1n ...α α

Fig. 2. Matching condition.

Let Σn be the subset of {0, 1}N whose elements have the form 1(n)0ε1ε2 . . .

for every n ≥ 1, where 1(n) is a word with n symbols 1. We note that the

subsets of Σn form a partition of {0, 1}N.

Theorem 2.2. Let s : {0, 1}N → R
+

be a function satisfying the following

properties:

(i) The function s|Σn is Hölder continuous for every n ≥ 0;

(ii) The function s satisfies the matching condition introduced

in (1).

The set of all these functions form a Teichmüller space for the conjugacy

classes of tent maps.

Theorems 2.1 and 2.2, were proved for a more general class of maps con-

sisting of Markov maps on train tracks in A. Pinto and D. Rand (ref. 64).

These results also hold in a weaker regularity called uniformly asymptot-

ically affine (uaa). An important feature of the (uaa) conjugacy classes is

that they form the completion of the smooth conjugacy classes (see F. Fer-

reira (ref. 23) and D. Sullivan (ref. 87)). We note that the (uaa) maps are

not smooth, however the eigenvalues are well-defined (see F. Ferreira and

A. Pinto (ref. 25)).

In the context of C1+α cookie-cutters, M. Feigenbaum and D. Sullivan

introduced the notion of scaling functions that they used to classify the
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smooth conjugacy classes of cookie-cutters. D. Sullivan asked how to gen-

eralize this result to expanding circle maps. To answer this question D.

Rand and A. Pinto create the solenoid functions which are a simple modi-

fication of the scaling function. Together with D. Sullivan they associate to

the solenoid functions affine structures on the leaves of the inverse limit of

the expanding circle maps which allowed a better understanding of these

Teichmüller spaces (see A. Pinto and D. Sullivan in (ref. 75), and A. Pinto

and D. Rand in (ref. 64)).

2.4. Explosion of smoothness

The results in the previous subsection show the great diversity of fine struc-

tures for Markov maps on train-tracks. However, it is interesting to note

the following result which we call explosion of smoothness.

Theorem 2.3. If there exists a topological conjugacy between two Markov

maps on train-tracks that has a non-zero derivative at a point, then the

Markov maps are smooth conjugate.

This theorem was first proven for expanding circle maps by D. Sullivan

in (ref. 87). E. de Faria in (ref. 18) generalized this result supposing that

the conjugacy is just (uaa) at a point. F. Ferreira and A. Pinto, in (ref. 26),

generalized these two results to Markov maps on train-tracks. One of the

difficulties was to deal with the case where the invariant sets are cantori.

This generalization also applies to (uaa) Markov maps showing that the

conjugacy is (uaa). J. F. Alves, V. Pinheiro and A. Pinto, in (ref. 2), ex-

tended the above theorem for non-uniformly expanding maps.

3. Hyperbolic diffeomorphisms on surfaces

Before proceding to explain the route from order to chaos, we will present

the generalizations of the previous results on unidimensional hyperbolic

dynamics to diffeomorphisms on surfaces with hyperbolic basic sets.

Some classical examples of diffeomorphisms on surfaces are Anosov

diffeomorphisms, Plykin attractors and Smale horseshoes. In the case of

Anosov diffeomorphisms the basic set coincides with the manifold. In the

case of Plykin attractors the basic set is locally the product of a Cantor

set, contained in an interval, cartesian product with an interval. In the case

of Smale horseshoes the basic set is locally a Cantor set, contained in an

interval, cartesian product with a Cantor set, also contained in an interval.
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3.1. Smoothness of the holonomies

We start by introducing some basic definitions. A hyperbolic basic set Λ of

a C1+γ diffeomorphism f : M →M , with γ > 0, is a compact set, invariant

under f , with a dense orbit and a product structure (see definitions 4.1 and

8.10 in M. Shub (ref. 80)). For every x contained in a basic set Λ, and every

small ε > 0, the local stable set of x is given by

W s(x, ε) = {y ∈M : d(fn(x), fn(y)) ≤ ε, ∀n ≥ 0} ,

where d : M ×M → R is the distance induced by some riemannian metric

ρ on M . By the Stable Manifold Theorem, we get that the global stable set

of x

W s(x) = ∪n≥0f
−n(W s(fn(x), ε))

is the image of a C1+γ immersion ix : R→M . We say that a set I ⊂W s(x)

is a stable leaf if I is the image by ix of an open interval. A stable segment

K is the intersection of a stable leaf with the basic set Λ. Similarly, we have

the notions of local unstable leaf, global unstable leaf and unstable segment.

Since an hyperbolic set Λ has a product structure, there are ε > 0 and

δ > 0 sufficiently small, such that, for every x, y ∈ Λ with d(x, y) < δ, the

set W u(x, ε) ∩ W s(y, ε) is a single point belonging to Λ. We denote this

point by [x, y]. We call a subset R of Λ a rectangle if R is proper and for

every x, y ∈ R the point [x, y] belongs to R.

Given a point x ∈ R, there exists an unique stable segment `s(x, R) and

an unique unstable segment `u(x, R) such that [`s(x, R), `u(x, R)] = R.

Given a rectangle R and two points x, y ∈ R, the holonomy h : `s(x, R)→
`s(y, R) is well-defined by h(z) = [z, y] (see Figure 3). D. Rand and A.

`
ι `

ι

`
ι'

(x,R) (y,R)

(z,R)z h(z)

Fig. 3. Holonomy.

Pinto in (ref. 68) have proved the following result on the regularity of the

degree of smoothness of the holonomies:
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Theorem 3.1. The holonomy h : `s(x, R) → `s(y, R) has a C1+α
exten-

sion to the stable leaves containing `s(x, R) and `s(y, R), for some α > 0.

However, there exists an upper limit for the degree of regularity of the

smoothness of the holonomies in the case where Λ is a Plykin attractor. We

recall that Λ is an attractor if there exists an open set U ⊂ M containing

Λ such that Λ = ∩n≥0f
n(U). We say that f is a Plykin attractor if the

basic set Λ is an attractor and Λ is locally an interval cartesian product

with a Cantor set, contained in an interval. By Theorem 3.1, we obtain

that all stable segments have the same Hausdorff dimension HDs, and that

all unstable segments also have the same Hausdorff dimension HDu. F.

Ferreira, A. Pinto and D. Rand in (ref. 72) have proved the following result:

Theorem 3.2. Let f be a Plykin attractor. The stable holonomies are not

C1+β
, for β > HDs

.

J. Harrison in (ref. 29) has conjectured that the degree of smoothness

of Denjoy maps is bounded by 1 plus the Hausdorff dimension of the non-

wandering set. A related result was proven by A. Norton in (ref. 60) using

“box dimension” instead of Hausdorff dimension. The above result on the

degree of smoothness of the holonomies of the Plykin attractors lead us to

prove that there are no fixed points of renormalization for Denjoy maps

such that the degree of smoothness is greater than the sum of 1 with the

Hausdorff dimension of the non-wandering set (see F. Ferreira, A. Pinto

and D. Rand (ref. 73)).

3.2. Teichmüller spaces

Surface diffeomorphisms are chaotic on their hyperbolic basic sets, since

they are semi-conjugated to the shift of finite type. The proof of this result

uses the existence of Markov rectangles for hyperbolic basic sets (see the-

orems 10.28, 10.33 and 10.34 in M. Shub (ref. 79), and see also R. Bowen

(ref. 10) and Ya. Sinai(ref. 81)). Furthermore, these dynamical systems are

structural stable (see theorems 8.3 and 8.22 in M. Shub (ref. 79), and see,

also, Anosov (ref. 3), Bowen (ref. 11), M. Hirsch, J. Palis, C. Pugh and M.

Shub (ref. 30), M. Hirsch and C. Pugh (ref. 31), M. Peixoto (ref. 62) and S.

Smale (ref. 83)). Like as in the unidimensional hyperbolic case, we can ask

if there is a Teichmüller space for these diffeomorphisms. Here, we give a

positive answer to this question by constructing stable and unstable ratio

functions and, also, stable and unstable solenoid functions.
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The diffeomorphisms f and g with hyperbolic basic sets Λf and Λg are

topologically conjugate, if there is a homeomorphism h : Λf → Λg such

that h ◦ f = g ◦ h and h preserves the order along the stable leaves and

unstable leaves. If h has a C1+α diffeomorphic extension to an open set

of M containing Λf , then we say that f and g are C1+α
diffeomorphic

conjugate. We denote by T (f, Λ) the set of all C1+ hyperbolic diffeomor-

phisms (g, Λg) such that (g, Λg) and (f, Λ) are topologically conjugated by

a homeomorphism hf,g.

Let f be a diffeomorphism with a hyperbolic basic set Λf . If K is a stable

or an unstable segment, we define |K|ρ to be the length of the smallest

leaf containing K. Let T s be the set of all pairs (I, J), where I and J

are stable segments contained in a same leaf. We define the set T u with

respect to the unstable leaves, similarly to the set T s. Let g ∈ T (f, Λ) be

topologically conjugated to f by h = hf,g . By (ref. 67), the stable ratio

function rs
g : T s → R

+ is given by

rs
g(I : J) = lim

n→∞

|fn(h(I))|ρ
|fn(h(J))|ρ

,

and the unstable ratio function ru
g : T u → R

+ is given by

ru
g (I : J) = lim

n→∞

|f−n(h(I))|ρ
|f−n(h(J))|ρ

.

Furthermore, for ι ∈ {s, u}, we have that rι = rι
g satisfies the following

properties:

(i) the ratios determine an affine atlas on the segments, i.e.,

rι(I : J) = rι(J : I)−1 and rι(I1∪I2 : K) = rι(I1 : K)+rι(I2 : K),

where the segments I1 and I2 are contained in the segment

K and intersect at most in an unique point;

(ii) the ratios are kept invariant by f , i.e., rι(I : J) =

rι(f(I), f(J));

(iii) there exist constants 0 < α < 1 and C > 0 such that, given

a holonomy h : Ih → Jh, we have that
∣∣∣∣log

rι(I : J)

rι(h(I) : h(J))

∣∣∣∣ ≤ C((d(Ih, Jh))α|K|αρ ),

where the leaves I and J are contained in a same leaf

K ⊂ Ih.
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A. Pinto and D. Rand in (ref. 67) proved the following result on the

classification of the smooth conjugacy classes of diffeomorphisms with hy-

perbolic basic sets.

Theorem 3.3. The set of all pairs (rs : T s → R
+
, ru : T u → R

+
) of func-

tions satisfying the above properties (i), (ii) and (iii) form a Teichmüller

space for the smooth conjugacy classes of diffeomorphisms in the same topo-

logical conjugacy class of the diffeomorphism f with hyperbolic set Λ.

We note that the proof of this result uses Theorem 3.1 which says that

the holonomies of these dynamical systems are smooth.

Let Ss be the set of all pairs (I, J) ∈ T s such that (i) each segment I

and J cross an unique Markov rectangle and have endpoints belonging to

the unstable boundaries of these rectangles; (ii) I and J intersect only in

a common endpoint. Similarly, we define Su with respect to the unstable

segments. The stable solenoid function is the restriction of the stable ratio

function to the set Ss and the unstable solenoid function is the restriction of

the unstable ratio function to the set Su. The invariance under f of the ratio

functions, allow us to rebuilt the ratio functions from the solenoid functions.

Hence, the pairs of stable and unstable solenoid functions also form a Te-

ichmüller space for the smooth conjugacy classes of diffeomorphisms in the

same topological class of f . This implies that the Teichmüller space of Smale

horseshoes is the set of all pairs (ss : {0, 1}N → R
+, su : {0, 1}N → R

+) of

Hölder functions.

As we have seen, the stable ratio function determines an affine structure

along the stable segments, which is invariant under f and varies Hölder

continuous along transversals. The same properties hold for the unstable

ratio function with respect to the unstable segments. Since, the stable ratio

function does not impose any restriction to the unstable ratio function and

vice-versa, we obtain that the affine structure along the stable segments

does not make any restriction on the affine structure along the unstable

segments, and vice-versa.

However, the affine structure along the stable segments completely de-

termines the Lipschitz structure of the affine structure along the unstable

leaves for diffeomorphisms with hyperbolic sets, when we impose the exis-

tence of an invariant measure which is absolutely continuous with respect

to the Hausdorff measure (see A. Pinto and D. Rand (ref. 70)).
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3.3. Extension of A. N. Livšic and Ja. G. Sinai’s

eigenvalue formula

For every g ∈ T (f, Λ), we denote by δg,s (resp. δg,u) the Hausdorff dimen-

sion of the local stable (resp. local unstable) leaves of g intersected with

Λ. Let λg,s(x) and λg,u(x) denote the stable and unstable eigenvalues of

the periodic orbit of g containing a point x. A. N. Livšic and Ja. G. Sinai

(ref. 39) proved that an Anosov diffeomorphism g has an invariant measure

that is absolutely continuous with respect to Lesbegue measure if, and only

if, λg,s(x)λg,u(x) = 1 for every periodic point x. In (ref. 70), we extend the

theorem of A. N. Livšic and Ja. G. Sinai to C1+ hyperbolic diffeomorphism

with hyperbolic sets on surfaces such as Smale horseshoes and codimension

one attractors.

Theorem 3.4. A C1+
hyperbolic diffeomorphism g ∈ T (f, Λ) has a g-

invariant probability measure which is absolutely continuous to the Haus-

dorff measure on Λg if and only if for every periodic point x of g|Λg,

λg,s(x)δg,sλg,u(x)δg,u = 1 .

Since (f, Λ) is a C1+ hyperbolic diffeomorphism it admits a Markov par-

tition R = {R1, . . . , Rk}. This implies the existence of a two-sided subshift

τ : Θ→ Θ of finite type, Θ in the symbol space {1, . . . , k}Z, and an inclusion

i : Θ→ Λ such that (a) f◦i = i◦τ and (b) i(Θj) = Rj for every j = 1, . . . , k,

where Θj is the cylinder containing all words . . . ε−1ε0ε1 . . . ∈ Θ with ε0 = j.

For every g ∈ T (f, Λ), the inclusion ig = hf,g ◦ i : Θ → Λg is such that

g ◦ ig = ig ◦ τ . We call such a map ig : Θ→ Λg a marking of (g, Λg).

Definition 3.1. If g ∈ T (f, Λ) is a C1+ hyperbolic diffeomorphism as

above and ν is a Gibbs measure on Θ then we say that (g,Λg, ν) is a

Hausdorff realisation of ν if (ig)∗ν is absolutely continuous with respect to

the Hausdorff measure on Λg. If this is the case then we will often just say

that ν is a Hausdorff realisation for (g, Λg).

We note that if g ∈ T (f, Λ) the Hausdorff measure on Λg exists and is

unique. However, a Hausdorff realisation need not exist for (g, Λg).

Let Tf,Λ(δs, δu) be the set of all C1+ hyperbolic diffeomorphisms (g, Λg)

in T (f, Λ) such that (i) δg,s = δs and δg,u = δu; (ii) there is a g-invariant

measure µg on Λg which is absolutely continuous with respect to the Haus-

dorff measure on Λg . We denote by [ν] ⊂ Tf,Λ(δs, δu) the subset of all

C1+-realisations of a Gibbs measure ν in Tf,Λ(δs, δu).
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De la Llave, Marco and Moriyon (refs. 40,41,49,50) have shown that

the set of stable and unstable eigenvalues of all periodic points is a com-

plete invariant of the C1+ conjugacy classes of Anosov diffeomorphisms. In

(ref. 70), we extend their result to the sets [ν] ⊂ Tf,Λ(δs, δu).

Theorem 3.5. (i) Any two elements of [ν] ⊂ Tf,Λ(δs, δu) have the same set

of stable and unstable eigenvalues and these sets are a complete invariant

of [ν] in the sense that if g1, g2 ∈ Tf,Λ(δs, δu) have the same eigenvalues if,

and only if, they are in the same subset [ν].

(ii) The map ν → [ν] ⊂ Tf,Λ(δs, δu) gives a 1−1 correspondence between

C1+
-Hausdorff realisable Gibbs measures ν and Lipschitz conjugacy classes

in Tf,Λ(δs, δu).

In (ref. 70), we also prove that the set of stable and unstable eigenvalues

of all periodic orbits of a C1+ hyperbolic diffeomorphism g ∈ T (f, Λ) is

a complete invariant of each Lipschitz conjugacy class. We note that for

Anosov diffeomorphisms every Lipschitz conjugacy class is a C1+ conjugacy

class.

Remark 3.1. We have restricted our discussion to Gibbs measures be-

cause it follows from Theorem 3.5 that, if g ∈ Tf,Λ(δs, δu) has a g-invariant

measure µ that is absolutely continuous with respect to the Hausdorff mea-

sure then µ is a C1+-Hausdorff realisation of a Gibbs measure ν so that

µ = (ig)∗ν.

E. Cawley (ref. 12) characterised all C1+-Hausdorff realisable Gibbs

measures as Anosov diffeomorphisms using cohomology classes on the torus.

While it is possible that her cocycles could give enough information to

characterise other hyperbolic systems on surfaces up to lippeomorphism,

it is clear that they cannot encode enough for C1+ conjugacy because, for

example, they do not encode enough information about gaps and so do not

determine the smooth structure of stable leaves in the case where they are

Cantor sets. To deal with all these cases in an integrated way, in (ref. 70),

we use measure solenoid functions and gap-cocycle pairs to classify C1+-

Hausdorff realisable Gibbs measures of all C1+ hyperbolic diffeomorphisms

on surfaces.

3.4. Explosion of smoothness

As in the unidimensional case, we have the following result that we entitle

by explosion of smoothness:
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Theorem 3.6. Let f and g be any two diffeomorphisms with hyperbolic

basic sets Λf and Λg, respectively. If f and g are topologically conjugate

and the conjugacy has a derivative with non-zero determinant at a point,

then f and g are smooth conjugate.

We note that Theorem 3.1 is used in the proof of the above theorem

(see F. Ferreira and A. Pinto in (ref. 27)).

4. The frontier between order and chaos

The transition between order and chaos, through a cascade of period dou-

bling, was observed in several unimodal families of quadratic type and, in

particular, in the quadratic family fλ(x) = −λx2+λ−1, with λ ∈ [0, 2]. One

of the most surprising discoveries on this transition from order to chaos was

to find the existence of universal constants. To explain this phenomenon we

pass to describe some properties of unimodal maps that we use to classify

them as p-ordered and p-tent maps.

4.1. p-ordered and p-tent maps

We say that f : [−1, 1] → [−1, 1] is a Cr
unimodal map of quadratic type

if f(x) = φ(x2), where φ : [0, 1] → [−1, 1] is a Cr map with non-zero

derivative, and f(−1) = −1. Let U r be the set of all Cr unimodal maps.

We say that an unimodal map f ∈ U r is p-ordered if f has a periodic

orbit which attracts almost every point in the interval [−1, 1] with respect

to Lebesgue measure. We say that f is p-super stable if f is p-ordered and

the critical point of f belongs to the attracting periodic orbit.

We say that an unimodal map f ∈ U r is a p-cookie-cutter if there are p

intervals I1, . . . , Ip such that:

(i) f is a homeomorphism from Ii to Ii+1, for 1 ≤ i < p;

(ii) Ip contains the critical point of f ;

(iii) there exist two closed and disjoint intervals J0 and J1 con-

tained in Ip, not containing the critical point, and contain-

ing the endpoints of Ip;

(iv) the images of the maps fp|J0 and fp|J1 coincide with I1.

For p-cookie-cutters, the result of Mañé in (ref. 48) implies the existence of

n ≥ p and of two intervals J ′

0 ⊂ J0 and J ′

1 ⊂ J1 such that fn|J ′

0 ∪ J ′

1 is a

cookie-cutter in the sense of Section 2.1.

We say that an unimodal map f ∈ U r is a p-tent map if there are p

intervals I1, . . . , Ip such that:
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(i) f ∈ Ur is a homeomorphism from Ii to Ii+1, for 1 ≤ i < p;

(ii) Ip contains a critical point of f ∈ U r and the image of the

map fp|I1 coincides with I1.

The p-tent maps with negative Schwarzian derivative (see definition in pg.

264 of (ref. 56)) and such that the point −1 is a hyperbolic expanding fixed

point have the following properties (see chapters III and V in (ref. 56)):

(i) The p-tent maps are chaotic in the sense of Section 2.1

(see Theorem of D. Singer in (ref. 82) and Theorem 6.2 in

Chapter III in (ref. 56));

(ii) The p-tent maps have an invariant measure with respect

to Lebesgue (see Misiurewicz (ref. 59) and S. van Strien

(ref. 84));

(iii) This measure satisfies the Sinai-Bowen-Ruelle property for

almost every point x in [−1, 1] with respect to Lebesgue

measure (see Theorem 1.5 in Chapter V in (ref. 56));

(iv) The Lyapunov exponent λx is well-defined, is positive and

its value does not depend on x, for almost every point x

in [−1, 1] with respect to Lebesgue measure (see G. Keller

(ref. 35));

(v) The topological and metric entropy are both positive (ap-

plying Rochlin formula).

Since the p-tent maps of the quadratic family fλ have negative Schwarzian

and the point −1 is an expanding hyperbolic fixed point, we obtain that

these unimodal maps satisfy the above (i)-(v) properties.

4.2. Feigenbaum-Coullet-Tresser universality

We are going to explain the existence of universal constants linked to the

transition from order to chaos for unimodal families of quadratic type using

the period doubling operator.

M. Feigenbaum in (ref. 22), and, independently, P. Coullet and C.

Tresser in (ref. 13), discovered the existence of sequences of values α1 <

α2 < . . . and β1 > β2 > . . . of the quadratic family fλ with the following

properties:

(i) fαp
is 2p-super stable;

(ii) fα is 2p-ordered, for all αp ≤ α < αp+1;

(iii) fβp
is a 2p-tent;

(iv) fβ is a 2p-cookie-cutter, for all βp+1 > β ≥ βp;
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(v) the value γ = limp→∞ αp coincide with the value

limp→∞ βp;

(vi) the following limits exist and determine two universal con-

stants:

lim
p→∞

αp − αp−1

αp+1 − αp

= lim
p→∞

βp − βp−1

βp+1 − βp

= 4.6692016091029 . . .

and

lim
n→∞

|f2n+1

(0)|
|f2n(0)| = 0.3995 . . . .

Hence, the unimodal maps fλ are ordered for 0 ≤ λ < γ and chaotic for

γ < λ ≤ 2 which implies that the unimodal map fλ is in the frontier

between order and chaos.

We remind the reader that the topological entropy (see definition in

pg.164 of (ref. 56)) is also an important tool to determine the complexity of

the dynamical behavior of the unimodal maps. M. Misiurewicz in (ref. 58)

proved the following: if the topological entropy h(f) of f is 0, then the

period of every periodic orbit of f is a power of 2. Hence, the p-cookie-

cutters have positive entropy (however they can also be p′-ordered maps). J.

Milnor and W. Thurston (ref. 57), have shown that the topological entropy

h(fλ) varies monotonically and continuously with the parameter λ such

that h(fλ) = 0 for all 0 ≤ λ ≤ γ and h(fλ) > 0 for all γ < λ ≤ 2 (see also

J.F. Alves and J. Sousa Ramos (ref. 1) and chapter II in (ref. 56)).

Since the properties (i)-(vi) of the quadratic family are also satisfied by

other unimodal families of quadratic type, M. Feigenbaum and, indepen-

dently, P. Coullet and C. Tresser, have introduced the concept of period

doubling operator T which we define below, and conjectured the following:

(a) there exists an hyperbolic fixed point for the period doubling operator

with a unique unstable direction whose eigenvalue is δ = 4.669 . . .; (b) the

sets ΣE
p consisting of all 2p-super stable maps and the sets ΣT

p consisting of

all 2p-tent maps are transversal to the local unstable manifold. These con-

jectures explain why the unimodal families with quadratic type satisfy the

above (i)-(vi) properties. O. Lanford in (ref. 37) proved these conjectures in

a Banach space of real analytical unimodal maps (see also J.-P. Eckmann

and P. Wittwer in (ref. 17)).

Let us define the period doubling operator. We consider from now on

that the unimodal maps in U r are normalized such that f(0) = 1 (instead

of f(−1) = 1). This normalization allow us to construct the period doubling

operator and to do computations in a easier way than the previous normal-
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ization. An unimodal map f ∈ U r is 2-renormalizable if λ−1f2(λx) ∈ Ur,

where λ = f2(0). Let us denote by U r
T the set of all unimodal maps in U r

which are 2-renormalizable. The period doubling operator T : U r
T → Ur is

defined by Tf(x) = λ−1f2(λx).

4.3. Rigidity in the frontier between order and chaos

We are going to explain the dynamical relevance of the set consisting of the

closure of the critical orbit of the unimodal maps contained in the stable set

of the period doubling operator. We will explain that these maps are rigid.

In fact, the conjugacy between any two of these maps defined in the closure

of the critical orbits has a C2.11... extension to the reals, where 2.11 . . . is a

universal constant.

The unimodal maps f of quadratic type in the stable manifold of

the period doubling operator T and so in the frontier between order and

chaos are infinitely 2-renormalizable. The unimodal maps f infinitely 2-

renormalizable and with negative Schwarzian derivative have the following

properties (see chapters III and V in (ref. 56)):

(i) the closure of the critical orbit Cf of these unimodal maps

is a Cantor set;

(ii) the maps f restricted to Cf are topological conjugate to

the adding machine in the set of the 2-adic numbers (see

also L. Jonker and D. Rand (ref. 34));

(iii) the ω-limit set of a point x is Cf for almost every point in

[−1, 1] with respect to the Lebesgue measure (see also A.

Blokh and M. Lyubich (ref. 9));

(iv) there exists a probability measure whose support is Cf ;

(v) this measure satisfies the Sinai-Bowen-Ruelle property for

almost every point in [−1, 1] with respect to the Lebesgue

measure.

These properties show the dynamical relevance of the set Cf in the study

of the infinitely 2-renormalizable unimodal maps. We note that given any

two unimodal maps f and g in the stable manifold of the period doubling

operator there exists a homeomorphism h : Cf → Cg which topologically

conjugates f and g. D. Rand in (ref. 76) proved that h has a smooth exten-

sion to the reals proving the existence of rigidity for the fine structures of

these Cantor sets. D. Rand and A. Pinto in (ref. 63) improved this result

showing the following:
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Theorem 4.1. Let f and g be unimodal maps of quadratic type, real ana-

lytic, and infinitely 2-renormalizable. The conjugacy h : Cf → Cg between f

and g has a C2.11...
extension to the interval [−1, 1]. The universal constant

2.11 . . . is given by the formula

2.11 · · · = ln 0.13 . . .

2 ln 0.3995 . . .
+ 1

where 0.3995 . . . and 0.13 . . . are the second and third largest eigenvalues in

module of the period doubling operator, respectively.

This result is proven in (ref. 63) for real analytic unimodal maps con-

tained in the domain V defined by O. Lanford in (ref. 37) to prove the

hyperbolicity of the fixed point of the period doubling operator. By the re-

sults of G. Levin and S. van Strien in (ref. 38) and of D. Sullivan in (ref. 86)

the unimodal maps of quadratic type and infinitely 2-renormalizable after a

finite number of iterations under renormalization belong to V which implies

the above theorem.

4.4. The renormalization operator

We are going to study the dynamical properties of the topological attractors

for unimodal maps with quadratic type. An important tool in this study is

the renormalization operator which is an extension of the period doubling

operator and that we pass to construct.

A unimodal map f ∈ U r is renormalizable if there exists p ≥ 2 such

that Rpf(x) = λ−1fp(λx) ∈ Ur, where λ = fp(0). If f is renormalizable we

choose the smallest value possible of p(f) ≥ 2 of p such that Rp(f)f ∈ Ur.

We call Rp(f)f the renormalization of f . Hence, the intervals f j([−|λ|, |λ|]),
for j = 0, . . . , p − 1, are disjoint and their embedding in [−1, 1] determine

a unimodal permutation θ : {0, . . . , p − 1} → {0, . . . , p − 1}. We denote

by P the set of all these unimodal permutations and by U r
θ the set of all

renormalizable unimodal maps with permutation θ. We define the renor-

malization operador R : ∪θ∈P Ur
θ → Ur by Rf = Rp(f)f . Let us fix a finite

subset L of P . We say that an infinitely renormalizable unimodal map f

has geometric type bounded by L if Rnf determines a permutation in L for

every n ≥ 1. We say that two infinitely renormalizable unimodal maps f

and g determine the same sequence of permutations, if Rnf and Rng have

the same permutation θn, for every n ≥ 1.

We say that a set A is a topological attractor for f ∈ U 2, if (i) the closure

of its basin of attraction B(A) contains intervals, and (ii) there are no small

subset A′ ⊂ A such that B(A) \ B(A′) contains intervals. L. Jonker and
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D. Rand in (ref. 34), proved that the topological attractors A for f ∈ U r

are of the following type:

(i) a periodic orbit;

(ii) a finite union of intervals with the following properties: (a)

A contains the critical point of f , (b) f acts transitively in

A, (c) f has sensitivity to the initial conditions in A, (d)

f restricted to A is topological conjugate to a piecewise

affine map,

(iii) a Cantor set Cf in which f acts as an adding machine (see

definition in chapter II.5 in (ref. 56)) and, in this case, f

is infinitely renormalizable.

The renormalization operator allow us to study the transition from p-

ordered unimodal maps to tent unimodal maps through period doubling

(where p does not need to be a power of 2 and so the p-ordered unimodal

map can simultaneously be a q-cookie-cutter map). G. Świa̧tek in (ref. 88)

proved that the set of parameters λ for which the maps fλ in the quadratic

family are p-ordered for some p ≥ 1 (and the attracting periodic orbit

is hyperbolic) form an open and dense set in [0, 1] (see also M. Lyubich

(ref. 45) and (ref. 43)). O. Kozlovski in (ref. 36) generalized this result to

unimodal maps of quadratic type in C2. In contrast with these results, M.

Jakobson in (ref. 33) proved that there exists a set of parameters λ with

positive Lebesgue measure such that the maps fλ in the quadratic family

have positive Lebesgue exponent and satisfy properties (i)-(vi) of the p-tent

maps (see also M. Benedicks and L. Carleson in (ref. 8) and chapter V in

(ref. 56)). M. Lyubich in (ref. 42) proved that for a set of total measure of

the parameter values λ the maps fλ of the quadratic family are p-ordered

or have positive Lyapunov exponent. A. Ávila, M. Lyubich, W. de Melo

and C. Moreira in (refs. 4, 5, 6) and (ref. 7) generalized this result of Lyu-

bich to generic families of unimodal maps in U r, with r ≥ 3 and negative

shwarzian derivative, adding also that these maps are stochastic stable. In

(ref. 6), they proved the existence of a set X “with total measure” of real

analytic unimodal maps such that if f, g ∈ X , f and g are topologically

conjugate and are not p-ordered then they are analytic conjugate.

4.5. Hyperbolicity of the renormalization operator

We are going to study the hyperbolicity of the renormalization operator

together with the rigidity features of the unimodal maps in the stable sets
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and also the rigid features appearing in the parameter space of unimodal

families.

O. Lanford and others generalized the hyperbolicity conjecture of the

period doubling operator to the renormalization operator. D. Sullivan in

(ref. 87) and in (ref. 86) proved the following:

(i) there exists a limit set AL such that all infinitely renor-

malizable maps in U2 with geometric type bounded by L

converge under iteration by the renormalization operator

to AL;

(ii) the renormalization operator restricted to the set AL is

topologically conjugate to a shift in {1, . . . , #L}Z; where

#L is the cardinal of the set L;

(iii) the elements of AL belong to the set Uω of all real analytic

maps with holomorphic quadratic-like extensions.

We remind the reader that a holomorphic map f : V → W is quadratic-like

if the the following properties are satisfied: (a) V and W are topological

disks; (b) V is compactly contained in W ; (c) f is a ramified double covering

with a continuous extension to the boundary of V . Using the above results

of D. Sullivan, C. McMullen in (ref. 52) and in (ref. 53) proved that if two

infinitely renormalizable unimodal maps f, g ∈ Uω with bounded geometric

type have the same sequence of unimodal permutations, then the distance

‖Rnf − Rng‖C0([−1,1]) converges exponentially fast to 0, when n tends to

infinity. As a corollary of this result, C. McMullen proved that the conjugacy

h : Cf → Cg between f and g has a C1+α extension, for some α > 0. This

rigidity result was generalized by W. de Melo and A. Pinto in (ref. 55) to

unimodal maps in U2.

Theorem 4.2. Let f, g ∈ U2
be infinitely renormalizable unimodal maps

with bounded geometric type and with the same sequence of permutations.

The topological conjugacy h : Cf → Cg between f and g has a C1+α
exten-

sion to the real line, for some α > 0.

The proof of this result uses the work of D. Sullivan and C. McMullen

above mentioned, together with the following theorem of M. Lyubich (see

ref. 44): The set AL is embedded in a space of equivalence classes of germs of

maps in Uω quotient by affine maps, where AL forms a hyperbolic set with

respect to the induced renormalization operator. M. Lyubich in (ref. 42),

proved that this result also holds in this space for the limit set A of all

infinitely renormalizable unimodal maps. E. de Faria, W. de Melo and
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A. Pinto in (ref. 21), using the above result of M. Lyubich in (ref. 44)

and inspired in the work of A. Davie in (ref. 15), proved that AL forms a

“hyperbolic” set in U3.

Theorem 4.3. The renormalization operator R : U 3
L → U3

satisfies the

following hyperbolic properties:

(i) The local unstable sets of AL are real analytic submanifolds

with dimension 1;

(ii) The local stable sets of AL are C1
submanifolds transversal

to the unstable submanifolds;

(iii) The global stable sets of AL in U4
are C1

immersed sub-

manifolds;

We note that the renormalization operator is not even smooth in U 3.

However, it is a smooth operator from U 3 to U2 which allow us to construct

a formula for its derivative. This formula shows that the image of the maps

in U3 are still in U3 which allowed the development of estimates in the

U3 norm that are used to prove the above theorem. Several of the main

estimates used in the proof had to be done using different methods from

A. Davie in (ref. 15). To prove the estimates needed it was used that the

maps in AL are real analytic and satisfy the real and complex bounds as

proved by D. Sullivan in (ref. 86). It is also used in the proof the fact that

the local unstable sets of AL have dimension 1 which implies that they are

the same as the ones obtained in the real analytic case.

5. Conclusion

In this work, we have characterized the fine structures of fractals determined

by hyperbolic and chaotic dynamical systems and by dynamical systems

which are in the frontier between order and chaos.

5.1. Hyperbolic dynamics

We used solenoid functions in one dimensional hyperbolic dynamics to char-

acterize the fine structures of these systems (see Theorems 2.1 and 2.2). We

have stated that if there is a topological conjugacy which has a non-zero

derivative at a point then it is smooth everywhere (see Theorem 2.3).

Similarly, we have characterized the fine structures for basic sets of

diffeomorphisms on surfaces using ratio functions (see Theorem 3.3). We

have stated that if a topological conjugacy is differentiable at a point then
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is smooth everywhere (see Theorem 3.6). Since the holonomies are smooth,

the fine structures along the leaves are similar. Furthermore, if the degree of

smoothness of the holonomy is sufficiently larger then the dynamical system

is rigid, i.e. it is smooth conjugate to an affine dynamical system with affine

holonomies. We also have explained that there are no affine dynamical

systems with affine holonomies for Plykin attractors which implies that the

degree of smoothness of the stable holonomies is bounded by 1 plus the

Hausdorff dimension of the basic set along the stable leaves.

The classification of the diffeomorphisms on surfaces allowed us to un-

derstand that the fine structures along the stable lamination does not

impose any restriction on the fine structures along the unstable lamina-

tion, and vice-versa. However, if we ask that these dynamical systems have

an invariant geometric measure (for instance, equivalent to the Hausdorff

measure) then the fine structures along the stable lamination determine

the fine structures along the unstable direction up to Lipschitz class, and

vice-versa.

We hope that in the future there will be similar progresses as the above

ones for laminations on surfaces and for flows in manifolds with dimen-

sion 3.

5.2. The frontier between order and chaos

We have described the existence of ordered and chaotic behaviour for uni-

modal families of quadratic type and that the maps in the frontier between

order and chaos have the property of being infinitely renormalizable. We

explained that the infinitely renormalizable maps form the stable manifolds

of a limit set with hyperbolic behaviour for the renormalization operator.

We stated the rigidity of the fine structures for infinitely renormalizable

unimodal maps with bounded geometric type (see Theorems 4.1 and 4.2).

We also stated the existence of rigidity on the parameter space and the

existence of universal constants (see Theorem 4.3).

The renormalization operator appears in a natural way in several other

families of maps, such as, unimodal families with type α > 1, multimodal

families, families of critical circle maps and of annulus maps (see, for ex-

ample, E. de Faria and W. de Melo (refs. 19 and 20), R. Mackay (ref. 46),

M. Martens (ref. 51), W. de Melo (ref. 54), S. Ostlund, D. Rand, J. Sethna

and E. Siggia (ref. 61) and M. Yampolsky (ref. 90)). In the future, we hope

that similar results to the ones presented here can be proved for some of

these families.
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Annals of Math., 123 (1986) 537-612.

41. R. Llave, Invariants for Smooth conjugacy of hyperbolic dynamical systems
II. Commun. Math. Phys., 109 (1987) 369-378.

42. M. Lyubich, Almost every real quadratic map is either regular or stochastic.
Stony Brook preprint (1997).

43. M. Lyubich, Dynamics of quadratic polynomials, I-II. Acta Math. 178 (1997)
185-297.

44. M. Lyubich, Feigenbaum-Coullet-Tresser universality and Milnor’s hairiness
conjecture. Annals of Math. 149 (1999) 319–420.

45. M. Lyubich, Dynamics of quadratic polynomials, III. Parapuzzle and SRB
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We built basics of the qualitative theory of the continuous-time difference equa-

tions x(t + 1) = f(x(t)), t ∈ R
+, with the method of going to the infinite-

dimensional dynamical system induced by the equation. For a study of this

system we suggest an approach to analyzing the asymptotic dynamics of gen-

eral nondissipative systems on continuous functions spaces. The use of this

approach allows us to derive properties of the solutions from that of the ω-

limit sets of trajectories of the corresponding dynamical system. In particular,

typical continuous solutions are shown to tend (in Hausdorff metric for graphs)

to upper semicontinuous functions whose graphs are, in wide conditions, frac-

tal; there may exist especially nonregular solutions described asymptotically

exactly by random processes. We introduce the notion of self-stochasticity in

deterministic systems — a situation when the global attractor contains random

functions. Substantiated is a scenario for a spatial-temporal chaos in distributed

parameters systems with regular dynamics on attractor: The attractor consists

of cycles only and the onset of chaos results from the very complicated struc-

ture of attractor “points” which are elements of some function space (different

from the space of smooth functions). We develop a method to research into

boundary value problems for partial differential equations, that bases on their

reduction to difference equations.

Keywords: Difference equation with continuous time, infinite-dimensional dy-

namical system, 1D map, attractor, upper semicontinuous function, fractal,

random function, finite-dimensional distributions, deterministic chaos.

1. Introduction

We will deal with the continuous-time difference equation

x(t + 1) = f(x(t)), t ∈ R
+, (1)

with f being a continuous map of a bounded closed interval I into itself.
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We would like to begin with feasible applications of Eq.(1): For which

purposes are these equations wanted ? Where can they be used ? Are there

convincing reasons for mathematicians to pay attention to this object ?

Mention in passing that back 40 years the same questions arose regard-

ing the “normal” difference equation

x(n + 1) = f(x(n)), n ∈ Z
+, (2)

and then the response of “serious” experts was negative: The properties

of this “simple” difference equation are of no importance in the view of

Fundamental Science.a Now it is well known that Eq.(2) has given a vital

impetus to the progression of discrete dynamical systems theory — one of

the principal mathematical instruments of modern nonlinear dynamics.

What can be said about the applications of continuous-time difference

equations now?

The first “point of application” is Differential-Difference Equa-

tions Theory, that is actively developed since the 40s of the last century.

This theory should contain, at least formally, the theory of continuous-

time difference equations and, certainly, use that, especially to differential-

difference equations of neutral type.

The second field of application is Partial Differential Equations

Theory. There are ample classes of boundary value problems for partial

differential equations, that can be reduced directly to continuous-time dif-

ference equations or to equations close these, for instance, to differential-

difference equations.

Lastly, continuous-time difference equations find many applications in

Modelling Spatial-Temporal Chaos (Turbulence). These equa-

tions are surprisingly well suitable for simulating such phenomena as

‘chaos’, ‘cascade process of emergence of coherent structures’, ‘fractal

structures’, ‘intermixing’, and etc.

Why do we summarize investigations of Eq.(1) just today ? In our (with

Yu.L.Maistrenko) book,3 published in Russian as early as 1986, one of

a
A prominent example of this is the following. On the 4th International Conference

on Nonlinear Oscillations (Prague 1967), one of the authors of this paper reported his

results,
1

that concern the coexistence of periodic solutions of Eq.(2) in accord with the

ordering 3 � 5 � 7 � ... � 4 � 2 � 1; in particular, the statement: The existence

of a solution with period 3 implies the existence of periodic solutions with any period

m ∈ Z
+

, was presented. These results, which now have been rendered as fundamental in

nonlinear dynamics, had been outlined only in the conference abstracts
2

but the report

text represented by the author had not been included into the conference proceedings.
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the four chapters was named ‘Difference Equations with continuous time’.

Nevertheless, we were exploring difference equations further at all the time,

and a number of fundamental steps have been done quite recently. In par-

ticular, a proof of the fact that the attractor of a deterministic system is

liable to contain random functions was published only in the last year.4 Now

there are strong grounds for saying about the completion of a certain stage

of our research into continuous-time difference equations. One more reason

is that the achievements in continuous-time difference equations theory, as

our experience implies, are not sufficiently widely known. Therefore, it will

be useful to briefly describe our approach to the study of such equations

and present some relevant results, both those obtained earlier and recent

ones.

Certainly, the development of the theory of the difference equations (1)

should lean upon the theory of difference equations (2). At the same time,

both the theories have essential distinctions, if for the fact that: Eq.(2) in-

duces a one-dimensional dynamical system x 7→ f(x), whose phase space

consists of points x ∈ I , and Eq.(1) induces an infinite-dimensional

dynamical system ϕ 7→ f ◦ ϕ, whose phase space consists of functions

ϕ : [0, 1]→ I . For this reason, of importance for Eq.(1) is the behavior of

the trajectories not of points but of the neighborhoods of points under the

map f . Typically, the trajectories of neighborhoods of points are found

asymptotically periodic. For instance,5 the trajectory of any neighborhood

is asymptotically periodic in the following cases:

• f is a C2-smooth map that is non-flat at critical points,

• f is a piecewise linear map such that f(x) 6≡ const on any interval.

As a result, the generic solutions of Eq.(1) are likewise asymptotically pe-

riodic.b An explanation of why this is the case can be found in Ref. 6.

At present the Qualitative Theory of Continuous-Time Differ-

ence Equations includes the following basic topics:

(1) Two Main Types of Solutions: Uniformly Continuous and Asymptoti-

cally Discontinuous Solutions.

(2) Limit Properties of the Semigroup Generated by a Continuous Interval

Map.

b
In this regard Eq.(1) is simpler than Eq.(2), among generic solutions of which exist, as

is well known, solutions that are not asymptotically periodic or asymptotically almost

periodic.
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(3) Dynamical Systems associated with Difference Equations:

Noncompactness of Trajectories. Completion with Upper Semicontinu-

ous Functions. ω-Limit Sets of Generic Trajectories. Attractor. Topo-

logical Entropy. Bifurcations and Stability of Trajectories. Completion

with Random Functions. Self-Stochasticity Phenomenon.

(4) Asymptotically Discontinuous Solutions:

Generator of Jumps and Classification of Solutions. Nonstandard Prop-

erties of Solutions: Self-Similarity, Fractality and Self-Stochasticity.

(5) Difference Equations with Unimodal Nonlinearity:

Limit Semigroup, Separator and Spectrum of Jumps. Solutions of Re-

laxation and Turbulent Types. Stability and Bifurcations of Solutions.

Here we put forth only the central ideas and results of this theory, therewith

theorems are formulated in shortened and simplified form. For a deeper

discussion of this theory and its applications we refer the reader to our

works 3–28 and the references given there.

2. Idea of Investigation, Problems arising in so doing, and

Main Results

Eq.(1) is proposed to investigate with the method of going to its associated

infinite-dimensional dynamical system

S : ϕ 7→ f ◦ ϕ, ϕ ∈ C([0, 1], I). (3)

This method is used extensively in evolutionary problems. But here the

employment of the method is faced with obstacles, caused by the noncom-

pactness of the phase space C([0, 1], I). As a consequence, some trajectories

may turn out to be noncompact, in which case their ω-limit sets are non-

compact or even empty in C([0, 1], I). Such trajectories are “trying” to

come out from the phase space: The behavior of functions fn(ϕ(t)), that

constitute the trajectory, becomes increasingly complicated when n grows,

in particular, the gradient of fn(ϕ(t)) increases infinitely as n→∞ and

gradient catastrophe happens.

This gives no way of representing the limit behavior of fn(ϕ(t)) with

continuous functions. The dynamical system needs to be extended on a wider

function space and the notion of global attractor should be modified. This

calls for the finding of a metric (different from the sup-metrics) such that

after completing the phase space C([0, 1], I) via this new metric:

(1) We obtain a continuous extension of the dynamical system (3)

on the completed (extended) phase space;
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(2) Almost all trajectories of the dynamical system (3)

are compact trajectories of the extended dynamical system.

Here the significance of the term ‘almost all’ is as follows: By the words

‘almost all trajectories have a property A’ we mean that the set of the

functions ϕ ∈ C([0, 1], I) whose trajectories have the propertyA is massive

in one sense or another, as a task in hand requires (for instance, the term

‘massive’ set can be used in reference to a set of full or positive measure, a

dense set, a set of second Baire category, and etc).

If such a metric function space has been found, then we can modify the

notion of global attractor, fitting Milnor’s ideas29 for noncompact phase

spaces.

Definition 2.1. By the global attractor of a dynamical system on noncom-

pact phase space we mean the smallest invariant closed set in the phase

space of the extended dynamical system, that contains ω-limit sets of al-

most all trajectories of the original system.

In the course of solving these problems — “the egress” from the phase

space in some wider function space and the construction of attractor — the

following results have been established.

• We have suggested a general approach to the study of dynamical sys-

tems on (noncompact) spaces of continuous or smooth functions. This

approach, in particular, proposes two special metrics which allow one to

complete the phase space respectively with upper semicontinuous and

random functions.

• We have introduced, based on the possibility to complete the phase space

with random functions, the notion of self-stochasticity in deterministic

systems: The global attractor of a deterministic system contains ran-

dom functions. This notion is meaningful — self-stochasticity occurs in

systems of the form (3), and ‘physically realized’ — self-stochasticity

takes place over a positive measure set of parameter values, once f is

parameter-depending.c

• We have substantiated a scenario of spatial-temporal chaos in infinite-

dimensional systems with regular dynamics on attractor: The attractor

consists of fixed points and cycles, and the system chaotization is due to

c
How much would this model of changing from a deterministic behavior to a quasi-

random one be in conformity with the reality? Of course, this model is usable for an

adequate description of real processes only within limits and should most likely be ad-

justed beginning with some spatial-temporal scales.
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a very complicated inherent structure of the attractor points, which are

elements of some function space.

3. Metrics and Extended Phase Spaces

To realize the above-advanced general “strategy” in conformity to the dy-

namical system (3), we suggest two extended phase spaces endowed with

special metrics.

The former space, denoted by C∆, is the completion of the phase space

C([0, 1], I) with upper semicontinuous functions ξ : [0, 1] → 2I via the

metric

ρ∆
v (ξ1, ξ2) = sup

ε>0
min

{
ε, sup

t∈[0,1]

distH

(
V ε

ξ1
(t), V ε

ξ2
(t)

)}
, (4)

where distH (·, ·) is Hausdorff distance between sets, V ε
ξ (t) = ξ(Vε(t)),

Vε(·) is the ε-neighborhood of a point.

The metric ρ∆
v is equivalent to Hausdorff metric for graphs of functions

ρ∆ ( ξ1, ξ2 ) = distH ( gr ξ1, gr ξ2 ) , gr ξ is the graph of ξ,

which is of frequent use in research into continuous and upper semicontinu-

ous functions, and is, in many cases, handier than the metric ρ∆
v . This fact

allows one to understand the meaning of the convergence in the space C∆:

The convergence of a function sequence ξi to a function ξ is equivalent

to the following:

Lt i→∞ gr ξi = gr ξ, (5)

where Lt is for the topological limit of a sequence of sets.

The latter space, denoted by C#, is the completion of C([0, 1], I)

with deterministic (measured) and random functions ζ : [0, 1]→ I , given

by their finite-dimensional distributions F r
ζ (z, t), z ∈ I r, t ∈ [0, 1] r,

r = 1, 2, . . . , via the metricd

ρ#(ζ1, ζ2) = sup
ε>0

min

{
ε,

∞∑
r=1

1

2 r
distR

(
F r, ε

ζ1
(z, t), F r, ε

ζ2
(z, t)

)}
, (6)

where

distR

(
F r, ε

ζ1
, F r, ε

ζ2

)
= sup

(z, t)∈ I r
×[ 0,1 ] r

∣∣F r, ε
ζ1

(z, t)− F r, ε
ζ2

(z, t)
∣∣, (7)

d
Originally we used a somewhat different metric as ρ#

. As a recent close look revealed,

that metric can be replaced with the stronger metric (6), (7).
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F r, ε
ζ (z, t) = F r, ε

ζ (z1, . . . , zr; t1, . . . , tr) is the average of the r-dimensional

distribution Fζ(z1, . . . , zr; ·, . . . , ·) over the ε-neighborhood of the point

t = (t1, . . . , tr). Random functions with the same finite-dimensional distri-

butions are thought to be identical. It is worth noting that by a random

function (process) we actually mean the distributions of this function (in

other words, the measure on the space of selectors). We exploit the term

‘random function’ in the above sense for convenience sake (which is not

commonly accepted).

The meaning of the convergence in the space C# is as follows:

If a function sequence ζi converges to a function ζ, then

νi(·, t) =⇒ ν(·, t), (8)

where νi(·, t) and ν(·, t) are the probability measures generated respec-

tively by the distributions F r, ε
ζ i

(z, t) and F r, ε
ζ (z, t) (for any given r ∈ N

+

and ε > 0) and =⇒ is for the weak convergence of probability measures.

The space C∆ always “works”: Completing the phase space C([0, 1], I)

via the metric ρ∆
v results in that all the trajectories of the dynamical system

(3) become compact in the extended phase space C∆ (with respect to ρ∆
v ).

This is a consequence of the fact that the space 2 [ 0,1]×I is compact with

respect to Hausdorff metric. As to the space C#, its “capacity for work”

depends on the properties of the map f — the action of the dynamical

system. Below we present the conditions on f under which the space C#

“works”. The principal condition is the existence of an ergodic smooth

invariant measure for f .

4. Attractor in the Space C∆

As noted above, the global attractor for the dynamical system (3) in the

space C∆ always exists. Moreover, it consists, in sufficiently wide con-

ditions, of periodic and almost periodic trajectories of the C∆ - extended

dynamical system. “Points” of the attractor — upper semicontinuous func-

tions — possess an intricate inherent structure. In particular, it may oc-

cur that the values of these functions are (nondegenerated) intervals on a

Cantor-like set or on an interval .

Let ω∆ [ϕ] be the ω-limit set (nonempty and compact) of the trajectory

of the C∆ - extended dynamical system, which starts from the “point” ϕ,
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and Qf (z) be the domain of influencee of the point z, i.e.,

Qf (z) = ∩ ε>0 ∩ j≥0 ∪n≥j fn
(
Vε(z)

)
, Vε(z) = (z − ε, z + ε) ∩ I.

In Sec. 4, we will use the term ‘almost all’ in the topological sense. In

particular, in Definition 2.1 ‘almost all trajectories’ now means that the

initial functions generated these trajectories form a set of second Baire

category in C([0, 1], I).

Theorem 4.1. For almost all f ∈ C(I, I) and ϕ ∈ C([0, 1], I),

the set ω∆ [ϕ] is a periodic trajectory of the C∆
- extended dynamical

system. More precisely, there exists an integer N > 0 such that

ω∆ [ϕ] =
{
f∆ ◦ ϕ, f ◦ f∆ ◦ ϕ, . . . , fN−1 ◦ f∆ ◦ ϕ

}
, (9)

where f∆ : I → 2I
is the upper semicontinuous function

f∆(z) = Q fp (z), z ∈ I. (10)

Now we need the following sets. Let

• Q+
f (z) and Q−

f (z) be respectively the right and the left domains of

influence of z, i.e.,

Q+
f (z) = ∩ ε>0 ∩ j≥0 ∪n≥j fn

(
V +

ε (z)
)
, V +

ε (z) = [z, z + ε) ∩ I,

Q−

f (z) = ∩ ε>0 ∩ j≥0 ∪n≥j fn
(
V −

ε (z)
)
, V −

ε (z) = (z − ε, z] ∩ I ;

• D(f) be the separator of the map f , i.e.,

D(f) = {z ∈ I : the trajectory of z under f is Lyapunov unstable};

• D∗(f) = {z ∈ D(f) : Q+
f (z) 6= Q−

f (z)}.

• Φ(f) be the set of initial functions ϕ ∈ C([0, 1], I) such that:

ϕ(t∗) 6∈ D(f) if ϕ(t) is a constant in the vicinity of t = t∗;

ϕ(t∗) 6∈ D∗(f) if ϕ(t) attains extremum at t = t∗. (11)

The principal significance of the conditions (11) is to ensure the fulfilment

of the relationship

∩ ε>0 ∩ j≥0 ∪n≥j fn
(
ϕ(Vε(t))

)
= ∩ ε>0 ∩ j≥0 ∪n≥j fn

(
Vε(ϕ(t))

)
.

e
The notion ‘domain of influence’ made its appearance in,

3
wherein it was introduced

as a development of the well-known notion ‘prolongation’. Later the notion of domain of

influence was treated by another authors, but without resorting to this name.
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Theorem 4.2. If D∗(f) is a set of first Baire category,
f

then the global

attractor of the dynamical system (3) in the space C∆
consists of peri-

odic and almost periodic trajectories of the C∆
-extended dynamical system,

namely:

A∆ = ∪ϕ∈Φ(f) ∪ i≥0 f i ◦ f∆ ◦ ϕ. (12)

5. Attractor in the Space C#

The employment of the metric ρ# allows us to substantiate the self-

stochasticity phenomenon: In sufficiently general conditions, the global at-

tractor of the dynamical system (3) in the space C# exists and consists

of cycles of the C#- extended dynamical system, therewith the “points” of

the attractor are random functions.

Let MCµ, p be the set of piecewise monotone maps f ∈ C(I, I) such

that:

• the map f is nonsingular, i.e.,

if mes B = 0, then mes f−1 (B) = 0;

• the map f has a probabilistic smooth invariant measure µ, i.e.,

µ (I)=1, µ (∅)=0, µ (f−1 (B))=µ (B); if mes B=0, then µ (B)=0;

• the support supp µ of the measure µ is the union of closed intervals

E1, . . . , Ep that form a period-p (transitive) cycle of intervals;g

• the measure µ is equivalent to Lebesgue measure on its support, i.e.,

µ (B) = 0 if and only if mesB = 0, B ⊂ supp µ;

• the map fp is intermixing on each interval Ei, i = 1, . . . , p, i.e.,

lim
j→∞

µ ( B1 ∩ f−pj (B2) ) = p · µ (B1) µ (B2), B1, B2 ⊂ Ei;

• mes E∗ = 0, where E∗ is the boundary of the basin of the measure µ,

i.e., E∗ is the boundary of the set

Ef (µ) = ∪ p−1
i=0 ∪ j≥0 int f−j (Ei).

f
This condition is sufficiently general; in particular,

3 D∗(f) is nowhere dense for

almost all unimodal C3
-smooth f .

g
Closed intervals E1, E2, . . . , Ep are referred to as a period-p cycle of intervals for a

map f if these intervals are moved cyclicly by the map f and are disjoint by interior

in pairs; if, in addition, the union ∪
p

s=1 Es contains an everywhere dense trajectory of

the map f , then the cycle of intervals is referred to as transitive.
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For ample classes of continuous interval maps dependent on parameter,

the set of parameter values marked by the fulfilment of these conditions is

of positive Lebesgue measure (see for instance Ref. 30). In particular, the

conditions are realized when f is a unimodal C3-smooth map with negative

Schwartz derivative, that satisfies the Collet–Eckmann relationship:

lim
k→∞

inf
1

k
log

∣∣∣∣ d

dt
fk(c)

∣∣∣∣ > 0, c is the critical point of f.

Let ω# [ϕ] be the ω-limit set (which may turn out to be empty) of

the trajectory of the C# - extended dynamical system, which starts from

the “point” ϕ;

We restrict our consideration to the simplest case:

(i) f ∈MCµ, 1, that is, supp µ consists of a single interval;

(ii) I = Ef (µ), that is, supp µ attracts under f all the points from I

outside of a zero Lebesgue measure set.

In Definition 2.1, we now take ‘almost all trajectory’ to mean ‘the trajec-

tories generated by nonsingular initial functions’.

Theorem 5.1. In conditions (i) and (ii), for any nonsingular function

ϕ ∈ C([0, 1], I), the set ω# [ϕ] consists of a single random function, which

is a fixed point of the C#
-extended dynamical system. More precisely,

ω# [ϕ] = {ϕ#}, (13)

where ϕ# : [0, 1]→ I is the random process given by the distributions

Fϕ#(z1, . . . , zr; t1, . . . , tr) =

s∏
i=1

µ
(

(∞, z(i)]∩ supp µ
)
, z(i) = min

k∈Mi

{zk},

where M1, . . . , Ms, s ≤ r, are the equivalence classes into which the

set
{
1, . . . , r

}
is subdivided by the equivalence relation defined as follows:

i ∼ j if ϕ(ti) = ϕ(tj), i, j = 1, . . . , r.

Theorem 5.2. In conditions (i) and (ii), the global attractor A#
of the

dynamical system (3) in the space C#
consists of the only point {ϕ#},

which is a fixed point of the C#
-extended dynamical system.

If f ∈ MCµ, p , where p > 1, but (ii) remains valid, then every

nonsingular function ϕ is matched by its own ω-limit set; more precisely,

every set ω# [ϕ] is a period-p trajectory of the C#-extended dynamical
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system and consists of random functions, whose distributions are given by

the invariant measure µ and depend on ϕ. The attractor A# consists

just of these period-p trajectories.

Theorems 4.2 and 5.2 show that the hypothetic scenario of spatial-

temporal chaos in parameter distributed systems with regular dynamics on

attractor do can occur in dynamical systems of the form (3). Moreover,

Theorem 5.1 and its generalization on the case p > 1 provide a means of

describing deterministic chaos in the probabilistic terms.

6. Long-Term Properties of Solutions

Based on the results obtained for the dynamical system (3), we can describe

the long-term behavior of solutions for the nonlinear continuous-time dif-

ference equations (1)

x(t + 1) = f(x(t)), t ∈ R
+.

The relation between the solution xϕ(t), generated by the initial function

ϕ : [0, 1]→ I , and the trajectory Sn [ϕ] = {ϕ, f ◦ϕ, . . . }, originating at

the “point” ϕ, is as follows:

xϕ(t) = S〈t〉 [ϕ] ({t}), t ∈ R
+, (14)

with 〈·〉 and {·} being respectively for the integral and fractional parts of

a number. Hence the long-term properties of the solutions can be charac-

terized with help of the ω-limit sets of the trajectories.

Definition 6.1. We say that a continuous function u : R
+ → I ap-

proaches to a periodic (or almost periodic) upper semicontinuous function

P : R
+ → 2I , if

ρ∆
(
u(t + T ), P(t + T )

)
→ 0 as T →∞ for t ∈ [0, 1]. (15)

If (15) holds, we refer to P(t) as the limit function of u(t).

Formula (14) and the above theorems concerning the dynamical system (3)

allow us to the characterize long-term properties of the solutions of Eq. (1).

Here we present only some results that steam from the asymptotic dynamics

of the system (3) in the space C∆.

Theorem 6.1. For any ϕ meeting (11), the solution xϕ(t) of Eq. (1)

is asymptotically periodic or asymptotically almost periodic. In particular,

if ω∆ [ϕ] is a period-N trajectory of the C∆
-extended dynamical system,
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then xϕ(t) approaches to the period-N upper semicontinuous function

Pϕ (t) =
(
f 〈 t〉mod N ◦ f∆ ◦ ϕ

)
({t}), t ∈ R

+. (16)

Thus, the limit function Pϕ (t) of the solution xϕ(t) is obtained by

“sewing tail to head” the elements of the corresponding ω-limit set ω∆ [ϕ].

Each limit function can be treated as a generalized solution for Eq. (1).

Theorem 6.1 and the properties of the upper semicontinuous function

f∆ imply the following peculiar features of the long-term behavior of the

solutions.

• Representative of Eq.(1) are asymptotically discontinuous solutions

— continuous bounded functions that are not uniformly continuous on R
+.

In typical situations, the number of undamped oscillations and the gradient

of such a solution on [T, T +1] increase indefinitely as T →∞. Solutions

of this kind are named turbulent. They can be classified by the cardinality

of the generator of jumps — the set of points t ∈ [0, 1] at which the values

of the solution limit function are intervals. The amplitudes of undamped

oscillations for a turbulent solution are characterized by the spectrum of

jumps — the collection of intervals that are the values of the solution limit

function on the generator of jumps. The conditions for existence of one or

other type of turbulent solutions is best shown by Eq. (1) with f being

a unimodal map. In this case, a description of long-term properties of so-

lutions are derived from the spectral decomposition of the nonwandering

points set of the map f .

• Turbulent solutions have a number of nonstandard properties, which

testify that the solutions behave very irregular. The graphs of limit func-

tions for turbulent solutions are locally self-similar, and, in wide conditions,

fractal. These properties take place, in particular, where the generator of

jumps contains intervals. Then the graph of a solution becomes with time

similar to a space-filling curve, as a result of which the solution comes out

the horizon of predictability : The solution values at t large enough cannot

be calculated with assurance.

• The results on the asymptotic dynamics of the system (3) in the space

C# make, in many cases, it possible to give a probabilistic representation

of the above-mentioned “unpredictable” solutions. When f ∈MC µ, p, the

long-term behavior of an “unpredictable” solution of Eq.(1) can be described

with a certain random process, defined in terms of the invariant measure of

f . More specifically, the averaged finite-dimensional distributions of the

solution are close to the corresponding finite-dimensional distributions of

the random process when time is large enough.28
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7. Application to boundary value problems

In Introduction we have mentioned three major areas of application of the

continuous-time difference equations. Now we dwell slightly on the second of

these — the applications to the theory of boundary value problems (BVPs)

for partial differential equations (PDEs) — because it is quite promising.

Further reason is that the advances in the field of boundary value problems

provide a highly efficient mathematical means for the third area of applica-

tion — modelling spatial-temporal chaos (indeed, the most frequently used

type of mathematical models for nonlinear wave processes are just BVPs

for PDEs).

Examples of BVPs reducible to difference, functional, differential-

functional and other relevant equations have long been knownh, but their

effective study has been made possible only in the last years due to the

progress of the theory of continuous-time difference equations. Hyperbolic

PDEs are a rich source of reducible BVPs. Here we will not detail this ques-

tion (which is fairly fully considered in3,21,24) and only present the simplest

example:

∂u

∂t
=

∂u

∂y
, y ∈ [0, 1], t ∈ R

+, (17)

u |y=1 = f(u) |y=0, (18)

where f ∈ C1(I, I) is a nonlinear map, I is a closed bounded interval.

By substituting the general solution of Eq. (17)

u(y, t) = w(y + t) with w bing an arbitrary C1-smooth function,

into (18), the BVP is reduced to the difference equation

w(τ + 1) = f(w(τ)), τ ∈ R
+, (19)

Every initial condition u(y, 0) = ϕ(y) for Eq. (17, (18) induces the initial

condition w(τ) = ϕ(τ), τ ∈ [0, 1], for Eq. (19). Thus, if uϕ and wϕ

stand for the solutions of the corresponding equations, which are generated

by the initial function ϕ, then

uϕ(y, t) = wϕ(y + t). (20)

h
Such a reduction is due to the fact that the general solution for the PDE entering into

a BVP can be written as an analytic formulae involving only elementary operations on

arbitrary functions.
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Formulae (20) allows one to extend without trouble the results obtained for

Eq. (1) to the BVP (17), (18). In particular, a reformulation of Theorem 6.1

is as follows.

Theorem 7.1. For any ϕ meeting (11), the solution uϕ(y, t) of the

BVP (17), (18) is asymptotically periodic or asymptotically almost periodic

in t. In particular, if ω∆ [ϕ] is a period-N trajectory of the C∆
-extended

dynamical system, then uϕ(y, t) approaches to the upper semicontinuous

function

Pϕ (y, t) =
(
f 〈 y+t〉mod N ◦ f∆ ◦ ϕ

)
({y + t}), y ∈ [0, 1], t ∈ R

+, (21)

in the sense that

ρ∆
(
uϕ(y, T ), Pϕ (y, T )

)
→ 0 as T →∞.

The problem (17), (18) is the simplest conceivable nonlinear BVP. As a

model problem, we have taken just it for the ease of explanations. There

are, of course, many other one- and many-dimensional BVPs reducible to

continuous-time difference equations. The reduction of such BVPs and the

subsequent study, on this basis, of their solutions calls, generally speaking,

for much more efforts.

8. Conclusion

Continuous-time difference equations are in our view respectively simple

and very profitable instrument for the study of various evolutionary prob-

lems modeling wave processes. This paper have hopefully given a rough idea

of continuous-time difference equations and shown that even the simplest

nonlinear equations of the form (1) have very complicated behavioral so-

lutions up to quasirandom ones whose asymptotic properties are described

in terms of random processes. All this not only leads to the no less com-

plicated dynamics of the original evolutionary problems but also provides

comparatively simple scenarios for intricate nonlinear phenomena such as

the cascade process of structures emergence, producing fractal sets, chaotic

mixing, and self-stochasticity.

Further investigation should be aimed at the following lines:

(1) Systems of continuous-time difference equations;

(2) Perturbed and nonautonomous difference equations;

(3) Differential-difference equations;
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(4) Boundary value problems for partial difference equations, which are

reducible to equations close the difference ones.

Something has already been done in these lines: There have been made

the study of the so-called completely integrable differential-difference equa-

tions3 and some classes of perturbed difference equations.3,31,32
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André Vanderbauwhede

Department of Pure Mathematics, Ghent University, Belgium

E-mail: avdb@cage.ugent.be

http://cage.ugent.be/∼avdb

We present an adapted version of the classical Lyapunov-Schmidt reduction

method to study, for some given integer q ≥ 1, the bifurcation of q-periodic

orbits from fixed points in discrete autonomous systems. The approach puts

some particular emphasis on the Zq-equivariance of the reduced problem. We

also discuss the relation with normal form theory, consider special cases such

as equivariant, reversible or symplectic mappings, and obtain some results on

the stability of the bifurcating periodic orbits. We conclude with an application

of the approach to the generic bifurcation of q-periodic orbits for q ≥ 3, and

showing how for q ≥ 5 Arnol’d tongues appear as an immediate consequence

of the Zq-equivariance.

Keywords: Bifurcation; periodic orbits; Lyapunov-Schmidt reduction; discrete

systems; normal forms; stability.

1. Introduction

In this review paper we describe how the Lyapunov-Schmidt reduction

method can be used to study the bifurcation of periodic orbits from fixed

points in discrete autonomous systems. The approach which we will present

here is not so well known, as the method was mainly developped to study

the bifurcation of periodic orbits in continuous systems. We will emphasize

the advantages of the method, in particular the symmetry induced by it,

and show how the method can be combined with normal form reductions to

give additional information (such as stability properties) on the bifurcating

periodic orbits.

Our starting point is a parametrized family of local diffeomorphisms

with a fixed point at the origin; more precisely we consider smooth map-

pings f : R
n × R

m → R
n with f(0, λ) = 0 and Aλ := Dxf(0, λ) ∈ L(Rn)

invertible for all λ ∈ R
m. Fix some integer q ≥ 1 and some critical param-

eter value λ0 ∈ R
m; for convenience of notation we will take λ0 = 0. The
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problem we want to discuss is then the following:

(Pq) Determine, for all values of λ near the critical value λ0 = 0, all small

q-periodic orbits of fλ := f(· , λ).
The classical approach to this problem is to look for (small) fixed points

of the q-th iterate f q
λ := fλ◦fλ◦ · · · ◦fλ (q times) of fλ. Such approach

overlooks some of the hidden symmetries of the problem and hence can not

take advantage of these symmetries. The approach which we will describe

here reformulates the problem in such a way that the symmetry becomes

explicit from the outset.

Our formulation is based on the notion of the orbit space for the given

problem. Every q-periodic orbit of fλ can be seen as a bi-infinite sequence

z = (xj)j∈Z of points in R
n which is q-periodic: xj+q = xj for all j ∈ Z.

Therefore we introduce the orbit space

Oq := {z = (xj)j∈Z | xj ∈ R
n and xj+q = xj , ∀j ∈ Z}. (1)

Observe that this space is finite-dimensional, isomorphic to (Rn)q . The fact

that an element z of Oq forms an orbit under the mapping fλ is expressed

by the relation xj+1 = fλ(xj), valid for all j ∈ Z. To write this as an

equation in the orbit space we define for each mapping g : R
n → R

n the

lift of g to Oq as the mapping ĝ : Oq → Oq given by

ĝ(z) := (g(xj))j∈Z, ∀z = (xj)j∈Z ∈ Oq .

We also define the linear shift operator σ ∈ L(Oq) by

(σ · z)j := xj+1, ∀j ∈ Z, ∀z = (xj)j∈Z ∈ Oq .

The relation xj+1 = fλ(xj) (for all j ∈ Z) then takes the form

f̂(z, λ) = σ · z, (2)

where we have written f̂(z, λ) for f̂λ(z). The problem (Pq) is equivalent to

finding all solutions (z, λ) ∈ Oq × R
m of (2) near (0, 0).

An important property of (2) is its Zq-equivariance, as follows. Clearly

σq = IdOq
, and hence σ generates a Zq-action on the orbit space Oq (here

Zq
∼= Z/qZ is the cyclic group with q elements). Moreover it is trivial to

verify that for each mapping g : R
n → R

n we have that ĝ ◦σ = σ ◦ ĝ; in

particular

f̂(σ · z, λ) = σ · f̂(z, λ), ∀(z, λ) ∈ Oq × R
m.

Hence both sides of (2) commute with σ, and if (z, λ) ∈ Oq×R
m is a solution

of (2), then so is (σj · z, λ) for all j ∈ Z. In the next section we will apply a
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Lyapunov-Schmidt reduction to (2), and when doing so it is important to

make sure that the reduced problem retains this Zq-equivariance.

Not only the existence part of the problem (Pq) can be reformulated as

solving an equation in the orbit space Oq , but also the stability properties

of the bifurcating q-periodic orbits can be obtained from this equation. It

is well known that the stability properties of a q-periodic orbit z = (xj)j∈Z

of fλ are determined by the eigenvalues of

Df q
λ(x0) = Dfλ(xq−1)◦ · · · ◦Dfλ(x1)◦Dfλ(x0) ∈ L(Rn);

if all eigenvalues are strictly inside the unit circle the the periodic orbit is

asymptotically stable, if some of the eigenvalues are strictly outside the unit

circle then the periodic orbit is unstable. (In certain particular cases, such as

for symplectic or reversible maps, one will rather distinguish between elliptic

and hyperbolic periodic orbits, depending on whether all eigenvalues are on

the unit circle or some are off the unit circle). Some easy manipulation of

the eigenvalue-eigenvector equation shows the following.

Theorem 1.1. For each smooth mapping g : R
n → R

n
, each z = (xj)j∈Z ∈

Oq and each µ ∈ C (µ 6= 0) we have the following: µq
is an eigenvalue of

Dg(xq−1)◦ · · · ◦Dg(x1)◦Dg(x0) ∈ L(Rn) if and only if µ is an eigenvalue of

σ−1
◦Dĝ(z) ∈ L(Oq), that is, if and only if the nullspace of

Dĝ(z)− µσ ∈ L(Oq)

is nontrivial.

In relation to this result (and for counting multiplicities) one should ob-

serve that if µ ∈ C is an eigenvalue of σ−1
◦Dĝ(z), say with eigenvector

z̃ = (x̃j)j∈Z, then so is µ exp(2πip/q) for each p ∈ Z; the corresponding

eigenvector is (exp(2πijp/q)x̃j)j∈Z. It follows that if z ∈ Oq is close to zero

then the eigenvalues of σ−1
◦Dĝ(z) will be close to the set

{µ exp(2πip/q) | p ∈ Z, µ = eigenvalue of Dg(0)}.

In the next sections we will apply a Lyapunov-Schmidt reduction to the

equation (2), taking into account the Zq-equivariance of that equation, and

use Theorem 1.1 to obtain some information on the stability of bifurcat-

ing periodic orbits. We will also explore the relation between the reduced

equation and the normal form of the mappings fλ. More details on certain

parts of the exposition can be found in our earlier paper.5
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2. Lyapunov-Schmidt reduction

The first step in studying the solution set of (2) near (0, 0) is to linearize

(in the z-variable) at that point. This gives the linear equation

Â0z = σ · z, with A0 := Dxf(0, 0) ∈ L(Rn). (3)

If this equation has only the zero solution z = 0 then, by the implicit

function theorem, the branch of trivial solutions {(0, λ) | λ ∈ R
m} of (2)

is isolated for small λ, and there is no bifurcation of non-trivial q-periodic

orbits near λ = 0. So we will further on implicitly assume that (3) has

some non-trivial solutions. If z = (xj)j∈Z ∈ Oq is a solution of (3) then

x0 ∈ ker(Aq
0 − IdRn) and xj+1 = A0xj for all j ∈ Z. Conversely, if x0 ∈

ker(Aq
0 − IdRn) then z := (Aj

0x0)j∈Z belongs to Oq and is a solution of (3).

Hence there exists an isomorphism between the subspace ker(Aq
0 − IdRn)

of R
n and the solution space of (3). Assuming this space is nontrivial an

application of the standard Lyapunov-Schmidt method then reduces the

problem to solving an equation on ker(Aq
0−IdRn) (see e.g. Vanderbauwhede7

for a survey on the Lyapunov-Schmidt method). However, the precise details

of this reduction will depend on whether the eigenvalue 1 of Aq
0 is semi-

simple or not. Since we do not want to make any hypotheses on the spectrum

of A0 (except for the fact that A0 should be invertible) we choose a slightly

modified approach in which we do not reduce to an equation on ker(Aq
0 −

IdRn) but to an equation on the generalized nullspace of Aq
0 − IdRn .

Each linear operator Ã ∈ L(Rn) has a unique Jordan-Chevalley decom-

position Ã = S̃ + Ñ such that S̃ is semi-simple (i.e. complex diagonaliz-

able), Ñ is nilpotent, and S̃Ñ = Ñ S̃. There exist a polynomial P (s) with

P (0) = 0 such that S̃ = P (Ã) and Ñ = Ã − P (Ã); as a consequence

ker(Ã) = ker(S̃) ∩ ker(Ñ). Also R
n = ker(S̃)⊕ im(S̃), and this decomposi-

tion is invariant under S̃, Ñ and Ã.

Denote the Jordan-Chevalley decomposition of A0 = Dxf(0, 0) as A0 =

S0 +N0; then the Jordan-Chevalley decomposition of (Â0 − σ) ∈ L(Oq) is

given by (Â0 − σ) = (Ŝ0 − σ) + N̂0, and

Oq = ker(Ŝ0 − σ)⊕ im(Ŝ0 − σ). (4)

This splitting is invariant under σ, Ŝ0, N̂0 and Â0. Observe that such

splitting will in general no longer be valid if we replace Ŝ0 by Â0; this

is the reason for introducing the Jordan-Chevalley decomposition of A0. If

z = (xj)j∈Z ∈ Oq belongs to ker(Ŝ0 − σ) then x0 ∈ ker(Sq
0 − IdRn) and

xj+1 = S0xj for all j ∈ Z. Conversely, for each x0 ∈ ker(Sq
0 − IdRn) we have

that z := (Sj
0x0)j∈Z belongs to Oq and is actually an element of ker(Ŝ0−σ)
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(observe that S0 is invertible since it was assumed that A0 is invertible).

This allows us to introduce the subspace

U := ker (Sq
0 − IdRn) (5)

of R
n which will play a basic role in the further reduction; for reasons

that will become clear later we will call U the reduced phase space. This

space is invariant under S0, N0 and A0; we denote the restrictions of S0,

N0 and A0 to U by respectively S, N and A. One can easily show that

ker(Aq
0 − IdRn) = {u ∈ U | Nu = 0} ⊂ U . The argument which led to the

definition (5) shows that the linear mapping

ζ : U −→ ker(Ŝ0 − σ), u 7−→ ζ(u) := (Sju)j∈Z

forms an isomorphism between U and ker(Ŝ0−σ), such that we can rewrite

(4) as

Oq = ζ(U)⊕ im(Ŝ0 − σ). (6)

The splitting (6) will form the basis for our reduction, but before work-

ing this out we should pay some attention to the Zq-symmetry. We have

already observed the splitting (4) is invariant under σ, and therefore also un-

der the Zq-action generated by σ on Oq. Moreover, S generates a Zq-action

on U (since Sq = IdU by definition of U and S), and ζ ◦S = σ ◦ ζ, i.e. the

isomorphism ζ commutes with the Zq-actions on U and ker(Ŝ0 − σ). This

will allow us to preserve the Zq-equivariance of (2) under the Lyapunov-

Schmidt reduction.

It follows from (6) that we can write each z ∈ Oq as z = ζ(u) + v for

some (unique) u ∈ U and v ∈ V := im(Ŝ0−σ). Similarly there exist smooth

mappings g : U × V × R
m → U and h : U × V × R

m → V such that

f̂(ζ(u) + v, λ) = ζ(g(u, v, λ)) + h(u, v, λ), ∀(u, v, λ) ∈ U × V × R
m.

Bringing this in (2) shows that this equation can be rewritten as a system

of two equations {
(a) g(u, v, λ) = Su,

(b) h(u, v, λ) = σ · v,
(7)

which has to be solved for (u, v, λ) near (0, 0, 0) in U×V ×R
m. It is easy to

obtain the following properties of the mappings g and h appearing in the

equations (7):

(i) g(0, 0, λ) = 0 and h(0, 0, λ) = 0 for all λ ∈ R
m;

(ii) Dug(0, 0, 0) = A = S +N and Dvg(0, 0, 0) = 0;
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(iii) Duh(0, 0, 0) = 0 and Dvh(0, 0, 0) = Â0V
;

(iv) g(Su, σ · v, λ) = Sg(u, v, λ) and h(Su, σ · v, λ) = σ · h(u, v, λ) for all

(u, v, λ) ∈ U × V × R
m.

This last property expresses the Zq-equivariance of the equations (7).

Next we consider the equation (7)-(b). Since V = im(Ŝ0−σ) is invariant

under (Â0−σ) and ker(Â0−σ) ⊂ ker(Ŝ0−σ) it follows that ker(Â0−σ)∩V ⊂
ker(Ŝ0−σ)∩V = {0} and that (Â0−σ) is an isomorphism on V . Hence we

can apply the implicit function theorem, starting at the solution (0, 0, 0),

to solve (7)-(b) for v = v∗(u, λ). The mapping v∗ : U ×R
m → V is smooth,

with v∗(0, λ) = 0 for all λ, Duv
∗(0, 0) = 0, and v∗(Su, λ) = σ · v∗(u, λ) for

all (u, λ) (Zq-equivariance). Bringing the solution v = v∗(u, λ) of (7)-(b)

into (7)-(a) gives us the determining equation

fred(u, λ) = Su, (8)

to be solved for (u, λ) near (0, 0) in U × R
m, and with

fred : U × R
m −→ U, (u, λ) 7−→ fred(u, λ) := g(u, v∗(u, λ), λ). (9)

The reduced mapping fred is smooth, with fred(0, λ) = 0 for all λ, and

Dufred(0, 0) = A = S +N ; moreover, fred is Zq-equivariant:

fred(Su, λ) = Sfred(u, λ), ∀(u, λ) ∈ U × R
m. (10)

The foregoing means that we have reduced our problem to solving the Zq-

equivariant determining equation (8) on the reduced phase space U . To

each (sufficiently small) solution (u, λ) of (8) there corresponds a solution

of (2), given by (z∗(u, λ), λ) with z∗(u, λ) := ζ(u) + v∗(u, λ). Conversely, if

(z, λ) ∈ Oq × R
m is a sufficiently small solution of (2), with z = ζ(u) + v,

then v = v∗(u, λ) and (u, λ) is a solution of (8). Clearly the solutions of

(8) come in Zq-orbits, and the same holds for the corresponding solutions

of (2). Returning to the original problem (Pq) we can conclude that for all

sufficiently small λ ∈ R
m all small q-periodic points of fλ have the form

x = x∗(u, λ), where (u, λ) ∈ U × R
m is a sufficiently small solution of (8),

and where x∗ : U × R
m → R

n is given by x∗(u, λ) = u + v∗0(u, λ) (here

v∗0(u, λ) is the 0-component of v∗(u, λ) ∈ Oq).

There is, however, a different way to formulate the reduction, as we

explain next. Consider the following problem:

(Pred
q ) Determine, for all values of λ near the critical value λ0 = 0, all small

q-periodic orbits of fred,λ := fred(· , λ), where fred : U × R
m → U

is the reduced mapping obtained from the foregoing reduction for

the problem (Pq).
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This problem is analogous to the problem (Pq), and hence we can apply the

reduction procedure we just explained. When we work out this reduction

we find that the new reduced phase space Unew is just U itself (so no further

reduction in dimension), Snew = S, v∗new(u, λ) = 0, and the new determining

equation is just the old one, i.e it coincides with (8). Moreover, we have for

each (u, λ) ∈ U × R
M that (u, λ) is a solution of (8) if and only if the

fred,λ-orbit {f j
red,λ(u) | j ∈ Z} coincides with the Zq-orbit {Sju | j ∈ Z}.

Combining these observations with our earlier conclusion of the Lyapunov-

Schmidt reduction for the problem (Pq) we obtain the following result.

Theorem 2.1 (Main reduction theorem). Let f : R
n×R

m → R
n

be a

smooth mapping such that f(0, λ) = 0 and Dxf(0, λ) ∈ L(Rn) is invertible

for each λ ∈ R
m

. Fix some q ≥ 1. Let A0 = S0+N0 be the Jordan-Chevalley

decomposition of A0 := Dxf(0, 0), let U := ker(Sq
0 − IdRn), and let A, S

and N be the restrictions of respectively A0, S0 and N0 to U . Then there

exist smooth mappings fred : U × R
m → U and x∗ : U × R

m → R
n

such

that the following holds:

(i) fred(0, λ) = 0 for all λ ∈ R
m

, and Dufred(0, 0) = A;

(ii) fred(Su, λ) = Sfred(u, λ) for all (u, λ) ∈ U × R
m

, i.e. fred is equiv-

ariant with respect to the Zq-action generated by S on U ;

(iii) x∗(0, λ) = 0 for all λ ∈ R
m

, and Dux
∗(0, 0) · u = u for all u ∈ U ;

(iv) for each sufficiently small (x, λ) ∈ R
n × R

m
we have that x is a q-

periodic point of fλ := f(·, λ) if and only x = x∗(u, λ), where u is a

q-periodic point of fred,λ := fred(·, λ);
(v) for each sufficiently small λ ∈ R

m
all sufficiently small q-periodic

orbits of fred,λ are also orbits under the Zq-action on U , i.e. they

are generated by the solutions of (8), and for such solutions we have

that f(x∗(u, λ), λ) = x∗(Su, λ).

The advantage of the foregoing formulation of the Lyapunov-Schmidt

method (in contrast to more classical formulations) is twofold: first, there is

no explicit reference to the splitting (6) behind the reduction, but second,

there is an explicit reference to the Zq-equivariance of the reduced problem.

In the next sections we will further elaborate on the reduced problem,

and more in particular on the reduced mapping fred(u, λ). Indeed, there

remain a number of questions one can ask:

(1) what is the relation of the foregoing formulation, and in particular

the determining equation (8), to the bifurcation equation obtained

from a classical Lyapunov-Schmidt reduction?
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(2) how does the reduction described by theorem 2.1 deal with additional

structures of the mapping f , such as equivariance, reversibility, sym-

plecticity, and so on?

(3) how can one calculate or approximate the reduced mapping

fred(u, λ)?

(4) is it possible to obtain a relationship between the stability properties

of a bifurcating periodic orbit of fλ and the stability properties of

the corresponding periodic orbit of fred,λ?

In the next sections (some of them quite short) we will try to give some

answers to these questions; in particular the answer to question (3) will give

us a relationship between the Lyapunov-Schmidt reduction and normal form

theory.

3. The bifurcation equation

When N 6= 0 then ker(Aq
0−IdRn) is a strict subspace of U = ker(Sq

0−IdRn),

and ker(Â0 − σ) is a strict subspace of ker(Ŝ0 − σ). As a consequence

the determining equation (8) has a higher dimension than the bifurcation

equation obtained from a “strict” Lyapunov-Schmidt reduction. This is the

reason for calling (8) the “determining equation” and not the “bifurcation

equation”.

However, it is rather easy to further reduce (8) and obtain a “real”

bifurcation equation. Indeed, (8) has for λ = 0 the form

Nu+ O(‖u‖2) = 0.

One has then to consider two different splittings of U , namely

U = ker(N)⊕ Uaux and U = im(N)⊕ Ū ,

where the subspaces Uaux and Ū should be chosen to be invariant under S,

such that both splittings are invariant under the Zq-action on U generated

by S; since ker(N) ∩ im(N) is nontrivial it is not possible to take Uaux =

im(N) and Ū = ker(N). Using the first splitting one writes the unknown

u ∈ U in (8) as u = (ũ, uaux), with ũ ∈ Ũ := ker(N) and uaux ∈ Uaux.

The second splitting is used to rewrite the equation (8) itself as a system

of two equations. The im(N)-part of this system can then be solved by the

implicit function theorem for uaux = u∗aux(ũ, λ). Bringing this solution in

the remaining Ū -part of the system gives the bifurcation equation

b(ũ, λ) = 0, (11)
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with b : Ũ × R
m → Ū a smooth mapping such that b(0, λ) = 0 and

Dũb(0, 0) = 0. The mapping b is also Zq-equivariant, in the sense that

b(S̃ũ, λ) = S̄b(ũ, λ) for all (ũ, λ), where S̃ and S̄ denote the restrictions of

S to respectively Ũ and Ū . So the remaining Zq-equivariance involves in

principle two different Zq-actions, namely one on Ũ and one on Ū , but it is

possible to show that these actions are equivalent, i.e. they coincide after a

proper identification of Ũ and Ū .

The foregoing shows that in case N 6= 0 the classical Lyapunov-Schmidt

reduction to a problem on the nullspace of the linearized problem is less

straightforward, requiring appropriate choices of complements and iden-

tifications. This is one of the reasons why we think a reduction to the

generalized nullspace is more natural; a second reason has to do with the

stability properties of bifurcating q-periodic orbits, see Section 6.

4. Additional structures

In a very loose way one can say that when the original family of local

diffeomorphisms fλ has some additional structure, then this structure is

inherited by the reduced family fred,λ, with the Zq-equivariance as a surplus.

In this section we make this more precise for three particular structures:

equivariance, reversibility and symplecticity.

We begin with the easiest one, equivariance. Actually, one can treat

equivariance and reversibility in one common framework by adopting the

following definition.

Definition 4.1. We say that the family of local diffeomorphisms fλ is

equivariant-reversible (or more precisely (Γ, χ)-equivariant-reversible) if

there exist a compact subgroup Γ of GL(n,R) and a group character (i.e.

group homomorphism) χ : Γ→ {+1,−1} such that

γ−1
◦ fλ ◦ γ = f

χ(γ)
λ , ∀γ ∈ Γ, ∀λ ∈ R

m. (12)

There are two important particular cases: the pure equivariant case when

χ(γ) = +1 for all γ ∈ Γ, and the pure reversible case when Γ = {IdRn , R0}
and χ(R0) = −1, with R0 a linear involution on R

n, i.e. R2
0 = IdRn . In

order not to make the notation too heavy we will discuss here these two

particular cases separately; it is then easy to formulate and prove the cor-

responding results for the general equivariant-reversible case as described

in definition 4.1.

We will need two conclusions which can be drawn from the reduction in

section 2 and which we reformulate here for convenience:
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(A) if (z, λ) = ζ(u) + v, λ) ∈ Oq × R
m is a sufficiently small solution of

(2) then v = v∗(u, λ) and fred(u, λ) = Su;

(B) for each sufficiently small (u, ũ, v, λ) ∈ U × U × V × R
m we have

f̂(ζ(u) + v, λ) = ζ(ũ) + σ · v if and only if v = v∗(u, λ) and ũ =

fred(u, λ).

4.1. Equivariance

In the equivariant case we assume that

γ−1
◦ fλ ◦ γ = fλ, ∀γ ∈ Γ, ∀λ ∈ R

m, (13)

where Γ is a compact subgroup of GL(n,R). This clearly implies that if

x ∈ R
n is a q-periodic point of fλ, then so is γx for each γ ∈ Γ; this property

should of course also appear in the reduced problem. It follows from (13)

that A0, S0 and N0 commute with every γ ∈ Γ, and that the reduced phase

space U is invariant under the Γ-action on R
n; we will denote the restriction

of γ ∈ Γ to U again by γ, hoping that the precise status of γ is clear from

the context. Also f̂λ ◦ γ̂ = γ̂ ◦ f̂λ, σ ◦ γ̂ = γ̂ ◦ σ and ζ(γu) = γ̂ · ζ(u) for all

γ ∈ Γ. Applying γ̂ to the identity

f̂(ζ(u) + v∗(u, λ), λ) = ζ(fred(u, λ)) + σ · v∗(u, λ) (14)

(see property (B) above) and using the commutation relations just men-

tionned gives

f̂(ζ(γu) + γ̂ · v∗(u, λ), λ) = ζ(γfred(u, λ)) + σ · γ̂ · v∗(u, λ).
Again using (B) we conclude that

v∗(γu, λ) = γ̂ · v∗(u, λ) and fred(γu, λ) = γfred(u, λ), ∀γ ∈ Γ. (15)

This also implies that x∗(γu, λ) = γx∗(u, λ) for all γ, and we can conclude

that both the reduced mapping fred(·, λ) and the mapping x∗ relating the

reduced problem to the original one inherit the Γ-equivariance of the orig-

inal mapping.

The reduced mapping is not only Γ-equivariant, but also Zq-equivariant

(where the Zq-action on U is generated by S). We have then to distinguish

two different cases, depending on whether or not there exists some γ0 ∈ Γ

such that γ0u = Su for all u ∈ U . In case such γ0 exists the Zq action on

U is already contained in the Γ-action, and fred is just Γ-equivariant. For

each solution of the determining equation fred(u, λ) = Su we have then

that f(x∗(u, λ), λ) = x∗(Su, λ) = x∗(γ0u, λ) = γ0x
∗(u, λ), which shows

that each q-periodic orbit of fλ is contained in a Γ-orbit: all (sufficiently
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small) q-periodic orbits are relative fixed points (i.e. fixed points modulo

the Γ-action). In the other case (no such γ0 exists) the reduced mapping

is Γ × Zq-equivariant (the Γ-action commutes with the Zq-action since S

is Γ-equivariant). When using this symmetry and interpreting results one

should keep in mind that the Γ-action corresponds to space symmetries

(symmetries on the phase space), while the Zq-action encodes temporal

behaviour, as follows from f(x∗(u, λ), λ) = x∗(Su, λ).

4.2. Reversibility

Next we turn to the case of reversible mappings. In addition to our standing

hypotheses we assume that there exists some R0 ∈ L(Rn) such that R2
0 =

IdRn and

R0 ◦ fλ ◦ R0 = f−1
λ , ∀λ ∈ R

m. (16)

We say that the family fλ is R0-reversible, or that R0 is a reversor for the

family fλ. It follows from (16) that also A0, S0 and N0 are R0-reversible:

R0 ◦A0 ◦R0 = A−1
0 , R0 ◦ S0 ◦R0 = S−1

0 and R0 ◦ N0 ◦R0 = N−1
0 ,

and that the reduced phase space U is invariant under R0. We denote

the restriction of R0 to U by R. Then SR = RS−1, which together with

Sq = IdU and R2 = IdU shows that S and R generate on U a Dq-action

(Dq is the symmetry group of a regular q-gone and contains 2q elements).

When we define ρ ∈ L(Oq) by

ρ · z := (R0x−j)j∈Z ∀z = (xj)j∈Z ∈ Oq, (17)

then one can easily verify that ρ2 = IdOq
and σ ◦ ρ = ρ ◦σ−1, i.e. σ and ρ

generate on Oq a Dq-action. Moreover

ρ ◦ f̂λ ◦ ρ = f̂−1
λ and ζ ◦ R = ρ ◦ ζ.

Applying ρ to the identity (14) and using the foregoing commutation rela-

tions gives us

f̂−1
λ (ζ(Ru) + ρ · v∗(u, λ)) = ζ(Rfred(u, λ)) + σ−1 · ρ · v∗(u, λ)

and hence

ζ(Ru) + σ ·
(
σ−1 · ρ · v∗(u, λ)

)
= f̂λ(ζ(Rfred(u, λ)) + σ−1 · ρ · v∗(u, λ)).

An application of conclusion (B) above then shows that

v∗(Rfred(u, λ), λ) = σ−1 · ρ · v∗(u, λ) (18)
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and

fred(Rfred(u, λ), λ) = Ru =⇒ R ◦ fred,λ ◦R = f−1
red,λ. (19)

This last relation shows that the reduced mapping fred is R-reversible, or, in

combination with the Zq-equivariance, (Dq , χ)-equivariant-reversible, where

the character χ : Dq → {+1,−1} is defined by χ(S) = +1 and χ(R) = −1.

The relation (18) is much more complicated and it is hard to give it an

interpretation. However, when we assume that (u, λ) satisfies the determin-

ing equation fred(u, λ) = Su then (18) shows that

v∗(RSu, λ) = σ−1 · ρ · v∗(u, λ),

and since also (S−1u, λ) satisfies the same determining equation we get

v∗(Ru, λ) = σ−1 · ρ · v∗(S−1u, λ) = σ−1 · ρ · σ−1 · v∗(u, λ) = ρ · v∗(u, λ)

and

x∗(Ru, λ) = R0x
∗(u, λ). (20)

The same relations can also be obtained in a more direct way. If (u, λ)

satisfies (8) then z∗(u, λ) = ζ(u) + v∗(u, λ) is a solution of (2), and so is

ρ · z∗(u, λ) = ζ(Ru) + ρ · v∗(u, λ) (just use the reversibility). Property (A)

above implies then that v∗(Ru, λ) = ρ · v∗(u, λ), which in turn gives (20).

The fact that (20) is only valid for the solutions of the determining

equation is somewhat unpleasant, but there is a way out. When we define

x̃∗ : U × R
m → R

n by

x̃∗(u, λ) :=
1

2
(x∗(u, λ) +R0x

∗(Ru, λ))

then the foregoing shows that x̃∗(u, λ) = x∗(u, λ) when (u, λ) satisfies (8).

Therefore the statement of the main reduction theorem 2.1 remains valid

if we replace x∗ by x̃∗, and we have the additional relations

R ◦ fred,λ ◦R = f−1
red,λ and x̃∗λ ◦R = R0 ◦ x̃∗λ, (21)

meaning that the reversibilty is fully preserved by the reduction.

There is one further remark which is important enough to make here,

namely that it is possible (in the reversible situation discussed in this sub-

section) to replace the determining equation (8) by an equivalent equation

which is fully Dq-equivariant in an appropriate sense. Since both fred,λ and

S are Zq-equivariant and R-reversible it follows that if (u, λ) is a solution

of the determining equation (8) then so are (Sju, λ) (j ∈ Z), by the Zq-

equivariance, and (Ru, λ), by theR-reversibility. However, this last property
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is not an immediate consequence of some kind of explicit equivariance of

(8) (it involves taking inverses of the mappins itself); since explicit equiv-

ariances imply restrictions on the possible form of the equation it would be

nice if we could translate the reversibility of (8) into such explicit equivari-

ance. This can be done by showing that (8) is equivalent to the equation

F (u, λ) := S−1fred,λ(u)− Sf−1
red,λ(u) = 0. (22)

It is easy to verify that F (Su, λ) = SF (u, λ) and F (Ru, λ) = −RF (u, λ),

i.e. the mapping F : U × R
m → U satisfies the equivariance condition

F (γu, λ) = χ(γ)γF (u, λ), ∀γ ∈ Dq, (23)

where the Dq-action on U and χ : Dq → {+1,−1} are as described be-

fore. To prove the equivalence of (8) and (22) we notice that by the Zq-

equivariance of fred,λ it is immediate that (8) implies (22). Conversely,

(22) implies (by the same Zq-equivariance) that f2
red,λ(u) = S2u and hence

(since S2q = IdU ) f2q
red,λ(u) = u, i.e. the solutions of (22) are 2q-periodic

points of fred,λ. Applying our foregoing Lyapunov-Schmidt reduction to

the problem of finding (small) 2q-periodic orbits of the family fred,λ shows

that this problem reduces to solving the equation (8), which means that all

2q-periodic orbits of fred,λ are automatically q-periodic. Hence (22) implies

(8), as we wanted to show.

For further information on the reversible case we refer to the paper

of Ciocci et al.2 which also contains an application which illustrates the

advantage of (22) over (8).

4.3. Symplectic mappings

The third special class of mappings we consider here are symplectic dif-

feomorphisms. To define such diffeomorphisms we have to give the phase

space R
n the structure of a symplectic vectorspace, i.e. we must have an

anti-symmetric and non-degenerate bilinear form ω0 : R
n × R

n → R;

the existence of such symplectic form requires n to be even. Given any

scalar product 〈·, ·〉 on R
n the symplectic form ω0 can be written as

ω0(x1, x2) = 〈x1, Jx2〉, where J ∈ L(Rn) is anti-symmetric (JT = −J)

and non-singular. (Actually, one can show that there exists a scalar prod-

uct such that J2 = −IdRn , and hence J−1 = JT ; for the proof, see e.g.

Vanderbauwhede6).

Definition 4.2. A smooth mapping Φ : R
n → R

n is symplectic if

ω0(DΦ(x) · x1, DΦ(x) · x2) = ω0(x1, x2), ∀x, x1, x2 ∈ R
n. (24)
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This condition is equivalent to

DΦ(x)T JDΦ(x) = J, ∀x ∈ R
n,

and can only be satisfied if DΦ(x) ∈ L(Rn) is invertible for all x ∈ R
n.

Let us assume now that the family fλ is symplectic:

Dfλ(x)T JDfλ(x) = J, ∀(x, λ) ∈ R
n × R

m. (25)

This implies immediately that also A0 = Dfλ=0(0) is symplectic, i.e.

AT
0 JA0 = J , or equivalently, J−1AT

0 J = A−1
0 . Consider the Jordan-

Chevalley decomposition A0 = S0 +N0 of A0; the corresponding decompo-

sitions of AT
0 and A−1

0 are then given by respectively AT
0 = ST

0 +NT
0 and

A−1
0 = S−1

0 +S−1
0 [(IdRn +S−1

0 N0)
−1− IdRn ]. Bringing this into J−1AT

0 J =

A−1
0 and using the uniqueness of the Jordan-Chevalley decomposition one

finds that J−1ST
0 J = S−1

0 , meaning that also S0 is symplectic. This in turn

implies that the reduced phase space U = ker(Sq
0−IdRn) forms a symplectic

subspace, in the sense that the restriction ω of the symplectic form ω0 to

U × U is still non-degenerate. To prove this fix some u0 ∈ U and assume

that ω(u0, u) = 0 for all u ∈ U . Since R
n = ker(Sq

0 − IdRn)⊕ im(Sq
0 − IdRn)

we can write an arbitrary x ∈ R
n in the form x = u+ (Sq

0 − IdRn)w, with

u ∈ U and w ∈ R
n; it follows then that

ω0(u0, x) = ω(u0, u) + ω0(u0, (S
q
0 − IdRn)w) = ω0((S

−q
0 − IdRn)u0, w) = 0.

Since this holds for all x ∈ R
n and ω0 is non-degenerate we conclude

that u0 = 0, and hence (U, ω) forms itself a symplectic vectorspace. Since

ω(Su1, Su2) = ω(u1, u2 the Zq-action on U is symplectic. Next we will show

that the reduced family fred,λ is symplectic with respect to the symplectic

form ω on U .

The symplectic form ω0 on R
n can be lifted to a symplectic form ω̂0 :

Oq ×Oq → R on the orbit space Oq by setting

ω̂0(z, z̃) :=
1

q

q−1∑
j=0

ω0(xj , x̃j), ∀(z, z̃) = ((xj)j∈Z, (x̃j)j∈Z) ∈ Oq ×Oq .

It is then immediate to verify that the family f̂λ is symplectic:

ω̂0

(
Df̂λ(z) · z1, Df̂λ(z) · z2

)
= ω̂0(z1, z2), ∀z, z1, z2 ∈ Oq , ∀λ ∈ R

m. (26)

Also Ŝ0 and σ are symplectic:

ω̂0(Ŝ0z1, Ŝ0z2) = ω̂0(z1, z2) and ω̂0(σ · z1, σ · z2) = ω̂0(z1, z2)
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for all (z1, z2) ∈ Oq ×Oq ; moreover

ω̂0(ζ(u1), ζ(u2)) = ω(u1, u2), ∀(u1, u2) ∈ U × U.

Consider an arbitrary (u, v) ∈ U ×V ; writing v as v = (Ŝ0−σ) · z for some

z ∈ Oq we find that

ω̂0(ζ(u), v) = ω̂0

(
ζ(u), (Ŝ0 − σ) · z

)
= ω̂0

(
(Ŝ−1

0 − σ−1) · ζ(u), z
)

= 0;

it follows that for all u1, u2 ∈ U and all v1, v2 ∈ V we have

ω̂0(ζ(u1) + v1, ζ(u2) + v2) = ω(u1, u2) + ω̂0(v1, v2). (27)

Now fix some u, u1, u2 ∈ U and some λ ∈ R
m, and set

z = ζ(u) + v∗(u, λ) and zi = ζ(ui) +Duv
∗(u, λ) · ui (i = 1, 2)

in (26). Differentiating (14) shows that

Df̂λ(z) · zi = ζ(Dfred,λ(u) · ui) + σ ·Duv
∗(u, λ) · ui, (i = 1, 2).

Bringing all the foregoing relations together we finally get

ω(Dfred,λ(u) · u1, Dfred,λ(u) · u2) = ω(u1, u2), (28)

which proves that the reduced family fred,λ is indeed symplectic. This sim-

plecticity is complemented with the equivariance with repect to the sym-

plectic Zq-action generated on U by S.

For more information on this symplectic case and for an application of

the reduction results we refer to Ciocci et al.1

5. Approximation of the reduced mapping

Since the Lyapunov-Schmidt reduction just uses the Implicit Finction The-

orem and appropriate substitutions the obvious choice for approximating

the reduced mapping fred is to use Taylor expansions. In principle it is

possible to obtain the Taylor expansion of fred(u, λ) around the origin up

to any order, but the expressions become quickly unwieldy, so that this

approach is impractical for orders higher than two or three. Here we de-

scribe a different approach based on normal form reduction; although the

main result (see Theorem 5.2) is rather theoretical and admittedly hard to

implement on concrete examples we will describe at the end of this section

a way in which the result could be used for practical calculations.

We start by formulating a basic result on the normal form reduction of

parametrized families of diffeomorphisms such as considered in this paper.

Even giving some hints on the proof would bring us too far away from the
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main topic of this paper; therefore we refer to the appendix of Vander-

bauwhede5 for a detailed proof.

The mappings fλ studied in the foregoing sections belong to the group

Diff0(R
n) of (local) diffeomorphisms on R

n with a fixed point at the origin

(the group operation is just composition of mappings). There is a natural

action of the group Diff0(R
n) on itself, given by

(Ψ,Φ) ∈ Diff0(R
n)×Diff0(R

n) 7→ Ad(Ψ)·Φ := Ψ◦Φ◦Ψ−1 ∈ Diff0(R
n). (29)

This action corresponds to a change of coordinates on the phase space R
n.

The general aim of normal form theory is to find, for a given Φ ∈ Diff0(R
n),

a “sufficiently simple” element Φ̃ of the group orbit

O(Φ) := {Ad(Ψ) · Φ | Ψ ∈ Diff0(R
n)};

the precise meaning of “sufficiently simple” depends on a detailed analysis of

the elements of O(Φ) but typically amounts to imposing certain restrictions

on the truncated Taylor expansion of Φ̃. In the context of this paper the

situation is further complicated by the fact that we do not work with a single

diffeomorphism but with parametrized families of such diffeomorphisms; in

such context one wants the normal form transformation to depend smoothly

on the parameter and to be valid in at least some neighborhood of some

critical value of the parameter (λ = 0 in our case). Under the standing

hypotheses and notations of this paper one can prove the following.

Theorem 5.1 (Normal Form). For each k ≥ 1 there exist a neighbor-

hood Ωk of the origin in R
m

and a smooth mapping Ψk : R
n × R

m → R
n
,

with Ψk(0, λ) = 0 for all λ, DxΨk(0, 0) = 0, and such that for all λ ∈ Ωk

the transformed local diffeomorphism Ad(Ψk,λ) ·fλ commutes with S0 up to

terms of order k + 1, i.e.

(Ad(Ψk,λ) · fλ)(x) = fnf(x, λ) +Rk(x, λ), (30)

with

fnf(S0x, λ) = S0fnf(x, λ), ∀(x, λ) ∈ R
n × Ωk, (31)

and Rk(x, λ) = O(‖x‖k+1), uniformly for λ ∈ Ωk.

When N0 6= 0 one can impose next to (31) some further conditions on

fnf(x, λ) (see Vanderbauwhede5); however, these additional conditions will

play no role in our main result of this section (Theorem 5.2), but they may

simplify the study of the determining equation for particular cases. Also,

there exist versions of the foregoing normal form theorem for the special

cases when the family fλ has any of the additional structures discussed in
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Section 4; for such cases the normal form reduction can be done in such a

way that the additional structure is fully preserved by the transformation.

The neighborhood Ωk appearing in Theorem 5.1 will typically shrink to {0}
as k →∞.

Definition 5.1. When the family fλ is such that

f(x, λ) = fnf(x, λ) +Rk(x, λ), (32)

with fnf satisfying (31) and Rk(x, λ) = O(‖x‖k+1) uniformly for all λ in

some neighborhood Ωk of λ = 0 in R
m then we say that the family fλ is in

normal form up to order k, and we call fnf the normal form part of f .

The normal form theorem tells us that the family fλ can be brought into

normal form up to any finite order k ≥ 1 by an appropriate parameter-

dependent near-identity transformation.

Assume now that we first bring the family fλ into normal form up

to some order k ≥ 1, and then apply the Liapunov-Schmidt reduction

as descibed in section 2. What would be the outcome? The normal form

transformation does not change A0, S0 and N0, hence the reduced phase

space U will remain unchanged. Using (31) it is very easy to check that if

the remainder term Rk(x, λ) would be missing in (32) then the resulting

determining equation would take the form

fnf(u, λ) = Su,

while x∗(u, λ) would be equal to u. Stated differently: if the family fλ is fully

in normal form (i.e commutes with S0) then all sufficiently small q-periodic

orbits are contained in the reduced phase space U and are also orbits under

the Zq-action on U . Taking the remainder Rk(x, λ) into account will only

add terms of order k + 1 to the different expressions; this leads to the

following result.

Theorem 5.2. Under the assumptions of the main reduction theorem, as-

sume also that the family fλ is in normal form up to some order k ≥ 1,

with normal form part fnf(x, λ). Then

x∗(u, λ) = u+ O(‖u‖k+1) (33)

and

fred,λ = fnf,λ U
+ rk,λ, with rk,λ(u) = O(‖u‖k+1), (34)

both uniformly for sufficiently small values of λ.
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In order to use theorem 5.2 directly one has to bring the family fλ into

normal form up to some appropriate order k, something which is not an

easy task for larger values of n and k. A more practical approach is to obtain

an approximation (to a convenient order) of the center manifold and the

restriction of the family fλ to this center manifold, then bring this restricted

family in normal form, and then apply the Lyapunov-Schmidt reduction.

The reduction to the center manifold results in a new family of mappings

living on the tangent space to the center manifold at the origin. The reduced

phase space U is contained in this tangent space, in particular cases (namely

when all eigenvalues of A0 on the unit circle are q-th roots of unity) U will

coincide with this tangent space. Let us assume for simplicity that we are

in this last situation. Then the starting point for the normal form reduction

is a family of mappings f̃ : U ×R
m → U , with f̃(0, λ) = 0 and Duf̃(0, 0) =

A = S + N , and only known explicitly up to a certain order k in ‖u‖.
We know from center manifold theory that all (sufficiently small) periodic

orbits of the original family fλ will be contained in the center manifold,

and will hence be periodic orbits for the family f̃λ. Applying a normal form

reduction to the family f̃λ is more manageable because typically dimU will

be relatively low. Assume that this normal form reduction brings the family

f̃λ in the form

f̃(u, λ) = f̃nf(u, λ) + R̃k(u, λ),

with f̃nf(Su, λ) = Sf̃nf(u, λ) and R̃k(u, λ) = O(‖u‖k+1). Finally, by theo-

rem 5.2, an application of the Lyapunov-Schmidt reduction to the family

f̃λ gives the reduced mapping

fred(u, λ) = f̃nf(u, λ) + rk(u, λ),

with rk(u, λ) = O(‖u‖k+1).

One can ask about the advantage of adding a Lyapunov-Schmidt reduc-

tion on top of the center manifold plus normal form reduction. Without

the Lyapunov-Schmidt reduction one has to find the q-periodic points of

f̃(u, λ), after the reduction we have to solve the same problem for the map-

ping fred(u, λ). Since both f̃ and fred are approximated (up to the same

order) by the normal form part f̃nf the first step will in both cases be

to study the q-periodic orbits of f̃nf(u, λ), which amounts (because of the

Zq-equivariance of f̃nf) to solving the approximate determining equation

f̃nf(u, λ) = Su. (35)

But proving the persistence of the approximate bifurcation picture obtained

from (35) under the perturbation by the higher order terms is quite different
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for the two cases. For the reduced mapping fred(u, λ) the perturbation

rk(u, λ) is also Zq-equivariant, and we just have to add it at the left hand

side of (35) and prove persistence. This no longer works for the mapping

f̃(u, λ) since the perturbation term R̃k(u, λ) has in general no symmetry;

one is forced to use other means to prove the persistence. There is of course

a further advantage when the dimension of the center manifold is strictly

bigger than dimU , because then the Lyapunov-Schmidt reduction not only

gives an added Zq-symmetry, but also results in a problem with a lower

dimension. And clearly the Zq-equivariance given by the Lyapunov-Schmidt

reduction will always be a bonus in theoretical discussions.

6. Stability of bifurcating periodic orbits

In this section we describe some recently obtained results on the stability

of bifurcating q-periodic orbits; detailed proofs will be given in a forthcom-

ing paper. According to theorem 1.1 the stability of the q-periodic orbit

z∗(u, λ) = ζ(u) + v∗(u, λ) of fλ generated by a solution (u, λ) of the deter-

mining equation (8) is determined by the eigenvalues of the linear operator

σ−1
◦f̂λ(z∗(u, λ)) ∈ L(Oq); by the remark after theorem 1.1 these eigenval-

ues will (for sufficiently small (u, λ)) be close to the set

{µ exp(2πip/q) | p ∈ Z, µ = eigenvalue of A0}.
If this set contains some elements strictly outside of the unit circle then

all sufficiently small bifurcating q-periodic orbits will be unstable. In the

other case one has to study the eigenvalues of σ−1
◦f̂λ(z∗(u, λ)) which are on

or near the unit circle. In particular, our hypotheses imply that there will

be some eigenvalues near +1, with total (algebraic) multiplicity equal to

dimU ; we will call these the critical eigenvalues, and the aim of this section

is to describe some results on these critical eigenvalues. Since we will not

use the fact that (u, λ) should be a solution of (8) these results will be valid

for all sufficiently small values of (u, λ); to draw stability conclusions one

should restrict to solutions of (8).

We start by writing L(u, λ) := σ−1
◦Df̂λ(z∗(u, λ)) ∈ L(Oq) in block

form with respect to the splitting (4) of Oq :

L(u, λ) =

(
L00(u, λ) L01(u, λ)

L10(u, λ) L11(u, λ)

)
. (36)

Setting Û := ker(Ŝ0 − σ) = ζ(U) and V = im(Ŝ0 − σ) we have L00(u, λ) ∈
L(Û), L01(u, λ) ∈ L(V, Û), L10(u, λ) ∈ L(Û , V ) and L11(u, λ) ∈ L(V ).

For (u, λ) = (0, 0) we have that L00(0, 0) − Id
Û

= Ŝ−1
0 N̂0 Û

is nilpotent,
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L01(0, 0) = 0, L10(0, 0) = 0, and L11(0, 0) − IdV = σ−1
◦(Â0 − σ)V is in-

vertible. By means of the implicit function theorem and a similarity trans-

formation using linear operators of the form

Ψ(K) =

(
Id

Û
0

K IdV

)
, K ∈ L(Û , V ),

one can show that there exists a smooth mapping K∗ : U ×R
m → L(Û , V )

with K∗(0, 0) = 0 and such that

Ψ(K∗(u, λ))L(u, λ)Ψ(K∗(u, λ))−1 =

(
L̃0(u, λ) L01(u, λ)

0 L̃1(u, λ)

)
, ∀(u, λ).

In this expression

L̃0(u, λ) = L00(u, λ)− L01(u, λ)K
∗(u, λ)

and

L̃1(u, λ) = L11(u, λ) +K∗(u, λ)L01(u, λ).

From this one can easily deduce that the critical eigenvalues of L(u, λ)

are precisely the eigenvalues of L̃0(u, λ); defining Φ : U × R
m → L(U) by

Φ(u, λ) := Sζ−1L̃0(u, λ)ζ we obtain the following result.

Theorem 6.1. Under the hypotheses of theorem 2.1 there exists a smooth

mapping Φ : U×R
m → L(U) with Φ(0, 0) = S+N and such that for all suf-

ficiently small (u, λ) ∈ U×R
m

the critical eigenvalues of σ−1
◦Df̂λ(z∗(u, λ))

coincide with the eigenvalues of S−1Φ(u, λ).

Next consider the q-periodic orbits of the Zq-equivariant reduced map-

ping fred(u, λ), given by the solutions of (8). The stability of such periodic

orbit is determined by the eigenvalues of

Df q
red,λ(u) = Dfred,λ(Sq−1u)◦ · · · ◦Dfred,λ(Su)◦Dfred,λ(u);

differentiating the equivariance relation fred,λ(Su) = Sfred,λ(u) shows that

Dufred(Su, λ) = SDufred(u, λ)S
−1, from which we get

Df q
red,λ(u) =

(
S−1Dufred(u, λ)

)q
.

We conclude that the stability of a q-periodic orbit {Sju | j ∈ Z} of fred,λ

is determined by the eigenvalues of S−1Dufred(u, λ). Comparing with the-

orem 6.1 one can ask whether there is any relation between the eigenvalues

of S−1Φ(u, λ) and the eigenvalues of S−1Dufred(u, λ). The answer can be

obtained by a careful comparison between the expressions for Φ(u, λ) and
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Dufred(u, λ), taking into account the equation satisfied by K∗(u, λ); this

leads to the following result.

Theorem 6.2. Under the hypotheses of theorem 2.1 we have for all suffi-

ciently small (u, λ) ∈ U × R
m

that

Φ(u, λ) = (Id U + η(u, λ))Dufred(u, λ), (37)

where η : U × R
m → L(U) is a smooth mapping such that

η(u, λ) = O((‖u‖+ ‖λ‖)2).

When the original mapping f(u, λ) is in normal form up to order k ≥ 1

(see theorem 5.2) then

η(u, λ) = O(‖u‖2k).

In combination with theorem 5.2 this suggests to study the eigenvalues

of S−1Dxfnf(u, λ)U as a first approximation for the critical eigenvalues of

σ−1
◦Df̂λ(z∗(u, λ)). For an application of this approach in case of reversible

diffeomorphisms see Ciocci et al.2

7. A basic example

In this last section we describe a simple application of the foregoing

Lyapunov-Schmidt reduction which shows how a generic bifurcation of q-

periodic orbits with q ≥ 3 leads to so-called Arnol’d tongues in parameter

space; in fact, as we will see the particular shapes of these tongues are just

a consequence of the Zq-equivariance of the reduced problem.

We start by fixing some q ≥ 3 and some primary q-th root of unity χq,

i.e.

χq = exp(2πip/q), with 0 < p < q and gcd(p, q) = 1.

We make the following spectral hypothesis about the family fλ:

(S) The linear operator A0 := Dxf(0, 0) has χq and χ̄q as simple eigen-

values, and these are the only eigenvalues of A0 which are q-th roots

of unity.

This implies that Aλ := Dxf(0, λ) has for sufficiently small λ ∈ R
m a pair

of complex conjugate simple eigenvalues {µ(λ), µ̄(λ)}, with µ : R
m → C

smooth and such that µ(0) = χq . We also assume the following transver-

sality condition:

(T) The mapping µ : R
m → C is at λ = 0 transversal to {χq}.
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This transversality condition requiresm ≥ 2 and will be made more explicit

further on. Another consequence of (S) is that dimU = 2 and that U can

be identified with C (which should be considered as a 2-dimensional real

vectorspace). To make this more explicit, let xq+iyq ∈ C
n be an eigenvector

of A0 corresponding to the eigenvalue χq , and define ϕ : C → R
n by

ϕ(u) := <(u(xq + iyq)) for all u ∈ C; then ϕ is an isomorphism between

C and U = ϕ(C). As we will see the identification of U with C (via ϕ)

is quite convenient for the notations; in particular, the restriction A of

A0 to U takes the form Au = χqu, and therefore Su = Au = χqu and

Nu = 0. The reduced mapping fred takes the form of a smooth mapping

fred : C× R
m → C, with fred(0, λ) = 0 and

fred(χqu, λ) = χqfred(u, λ). (38)

This last relation expresses the Zq-equivariance of fred and imposes some

strong restrictions on the form of fred. Indeed, using singularity theory one

can show the following.

Theorem 7.1. The Zq-equivariance (38) implies that the smooth mapping

fred : C× R
m → C has the form

fred(u, λ) = φ(v, w, λ)u + ψ(v, w, λ)ūq−1, (39)

where

v = v(u) := |u|2 and w = w(u) := <(uq),

and where φ : C × C × R
m → C and ψ : C × C × R

m → C are smooth

functions, with φ(0, 0, 0) = χq.

A proof is given in Golubitsky et al.3 ; a somewhat weaker result but with

a classical proof can be found in Vanderbauwhede.5 It follows from (39)

that the linear part of fred(u, λ) is given by Dufred(0, λ) · u = φ(0, 0, λ)u;

using the approximation results of sections 5 and 6 we can (by bringing the

original mapping f(x, λ) in normal form up to any order k ≥ 1) without

loss of generality assume that

φ(0, 0, λ) = µ(λ), ∀λ ∈ R
m. (40)

Suppose (for simplicity) that m = 2; the transversality condition (T) then

takes the form

∂(<φ,=φ)

∂(λ1, λ2)
(0, 0, 0) 6= 0. (41)

Now consider (8), with u ∈ C, fred of the form (39), and Su = χqu.

Setting u = ρeiθ (with ρ ≥ 0 and θ ∈ S1 = R/2πR), multiplying by
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z̄ = ρe−iθ and dividing by ρ2 we see that the non-trivial solutions of (8)

are obtained by solving the equation

φ(ρ2, ρq cos(qθ), λ) − χq + ρq−2e−iqθψ(ρ2, ρq cos(qθ), λ) = 0. (42)

This equation is satisfied for (ρ, λ) = (0, 0); using (41) and splitting into

real and imaginary parts it can be solved by the implicit function theorem

for λ = λ∗(ρ, θ). It follows from (42) that λ∗(ρ, θ) must have the form

λ∗(ρ, θ) = λ̃(ρ2) + O(ρq−2), (43)

with λ̃ : R→ R
2 smooth and such that λ̃(0) = 0. The set

Tq := {λ∗(ρ, θ) | 0 < ρ < ρ0, θ ∈ S1} (44)

(with ρ0 > 0 sufficiently small) contains those parameter values λ for which

the mapping fλ has a non-trivial q-periodic orbit near its trivial fixed point

x = 0; this fixed point has then a pair of eigenvalues near χq given by

{µ∗(ρ, θ), µ̄∗(ρ, θ)}, with µ∗(ρ, θ) := φ(0, 0, λ∗(ρ, θ)).

For describing the set Tq we will restrict to the case q ≥ 5 (the cases q =

3 and q = 4 have to be studied separately) and assume that Dvφ(0, 0, 0) 6= 0

and ψ(0, 0, 0) 6= 0 in (39); this implies in particular that λ̃′(0) 6= 0 in (43).

The set Tq ∪ {0} has then a typical sharp conelike form originating from

the origin and known as a resonance horn or Arnol’d tongue. The following

proposition describes the main feature of these Arnol’d tongues and is easy

to prove using (43).

Proposition 7.2. Let q ≥ 5 and assume that λ̃′(0) 6= 0. Then

diam({λ ∈ Tq | ‖λ‖ = d}) = O(d(q−2)/2) as d→ 0 (d > 0). (45)

A more detailed analysis shows that for each λ in the interior of the

Arnol’d tongue Tq the diffeomorphism fλ has two different q-periodic orbits,

corresponding to two different solutions (ρ, θ) of the equation λ∗(ρ, θ) = λ;

as one crosses the boundary of Tq these two q-periodic orbits collide and

disappear in a saddle-node bifurcation (of periodic orbits). Moreover, the

assumptions we have made so far together with a stronger version of the

hypothesis (S), namely that {χq , χ̄q} are the only eigenvalues of A0 on the

unit circle, imply that the family fλ undergoes a Neimark-Sacker bifurcation

as the pair of eigenvalues {µ(λ), µ̄(λ)} crosses the unit circle, i.e there is a

bifurcation of an invariant curve from the fixed point at the origin. The set

Tq is contained in the set of parameter values for which such invariant curve

exists, and for each λ ∈ Tq the q-periodic orbits of fλ are contained in the

invariant curve. For each λ in the interior of Tq one of the two q-periodic
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orbits will be stable on the invariant curve, and the other one unstable:

the flow on the invariant curve is phase-locked. We refer to Kuznetsov4 for

a more detailed discussion of the Neimark-Sacker bifurcation and phase-

locking.
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We present an one-to-one correspondence between (i) Pinto’s golden tilings;
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1. Introduction

A. Pinto and D. Sullivan (Ref. 5) proved a one-to-one correspondence be-

tween: (i) C1+ conjugacy classes of expanding circle maps; (ii) solenoid

functions and (iii) Pinto-Sullivan’s dyadic tilings on the real line. Here,

instead of expanding dynamics, we consider dynamics with minimal sets

determined by golden diffeomorphisms. In this case, the expanding dynam-

ics are hidden in the renormalization operator that acts on the minimal

set.

2. Pinto’s golden tilings

Let (ai)i>2 be a sequence of positive real numbers. We are going to establish

certain conditions that will give rise to the definition of golden tilings.
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2.1. Fibonacci decomposition

The Fibonacci numbers, F1, F2, F3, . . ., are inductively given by the well-

known relation Fn+2 = Fn+1+Fn, n > 1, where F1 and F2 are both equal to

1. We say that a finite sequence Fn0
, . . . , Fnp

is a Fibonacci decomposition

of a natural number i ∈ N if the following properties are satisfied: (i)

i = Fnp
+ · · ·+ Fn0

; (ii) Fnp
is the greatest Fibonacci number less or equal

to i and, for each 0 6 k < p, Fnk
is the greatest Fibonacci number less

or equal to i −
(

Fnp
+ · · ·+ Fnk+1

)

; (iii) if n0 = 1 then n1 is even, and if

n0 = 2 then n1 is odd.

Like this, every natural number i ∈ N has a unique Fibonacci decom-

position.

We define the Fibonacci shift σF : N → N as follows: For every i ∈ N

let Fn0
, Fn1

, . . . , Fnp
be the Fibonacci decomposition associated to i. We

define σF (i) = Fnp+1 + · · · + Fn0+1. Hence, letting Fn0
, Fn1

, . . . , Fnp
be

the Fibonacci decomposition associated to i ∈ N, if n0 6= 1 then σ−1
F (i) =

Fnp−1 + · · · + Fn0−1, and if n0 = 1 then σ−1
F (i) = ∅. For simplicity of

notation we will denote σF (i) by σ(i).

2.2. Matching condition

We say that a sequence (ai)i>2 satisfies the matching condition if, for every

i = Fnp+1 + · · ·+ Fn0+1, the following conditions hold:

(i) If n0 = 1 or, n0 = 3 and n1 odd, then aσ(i) = ai
(

aσ(i)+1 + 1
)−1

(see

Fig. 2).

(ii) If n0 = 2 or, n0 > 3 and even, then aσ(i) = ai

(

a−1
σ(i)−1 + 1

)

(iii) If n0 = 3 and n1 even or n0 > 3 and odd, then

aσ(j) =
ai

(

1 + aσ(i)−1

)

aσ(i)−1

(

1 + aσ(i)+1

) .

Let L = {i ∈ N : i > 2}. Therefore, every sequence (bi)i∈L\σ(L) deter-

mines, uniquely, a sequence (ai)i∈L
as follows: for every i ∈ L\σ(L), we

define ai = bi and, for every i ∈ L, we define aσ(i) using the matching

condition with respect to the elements of the sequence (aj)26j6σ(i) already

determined.

2.3. Boundary condition

A sequence (ai)i∈L
satisfies the boundary condition, if the following limits

are well-defined and satisfy the inequalities:
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(i) lim
n→+∞

a−1
Fn+2

(

1 + a−1
Fn+1

)

6= 0

(ii) lim
n→+∞

aFn
(1 + aFn+1) 6= 0

2.4. Exponentially fast Fibonacci repetitive

A sequence (ai)i∈L
is said to be exponentially fast Fibonacci repetitive, if

there exist constants C > 0 and 0 < µ < 1 such that |ai+Fn
− ai| 6 Cµn

for every n > 3 and 2 6 i < Fn+1.

2.5. Golden tilings

A tiling T = {Iβ ⊂ R : β > 2} of the positive real line is a collection of

tiling intervals Iβ , with the following properties: (i) the tiling intervals are

closed intervals; (ii) the union ∪β>2 Iβ is equal to the positive real line; (iii)

any two distinct intervals have disjoint interiors; (iv) for every β > 2 the

intersection of the tiling intervals Iβ and Iβ+1 is only a point, that is an

endpoint, simultaneously, of both intervals.

The tilings T1 =
{

Iβ ⊂ R
+
0 : β > 2

}

and T2 =
{

Jβ ⊂ R
+
0 : β > 2

}

of the

positive real line are in the same affine class, if there exists an affine map

h : R+
0 → R

+
0 such that h (Iβ) = Jβ, for every β > 2. Thus, every positive se-

quence (ai)i∈L
determines an affine class of tilings T =

{

Im ⊂ R
+
0 : m > 2

}

such that am = |Im+1|/|Im|, and vice-versa.

Definition 1 A golden sequence (ai)i>2 is an exponentially fast Fibonacci

repetitive sequence that satisfies the matching and the boundary conditions.

A tiling T = {Im ⊂ R : m > 2} of the positive real line is golden, if the

corresponding sequence (ai = |Ii+1|/|Ii|)i>2 is a golden sequence.

Hence, there is a one-to-one correspondence between golden tilings and

golden sequences.

3. Golden diffeomorphisms

We will denote by S a clockwise oriented circle homeomorphic to the circle

S1 = R/(1+ γ)Z, where γ is the inverse of the golden number
(

1 +
√
5
)

/2.

We say that g : S → S is a golden homeomorphism if g is a quasi-symmetric

homeomorphism conjugated to the rigid rotation rγ : S1 → S
1, with rota-

tion number equal to γ.
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3.1. Golden train tracks

Let us mark a point in S that we will denote by 0 ∈ S from now on. Let

A =
[

g(0), g2(0)
]

be the oriented closed arc in S, with endpoints g(0) and

g2(0), containing the point 0, and let B =
[

g2(0), g(0)
]

be the oriented

closed arc in S, with endpoints g(0) and g2(0), not containing the point

0. We introduce an equivalence relation ∼ in S by identifying the points

g(0) and g2(0). We call the oriented topological space T (S, g) = S/ ∼ by

train track. We consider T = T (S, g) equipped with the quotient topology.

Let πg : S → T be the natural projection. We call the point πg(g(0)) =

πg(g
2(0)) ∈ T the junction of the train track T and w denote it by ξ. Let

AT = AT (S, g) ⊂ T be the projection by πg of the closed arc A, and let

BT = BT (S, g) ⊂ T be the projection by πg of the closed arc B.

3.2. Golden arc exchange systems

The C1+ golden diffeomorphism g : S → S determines three maximal diffeo-

morphisms, g(A,A), g(A,B) and g(B,A, on the train track, with the property

p
g
(g(0)) =p

g
(g2(0))

p
g
(0)

AT

T

BTI(B,A)

C

I(A,B)
Cp

g
(g 3

(0))

I(A,A)
C

AT

T

BT

I(A,B)

D

I(B,A)
D

I(A,A)
D

p
g
(g(0)) =p

g
(g2(0))

p
g

(g 3
(0))

p
g
(0)

g(A,B)

g(A,A)

g(B,A)

Fig. 1. The arc exchange maps for the train track T = T (g).

that the domain and the counterdomain of each diffeomorphism are either

contained in A or in B, in the way that we pass to describe. Let ID(A,A) be

the arc πg([0, g
2(0)]), let ID(A,B) be the arc πg([g(0), 0]), and let ID(B,A) be

the arc πg([g
2(0), g(0)]). Let IC(A,A) be the arc πg([g(0), g

3(0)]), let IC(A,B)

be the arc πg([g
2(0), g(0)]), and let IC(B,A) be the arc πg([g

3(0), g2(0)]). Let
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g(A,A) : I
D
(A,A) → IC(A,A) be the homeomorphism given by g(A,A)◦πg = πg◦g,

let g(A,B) : I
D
(A,B) → IC(A,B) be the homeomorphism given by g(A,B) ◦ πg =

πg ◦ g, and let g(B,A) : ID(B,A) → IC(B,A) be the homeomorphism given by

g(B,A) ◦ πg = πg ◦ g (see Fig. 1). We call these maps and their inverses by

arc exchange maps. The arc exchange system

E = E(g) =
{

g(A,A), g
−1
(A,A), g(A,B), g

−1
(A,B), g(B,A), g

−1
(B,A)

}

is the union of all arc exchange maps defined with respect to the train track

T (S, g).

Lemma 1 (1) If g is a C1+ golden diffeomorphism with respect to a

C1+ atlas A, then the arc exchange system E(g) is C1+ with respect

to the extended pushforward (πg)∗ A of the C1+ atlas A.

(2) If E is a C1+ arc exchange system with respect to a C1+ atlas A,

then the golden homeomorphism g(E) is C1+ with respect to the

pullback (πg)∗ A of the C1+ atlas A.

See proof in (Ref. 1).

3.3. Golden renormalization

The renormalization of the triple (g, S,A) is the triple (Rg,A,B|A) where
A = [g(0), g2(0)]/ ∼ is a topological circle, B|A is the restriction of the atlas

B to A, and Rg : A → A is the map given by

Rg(x) =

{

g(A,A)(x) if x ∈ ID(A,A)

g(B,A) ◦ g(A,B)(x) if x ∈ ID(A,B)

(1)

For simplicity, we will refer to the renormalization of the triple (g, S,A)

by renormalization of g, and we will denote it by Rg.

Let us consider the rigid rotation rγ : S1 → S1 with the atlas Aiso given

by the local isometries with respect to the natural metric in S1 induced

by the Euclidean metric in R. Then there is an isometry h : S1 → A with

respect to the atlas B|A in A and with respect to the atlas A in S1, uniquely

determined by h(0) = πrγ (0) ∈ A. Furthermore, the map h is a topological

(isometric) conjugacy between
(

rγ , S
1,A

)

and (Rrγ ,A,B|A).
Let G1+ be the set of all C1+ golden diffeomorphisms (g, S,A).

Lemma 2 The renormalization Rg of a C1+ golden diffeomorphism g is a

C1+ golden diffeomorphism, i.e. there is a well defined map R : G1+ → G1+

given by R(g) = Rg.



September 7, 2010 17:25 WSPC - Proceedings Trim Size: 9in x 6in 07

152

See the proof in (Ref. 1).

The marked point 0 ∈ S determines a marked point πg(0) in the circle A.

Since Rg is homeomorphic to a golden rigid rotation, there exists h : S → A,

with h(0) = πg(0), such that h conjugates g and Rg. When h is C1+ we

say that g is a fixed point of renormalization. We will denote by RG1+ the

set of all C1+ fixed points of renormalization.

4. Anosov diffeomorphisms

The (golden) Anosov automorphism GA : T → T is given by GA(x, y) =

(x+y, x), where T is equal to R2/(vZ×wZ) with v = (γ, 1) and w = (−1, γ).

Let π : R2 → T be the natural projection. Let A and B be the rectangles

[0, 1] × [0, 1] and [−γ, 0]× [0, γ] respectively. A Markov partition of GA is

given by π(A) and π(B). The unstable manifolds of GA are the projection

by π of the vertical lines of the plane, and the stable manifolds of GA

are the projection by π of the horizontal lines of the plane. A C1+ golden

Anosov diffeomorphism G : T → T is a C1+ diffeomorphism such that (i)

G is topologically conjugated to GA; (ii) the tangent bundle has a C1+α

hyperbolic splitting into a stable direction and an unstable direction. We

denote by CG the C1+ structure on T in which G is a diffeomorphism.

Theorem 1 There is a map G → g (EG) that determines a one-to-one

correspondence between C1+ conjugacy classes of Anosov diffeomorphisms,

with an invariant measure absolutely continuous with respect to the Lebesgue

measure, and C1+ golden diffeomorphisms that are fixed points of renormal-

ization.

See the proof in (Ref. 2).

In (Ref. 1), it is proved that the local holonomies determine C1+ golden

diffeomorphisms.

4.1. Golden tilings

Using the mean value theorem and the fact that G is C1+α, for some α >

0, for all short leaf segments h(K) and all leaf segments h(I) and h(J)

contained in it, the unstable realised ratio function rG given by

rG(I : J) = lim
n→∞

|G−n(h(I))|
|G−n(h(J))|

is well-defined. Let sol denote the set of all ordered pairs (I, J) of unstable

leaf segments spanning the Markov rectangles such that the intersection of
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I and J consists of a single endpoint. The ratio functions rG restricted to

the solenoid set sol, determine the solenoid functions rG|sol. By (Ref. 4),

we get the following equivalence:

Theorem 2 The map G → rG|sol determines a one-to-one correspondence

between C1+ conjugacy classes of Anosov diffeomorphisms with an invariant

measure that is absolutely continuous with respect to the Lebesgue measure

and stable ratio functions.

See the proof in (Ref. 4).

Let W be the unstable leaf with only one endpoint x, that it is the

fixed point x of G and passes through all the unstable holonomies of the

Markov rectangles π(A) and π(B). Let I2, I3, . . . ∈ W be the unstable

leaves with the following properties (see Fig. 2): (i) The boundaries ∂In of

In are contained in the stable boundaries of the Markov rectangles, and the

interiors int(In) of In do not intersect the stable boundaries of the Markov

rectangles, for every n > 2; (ii) In ∩ In+1 = {xn} is a common boundary

point of both In and In+1 for every n > 1. Let I1 ∈ W be the union of all

the unstable boundaries of the Markov rectangles. By construction, the set

L = {(In, In+1) , n > 2}

is contained in sol and it is dense in sol. For every golden sequence A =

(an)n>2 let sA : L → R
+ be defined by sA ((In, In+1)) = an.

Theorem 3 The map A → sA gives a one-to-one correspondence between

golden sequences and solenoid functions.

See the proof in (Ref. 1).

5. Conclusion

Putting together Theorem 1, Theorem 2 and Theorem 3 and since, by

Definition 1, there is a one-to-one correspondence between golden tilings

and golden sequences, we get that there is a one-to-one correspondence

between:

(i) golden tilings,

(ii) smooth conjugacy classes of golden diffeomorphism of the circle that

are fixed point of renormalization,
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(iii) smooth conjugacy classes of Anosov diffeomorphisms, with an invari-

ant measure absolutely continuous with respect to the Lebesgue mea-

sure, that are topologically conjugated to the Anosov automorphism

G(x, y) = (x+ y, x), and

(iv) solenoid functions.

.

A

B

B

as(n)+1

A

as(n)

A

f

matching
line

an

Fig. 2. The matching condition for the case (i).
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We consider stochastic difference equation

xn+1 = xn

(
1 − hf(xn) +

√
hg(xn)ξn+1

)
, n = 0, 1, . . . , x0 ∈ R,

where functions f and g are nonlinear and bounded, random variables ξi are

independent and h > 0 is a non-random parameter.

We establish results on asymptotic stability and instability of the trivial

solution xn ≡ 0. We also show, that when f and g have polynomial behavior

in zero neighborhood, the rate of decay of xn is approximately polynomial: we

find α > 0 such that xn decays faster than n−α+ε
but slower than n−α−ε

for

any ε > 0.

Keywords: Nonlinear stochastic difference equations, almost sure stability, de-

cay rates, martingale convergence theorem.
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1. Introduction

We investigate global stability and the rate of decay of solutions of the

difference equation

xn+1 = xn

(

1− hf(xn) +
√

hg(xn)ξn+1

)

, n = 0, 1, . . . , x0 ∈ R, (1)

where ξn+1 are independent random variables. The functions f and g are

nonlinear and are assumed to be bounded. The small parameter h > 0

usually arises as the step size in numerical schemes. Equation (1) may be

viewed as a stochastically perturbed version of a deterministic autonomous

difference equation, where the random perturbation is state-dependent. In

general, it does not have linear leading order spatial dependence close to the

equilibrium. As a consequence of the non-hyperbolicity of the equilibrium,

the convergence of solutions of (1) to its equilibrium zero cannot be expected

to take place at an exponentially fast rate.

In this note we analyze sufficient and necessary conditions for solutions

xn to converge to zero as n → ∞ (“stability”) and the rate at which

such convergence happens for different types of the nonlinearities f and

g. Our results should be compared to an earlier work [5] (see also [4])

in which similar differential equations had been analyzed. We also mention

here papers [2] and [6], where a.s. stability (and also instability) was proved

for nonhomogeneous stochastic difference equations.

One of the technical difficulties arising in the study of stability of

stochastic difference equations is dealing with unbounded noise. Many re-

sults have been only available for the case of bounded noises (e.g. [6]). Yet,

one of the most applicable scenarios, discretization of the white noise, in-

volves normally distributed (and thus unbounded) random variables. To

overcome this difficulty we apply a special discrete variant of the Itō for-

mula. The corresponding theorem (Theorem 3.1) is presented in Section 3.

In particular, it is instrumental in proving the instability result (Theo-

rem 4.2 in Section 4) in this paper and can also be used to prove instability

in several related models (e.g. in [7,8]).

Armed with Theorem 3.1, in Section 4 we present criteria for almost

sure asymptotic stability and instability of solutions to equation (1). In

Section 5 we concentrate on the decay rate of the solutions (assuming they

converge to 0). The principal result here is the comparison theorem which

provides implicit information on asymptotic behavior of solution xn via the
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limit

lim
n→∞

ln |xn|
∑n

i=1 S(xi)
,

where S(x) stands for either g2(x) or |f(x)|. In the special (but typical)

cases of polynomially decaying f and g, we extract explicit information

(see Corollary 5.1) on the decay rate of xn in the form of the limit

lim
n→∞

ln |xn|
ln n

= −λ < 0.

The above limit allows one to conclude that the decay rate of xn is of

polynomial type. More precisely, for any ε > 0, the following bound is valid

eventually as n→∞,

n−λ−ε ≤ |xn| ≤ n−λ+ε. (2)

More detailed analysis of the rate of decay of xn is given in [1]. In particular

it is shown that when f(x) is dominant, as x tends to 0, the convergence

of xn happens at an exact power-law rate, n−λ. If the noise term g(x)ξ is

significant, an exact rate result is impossible.

2. Auxiliary Definitions

In this section we give a number of necessary definitions and a lemma we

use to prove our results. A detailed exposition of the definitions and facts

of the theory of random processes can be found in, for example, [9].

Let (Ω,F , {Fn}n∈N, P) be a complete filtered probability space. Let

{ξn}n∈N be a sequence of independent random variables with Eξn = 0. We

assume that the filtration {Fn}n∈N is naturally generated: Fn+1 = σ{ξi+1 :

i = 0, 1, ..., n}.
Among all the sequences {Xn}n∈N of the random variables we distin-

guish those for which Xn are Fn-measurable ∀n ∈ N.

A stochastic sequence {Xn}n∈N is said to be an Fn-martingale, if

E|Xn| <∞ and E
[

Xn

∣

∣Fn−1

]

= Xn−1 for all n ∈ N a.s.

A stochastic sequence {ξn}n∈N is said to be an Fn-martingale-

difference, if E|ξn| <∞ and E
(

ξn

∣

∣Fn−1

)

= 0 a.s. for all n ∈ N.

We use the standard abbreviation “a.s.” for the wordings “almost sure”

or “almost surely” throughout the text.

If {Xn}n∈N is a martingale, in the form Xn =
∑n

i=1 ρi, then the

quadratic variation of X is the process 〈X〉 defined by

〈Xn〉 =
n

∑

i=1

E[ρ2
i |Fi−1].
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The following lemma is a variant of martingale convergence theorems

(see e.g. [9]) and is proved in [3].

Lemma 2.1. Let {Zn}n∈N be a non-negative Fn-measurable process,

E|Zn| <∞ ∀n ∈ N, and

Zn+1 ≤ Zn + un − vn + νn+1, n = 0, 1, 2, . . . ,

where {νn}n∈N is an Fn-martingale-difference, {un}n∈N, {vn}n∈N are

nonnegative Fn -measurable processes and E|un|,E|vn| <∞ ∀n ∈ N.

Then
{

ω :

∞
∑

n=1

un <∞
}

⊆
{

ω :

∞
∑

n=1

vn <∞
}

⋂

{Z →}.

Here by {Xn →} we denote the set of all ω ∈ Ω for which lim
n→∞

Xn(ω) exists

and is finite.

3. Discretized It¯ formula

We will make use of the notation o(·):

α(r) = o(β(r)) as r → r0 ⇔ lim
r→r0

α(r)

β(r)
= 0.

here r0 can be a real number or ±∞ and the argument r can be both

continuous and discrete.

Assumption 3.1. We will make the following assumptions about the noise

ξn:

(1) ξn are independent random variables satisfying

Eξn = 0, Eξ2
n = 1, E|ξn|3 are uniformly bounded,

(2) the probability density functions pn(ξ) exist and satisfy

x3pn(x)→ 0 as |x| → ∞ uniformly in n.

The following theorem can be thought of as a discretized relative of the

Itō formula.

Theorem 3.1. Consider ϕ : R → R such that there exists δ > 0 and

ϕ̃ : R→ R satisfying

(1) ϕ̃ ≡ ϕ on Uδ = [1− δ, 1 + δ],

(2) ϕ̃ ∈ C3(R) and |ϕ̃′′′(x)| ≤M for some M and all x ∈ R,
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(3)
∫

R
|ϕ− ϕ̃|dx <∞.

Let f and g be F-measurable bounded random variables; ξ be an F-

independent random variable satisfying Assumption 3.1. Then

E
[

ϕ
(

1 + fh + g
√

hξ
)∣

∣

∣
F

]

= ϕ(1)+ϕ′(1)fh+
ϕ′′(1)

2
g2h+hfo(1)+hg2o(1),

(3)

where the error terms o(1) satisfy

(1) if |f |, |g| < K then o(1)→ 0 as h→ 0, uniformly in f and g,

(2) if h < H then o(1)→ 0 as f → 0 and g → 0 uniformly in h.

To prove Theorem 3.1 we derive formula (3) for E [ϕ̃] and show that

E [ϕ− ϕ̃] = hg2o(1).

4. Stability and instability

We consider equation

xn+1 = xn

(

1− hf(xn) +
√

hg(xn)ξn+1

)

, n = 0, 1, . . . , (4)

with nonrandom initial value x0 ∈ R, and independent random variables

ξn satisfying Eξn = 0, Eξ2
n = 1 for all n ∈ N. The functions g, f : R → R

are nonrandom, continuous and bounded:

|g(u)|, |f(u)| ≤ 1 ∀u ∈ R. (5)

We formulate two theorems about stability and instability of solution to

equation (4). Their proofs are based on Theorem 3.1 and Lemma 2.1.

Theorem 4.1. Let functions f and g be bounded and ξn satisfy Assump-

tion 3.1. Let also

sup
u∈R\∅

{

2f(u)

g2(u)

}

= β < 1. (6)

If h is small enough then limn→∞ xn(ω) = 0 a.s. where xn is a solution to

equation (4).

Remark 4.1. If g(u) = 0 for some u 6= 0, we consider (6) fulfilled iff

f(u) < 0. Thus we impose no restrictions on g(u) when f(u) < 0 for all

nonzero u.

To prove Theorem 4.1 we fix some α > 0 and define φα(y) = |y|α, Φn =

E
[

φα

(

1 + hf(xn) +
√

hg(xn)ξn+1

)

]

− 1. Using Theorem 3.1 we show that

Φn ≤ 1
2αhg2(xn) (β + α− 1 + o(1)) and then apply Lemma 2.1.
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It turns out that condition (6) is close to being necessary for stabil-

ity. For the same equation we now ask the opposite question: under what

conditions on f and g solutions of (4) do not tend to zero.

Theorem 4.2. Let f and g be bounded and ξn satisfy Assumption 3.1. Let

also

f(u) > 0 and g(u) 6= 0 when u 6= 0

and

lim inf
u→0

{

2f(u)

g2(u)

}

> 1. (7)

If xn is a solution to equation (4) with an initial value x0 ∈ R and h is

small enough then P {limn→∞ xn(ω) = 0} = 0.

To prove Theorem 4.2 we fix α < 1 and define Ω1 = {ω : lim xn(ω) = 0},

Φi = E

[

∣

∣

∣
1 + hf(xi) +

√
hg(xi)ξi+1

∣

∣

∣

−α
∣

∣

∣

∣

Fi

]

.

We show that Φn < 1 on Ω1 for big enough n which leads to a contradiction:

xn > 0 on Ω1. Thus PΩ1 = 0.

5. Decay Rate

5.1. A comparison theorem

Theorem 5.1. Suppose that f and g are bounded with f(0) = g(0) = 0

and the random variables ξn satisfy Assumption 3.1. Assume, further, that

xn → 0 a.s., where xn is a solution of (4).

a) If

lim
u→0

2f(u)

g2(u)
= L, L ∈ R, (8)

then, a.s.,

lim
n→∞

2 ln |xn|
∑n

i=1 g2(xi)
= h(L− 1). (9)

b) If f(u) ≤ 0 in a neighborhood of u = 0 and

lim
u→0

|f(u)|
g(u)2

=∞, (10)

then, a.s.,

lim
n→∞

2 ln |xn|
∑n

i=1 |f(xi)|
= −h.
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Remark 5.1. If the initial value x0 is non-zero and the distributions of ξn

are non-atomic, then xn is a.s. non-zero for any n.

Remark 5.2. Theorem 4.2 imposes restrictions on possible values of L. To

have convergent xn we must have L ≤ 1/2. Then, in equation (9), −h+2Lh

is non-positive which one would expect with xn → 0.

5.2. Rate of decay of ln |xn|

Theorem 5.1 provides some information on the decay of solutions xn to

zero, but does it in a rather implicit way. We will now show how one can

extract an explicit estimate on the decay of ln |xn| as a function of n.

Consider the following example. Let it be given that xn → 0 a.s. as

n→∞ (see Theorem 4.1 for a set of sufficient conditions) and let condition

(8) be satisfied. Assume that the function g(u) behaves like a power of u

around zero,

lim
u→0

g2(u)

uµg

= const.

Then, using the following lemma we can conclude that

lim
n→∞

ln |xn|
ln

(

n−1/µg

) = 1.

Lemma 5.1. Let λ > 0 and xn be a positive sequence satisfying

lim
n→∞

xn = 0 and lim
n→∞

ln xn
∑n

i=1 xλ
i

= −b < 0. (11)

Then

lim
n→∞

ln xn

ln n
= −1/λ.

Next we formulate a corollary which extends and formalizes the discussion

at the start of the present section.

Corollary 5.1. Suppose that f and g are bounded with f(0) = g(0) = 0

and the random variables ξn satisfy Assumption 3.1. Assume, further, that

xn → 0 a.s., where xn is a solution of (4). If one of the following conditions

is fulfilled,

a)

lim
u→0

f(u)

|u|λ = c < 0, lim
u→0

f(u)

g(u)2
= −∞, (12)

or
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b)

lim
u→0

g2(u)

|u|λ = c > 0, lim
u→0

f(u)

g(u)2
= L <

1

2
,

then, a.s.,

lim
n→∞

ln |xn|
ln n

= − 1

λ
.

We would also like to mention that Lemma 5.1 can be extended to

include other forms of the functions f(u) and g2(u) around the origin.
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1. Introduction

The goal of this paper is to construct discrete–time models of solutions of

the stochastic differential equation

dX(t) = f(X(t)) dt+ g(X(t)) dB(t), t > 0, (1a)

X(0) = ψ ∈ R
+. (1b)

that reliably reflect the occurrence of a finite-time explosion. We require

that f, g ∈ C(R; R) be locally Lipschitz continuous functions. Protter1 then

guarantees the existence of a unique strong solution up to an explosion time

τψe , where the solution grows without bound when approaching τψe . If τψe is

finite with probability one, then we say that an explosion has occurred a.s.

(almost surely).

The simplest possible discretisation of (1) is an Euler-Maruyama ap-

proximation (see, for example Kloeden & Platen2) over a uniform mesh of

step length h > 0:

Xn+1 = Xn + hf(Xn) +
√
hg(Xn)ξn+1, t > 0, X0 = ψ. (2)

Here, {ξn}n≥0 is a sequence of independent N(0, 1) random variables. How-

ever it is easy to see that that solutions of (2) cannot achieve an infinite

value in a finite number of time steps. An alternative discretisation must
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be applied in order to yield a discrete process that can mimic a finite-time

explosion.

This question is addressed in Dávila et al.3 There, the authors apply

Euler-Maruyama over a state-dependent, and therefore random, mesh. It is

seen that, in circumstances where solutions of (1) explode a.s., the state-

dependent meshpoints converge to a random finite value. Therefore, even

though solutions of the discrete process will remain finite after any finite

number of time steps, the convergence of the mesh can be interpreted as an

a.s. explosion in discrete time. The authors also examine various notions of

convergence of the numerical method as the overall density of mesh points

increases. Additionally they show that, under certain circumstances, the

growth rate of solutions of (1) in the neighbourhood of the explosion time

can be reproduced by the discrete approximation.

In this paper, we attempt to develop this analysis in two directions.

First, our analysis should yield a test for explosion. This requires that, not

only should the discrete process mimic an a.s. explosion in the solutions of

(1), but it should also mimic the absence of such explosions. Second, our

analysis should apply over a wider range of coefficients f and g. However,

we do not restrict ourselves to Euler-type numerical discretisations - we

seek to construct a discrete model for explosion, rather than developing a

numerical method.

In Section 2, we outline the problem in further detail. In Section 3 we

describe the method of discretisation used in the paper, and define the

general form of a state-dependent mesh. In Section 4 we present our main

results. Finally, in Section 5 we draw conclusions and outline the future

development of the work.

2. Statement of the Problem

Let (Ω,F , (F(t))t≥0,P) be a complete probability space with a filtration

(F(t))t≥0 satisfying the usual conditions (increasing and right continuous

while F(0) contains all P-null sets). Let B = (B(t))t≥0 be a scalar Brownian

motion defined on the probability space. Since we will consider equations

with deterministic initial conditions, we set F(t) = FB(t), where FB(t) =

σ(B(s) : 0 ≤ s ≤ t).
Let f, g ∈ C([0,∞); R) be locally Lipschitz continuous on [0,∞) and

satisfy

f(x) > 0, x > 0; f(0) = 0; g2(x) > 0, x > 0; g(0) = 0. (3)

This guarantees the existence of a unique continuous positive F–adapted
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process X satisfying

X(t∧ τk, ψ) = ψ+

∫ t∧τk

0

f(X(s)) ds+

∫ t∧τk

0

g(X(s)) dB(s), t ≥ 0, a.s.,

for each k ∈ N, where τk = inf{t > 0 : X(t, ψ) = k}. The explosion time is

defined to be

τψe = lim
k→∞

τk = inf{t > 0 : lim
s↑t

X(s, ψ) =∞}. (4)

We generally choose to suppress the dependence of the solution of (1) on

the initial function by writing the solution at time t as X(t).

Definition 2.1. Solutions of (1) are said to undergo an a.s. finite time

explosion if τψe <∞ a.s.

In the following theorem, we classify the solutions of (1) according to Defi-

nition 2.1 across a parameter range which describes the relative asymptotic

properties of f and g.

Theorem 2.1. Suppose that (3) holds, and that there exists L ∈ (0,∞]

such that

L := lim
x→∞

xf(x)

g2(x)
. (5)

Then solutions of (1) can be classified in L as follows:

(i) If L ∈ (0, 1/2) then τψe =∞ a.s.

(ii) If L ∈ (1/2,∞] then lim
t↑τ

ψ

e

X(t, ψ) =∞, a.s., and additionally,

(a) if ∫
∞

ψ

1

f(x)
dx <∞, (6)

then τψe <∞ a.s.,

(b) if ∫
∞

ψ

1

f(x)
dx =∞, (7)

then τψe =∞ a.s.

Proof. The first two statements follow from an analysis of a scale function

of X by use of e.g., Proposition 5.5.22 in Karatzas and Shreve.4 The results

in parts (a) and (b) follow from Feller’s test (see e.g., Theorem 5.5.29 and

Proposition 5.5.32 in Karatzas & Shreve.4
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Our goal in this paper is to construct a discrete process that captures this

behaviour in the parameter L.

3. Method of Discretisation

We start out by defining the general form of a discretisation on a random

mesh. Suppose that {ξn}n≥0 is a sequence of i.i.d random variables, with

zero mean and unit variance. Since we are now operating in discrete time,

we define a discrete-time filtration {Fn}n≥0 associated with the sequence

{ξn}n≥0, where Fn = σ{ξj : 0 ≤ j ≤ n}.

3.1. Defining the mesh

Define a sequence of Fn-measurable random variables {h(n)}n≥0. We define

the general form of a state-dependent, and therefore random, mesh to be

M = {tn : n ∈ N}, where t0 = 0 and

tn =

n−1∑
j=0

h(j), n ≥ 1. (8)

Thus each tn is Fn−1–measurable, and h(n−1) = tn−tn−1 is the step length

of the n-th interval [tn−1, tn]. The precise form of the mesh is specified by

defining the sequence {h(n)}n≥0.

3.2. Defining the discrete-time model

For an appropriate choice of {ξn}n≥0, the equation

Xn+1 = Xn + h(n)f(Xn) +
√
h(n)g(Xn)ξn+1, n ≥ 0, (9a)

X0 = ψ > 0, (9b)

can be considered a discretisation of (1) overM. For example, setting t0 = 0

and tn+1 = tn + h for n ≥ 1, and choosing {ξn} to be a sequence of i.i.d.

N(0, 1) random variables yields the usual Euler-Maruyama discretisation

of (1). However, we do not restrict ourselves to the Euler class of discretisa-

tions. For any meshM and random sequence {ξn}, we view each Xn as an

approximation, to a greater or lesser extent, of X(tn), the solution of (1) at

time tn. We judge the quality of the approximation according to whether

or not the incidence of explosion and non-explosion in solutions of (1) is

captured in the solutions of (9).
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3.3. Discrete-time explosions

Definition 3.1. We say that (9) exhibits an almost sure explosion on the

meshM if

lim
n→∞

Xn =∞, a.s., and lim
n→∞

tn <∞, a.s. (10)

The random variable T := limn→∞ tn is called the positive a.s. discrete

explosion time, and satisfies

T =

∞∑
n=0

h(n). (11)

3.4. Prior analysis in the literature

The following result can be found in Dávila et al.3 The authors apply an

Euler-Maruyama discretisation to solutions of (1) over the meshM defined

in Subsection 3.1, where they specify, for any h > 0,

h(n) =
h

f(Xn)
. (12)

Theorem 3.1. Let f be a positive, nondecreasing function. Assume that

there exists k1, k2 > 0 such that

k1 ≤ g(x)2 ≤ k2f(x), for all x > 0, (13)

and ∫
∞

0

1

f(s)
ds <∞. (14)

Then the discretisation (9), where {ξn}n≥0 is a sequence of independent

N(0, 1) random variables, exhibits an a.s. discrete finite-time explosion on

the mesh M.

Remark 3.1. Note that (13) implies that L = ∞. Therefore by (14), all

solutions of (1) undergo a finite-time explosion. However, Dávila et al3 do

not address the behaviour of (9) when∫
∞

0

1

f(s)
ds =∞,

a condition which guarantees that the solutions of (1) do not explode, nor

is the parameter range 0 < L < ∞ considered. Finally, we remark that

condition L =∞ allows the diffusion term to grow more rapidly as x→∞
for a given f than (13).
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By addressing some of these questions, we seek to develop a more general

theory that excludes the possibility of false positives and which applies over

a wider range of values of L.

4. Main Results

Throughout what follows we will assume that

f : x 7→ f(x) and f̃ : x 7→ f(x)

x
are non–decreasing functions on (0,∞),

(15)

and

there exists κ > 0 such that ξn > −κ for all n ∈ N, a.s. (16)

We present two main theorems, but prove only the second, as the proofs are

quite similar. In the first, we address the case where L =∞. This represents

an improvement over Theorem 3.1 in that the discrete explosion time of

the discrete process will be finite if and only if the explosion time of the

solutions of (1) are finite. However, we do not apply an Euler-Maruyama

discretisation, since we must impose the condition (16) on the sequence

{ξn}n≥0.

We specify our first new mesh M following the template described

in Subsection 3.1 by defining for a deterministic C > 0 the Fn–adapted

sequence

h(n) = C
Xn

f(Xn)
. (17)

It transpires that for appropriate C, Xn > 0 for all n ∈ N a.s., so h(n) > 0

for all n ∈ N, a.s.

Theorem 4.1. Suppose f , g are locally Lipschitz continuous on [0,∞),

obey (3), and that (5) holds with L = ∞. Suppose that f obeys (15), and

that the i.i.d. sequence {ξ(n)}n≥0 obeys (16).

(i) If f obeys (6), then there is a deterministic C > 0 such that the solution

of (9), evolving on the mesh M given by (17), exhibit an a.s. positive

explosion at the a.s. discrete explosion time T defined by (11).

(ii) If f obeys (7), then there is a deterministic C > 0 such that the solution

of (9), evolving on the mesh M given by (17) obeys limn→∞Xn =∞,

a.s., and

T = lim
n→∞

tn =∞, a.s.



September 8, 2010 8:58 WSPC - Proceedings Trim Size: 9in x 6in 09

169

In the second of our main theorems, we address the case where L <∞.

We specify our second new mesh M following the template described

in Subsection 3.1 by defining, for an appropriate deterministic C > 0

h(n) = C

(
g(Xn)

f(Xn)

)2

. (18)

Theorem 4.2. Suppose f , g are locally Lipschitz continuous on [0,∞),

obey (3), and that there exists L ∈ (0,∞) such that (5) holds. Suppose that

f obeys (15), and that the i.i.d. sequence {ξn}n≥0 obeys (16).

(i) If f obeys (6), then there is a deterministic C > 0 such that the solution

of (9), evolving on the meshM given by (18), exhibits an a.s. positive

explosion at the a.s. discrete explosion time T defined by (11).

(ii) If f obeys (7), then there is a deterministic C > 0 such that the solution

of (9), evolving on the meshM given by (18) obeys limn→∞Xn =∞,

a.s., and

T = lim
n→∞

tn =∞, a.s.

Remark 4.1. Theorem 4.2 incorrectly predicts an explosion in the solution

of (1) in the case when L ∈ (0, 1/2).

The proof of Theorem 4.2 requires the following lemma.

Lemma 4.1. Let {xn}n≥0 be a positive sequence. Suppose f satisfies the

conditions of (3) and (15), and that there exist α1, α2 ∈ (1,∞) and N > 0

such that αn1 ≤ xn ≤ αn2 , n ≥ N .

(i) If f obeys (6), then
∑

∞

j=1 xj/f(xj) < +∞.

(ii) If f obeys (7), then
∑

∞

j=1 xj/f(xj) =∞.

Proof. If αn1 ≤ xn ≤ αn2 , n ≥ N by then (15) for any M > N we have

M∑
j=N

αj2
f(αj2)

≤
M∑
j=N

xn
f(xn)

≤
M∑
j=N

αj1
f(αj1)

. (19)

As f is non–decreasing, 1/f(x) ≥ 1/f(αj+1
1 ) for x ∈ [αj1, α

j+1
1 ] and so

∫ α
j+1
1

α
j

1

1

f(x)
dx ≥ (αj+1

1 − αj1)
1

f(αj+1
1 )

= (1− 1/α1)
αj+1

1

f(αj+1
1 )

.

In the case when f obeys (6), we have

(1− 1/α1)

∞∑
j=0

αj+1
1

f(αj+1
1 )

≤
∞∑
j=0

∫ α
j+1
1

α
j

1

1

f(x)
dx =

∫
∞

1

1

f(x)
dx <∞.
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Therefore by (19) we have

M∑
j=0

xn
f(xn)

=
N−1∑
j=0

xn
f(xn)

+
M∑
j=N

xn
f(xn)

≤
N−1∑
j=0

xn
f(xn)

+
∞∑
j=0

αj1

f(αj1)
,

which is finite and independent of M , proving part (i). The proof of part

(ii) is similar, and hence omitted.

Proof of Theorem 4.2. Let C > κ2 in (16). First, we show that

limn→∞Xn = ∞ a.s. By assumption, X0 is F0-measurable and positive.

Suppose Xn is Fn-measurable and positive. Then h(n) defined by (18) is

also Fn-measurable and the relation

Xn+1 = Xn(1 +
√
Cλ(Xn)[

√
C + ξn+1]) (20)

holds, where the function λ defined by

λ(x) =
g2(x)

xf(x)
, x ∈ R

+, (21)

is in C(R+; R+), by the continuity of f and g and (3). Since C > κ2, by

(16),
√
C + ξn+1 > 0, and therefore Xn+1 > 0 and is Fn+1-measurable. By

induction, this holds for all n ∈ N. Additionally we see that Xn+1 ≥ Xn,

n ∈ N. Therefore, limn→∞Xn exists, and is a positive, possibly infinite,

random variable. Assume that the event A = {ω : limn→∞Xn(ω) <∞}
has nonzero probability. By (20), for almost all ω ∈ A,

lim
n→∞

ξn+1 = lim
n→∞

1√
Cλ(Xn)

(
Xn+1

Xn

− 1

)
−
√
C = −

√
C.

This implies that C ≤ κ2, which contradicts (16). Therefore we must con-

clude that

lim
n→∞

Xn =∞, a.s. (22)

Next, we look at the behaviour of the discrete explosion time T , and deter-

mine the circumstances under which it is finite or infinite. Note that (22),

(21) and (5) imply that limn→∞ λ(Xn) = 1/L > 0, a.s. Therefore, for every

ω ∈ Ω, there is N1(ω) such that λ(Xn) ≥ (2L)−1. By (16), (20), and since

each Xn is positive, we have

Xn+1 ≥ Xn

(
1 +

C

2L
+

√
C

2L
ξn+1

)
, n ≥ N1(ω).
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Next define each term in a sequence of independent random variables

{νn}n≥0 by

νn := log

(
1 +

√
C

2L
(
√
C + ξn)

)
≥ log

(
1 +

√
C

2L
(
√
C − κ)

)
=: ν+,

and ν+ > 0. For n ≥ N1(ω) we have

logXn+1 ≥ logXN1(ω) −
N1(ω)−1∑
j=0

νj+1 +
n∑
j=0

νj+1.

By the Strong Law of Large Numbers it follows that limn→∞

1
n

∑n−1
j=0 νj =

ν∗ a.s., where ν∗ = E[log
(
1 +
√
C(2L)−1[

√
C + ζ]

)
], and ζ is a random

variable with zero mean and unit variance satisfying (16). Thus ν∗ ≥ ν+ > 0

and

lim inf
n→∞

1

n
logXn+1 ≥ ν∗ > 0, a.s.

A similar argument shows that there exists µ∗ ≥ ν∗ > 0 such that

lim sup
n→∞

1

n
logXn+1 ≤ µ∗, a.s.

So, for any 0 < ν1 < ν∗ and µ1 > µ∗, there is an a.s. finite random variable

N such that

eν1n ≤ Xn ≤ eµ1n, n ≥ N, a.s. (23)

Now, applying Lemma 4.1, and using the facts that h(n) = Cλ(Xn) · Xn
f(Xn) ,

and limn→∞ λ(Xn) = 1/L ∈ (0,∞) a.s., the remainder of the proof follows.

5. Conclusions and Further Work

We have seen that over the range L ∈ (1/2,∞], it is possible to con-

struct discrete processes that mimic the phenomena of explosion and

non-explosion in the solutions of (1), by choosing an appropriate state-

dependent mesh. This process is not an Euler-Maruyama discretisation as

we must truncate the left tail of the distribution of the perturbing random

variables, as described in (16).

It seems likely that this restriction results in the occurrence of spurious

discrete finite-time explosions solutions of (9) in the range L ∈ (0, 1/2),

as this skews the stochastic perturbation in such a way that growth is

encouraged. In the future we hope to develop techniques that do not require
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the restriction on the distribution of the perturbing random variable. The

application of a logarithmic transformation to the solutions of (1) prior to

discretisation looks promising. This may allow us to develop models that

correctly reflect not only the occurrence of explosion and nonexplosion in

the parameter region L ∈ (0, 1/2), but also mimic the associated asymptotic

growth rates of solutions in both explosive and non–explosive cases.
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We associate to cellular automata elementary rules a class of interval maps

defined in [0,1]. The considered configuration space is the space of the one-sided

sequences in the set {0,1} and with the appropriate choice of the update

procedure the interval maps do not depend on the boundary conditions. We

study the rule 184 and obtain a family of transition matrices that characterizes

the dynamics of the cellular automaton. We show that these matrices can be

obtained recursively by an algorithm that depends on the local rule.

1. Introduction and preliminaries

In our work we deal with cellular automata, interval maps and subshifts of

finite type. We associate to an elementary cellular automata rule an interval

map, as in Wolfram,7 and we show that this interval map is characterized

by a functional equation. The considered configuration space is the space

of the one-sided sequences in the set {0, 1} and with the appropriate

choice of the update procedure the interval maps do not depend on the

boundary conditions, obtaining different results from those in a previous

work, Bandeira et. al.
1 Next, we define a family of partitions of the interval

[0, 1] and in each partition the effect of the interval map is codified by

a transition matrix. Naturally, the structure of the transition matrices

is directly related with the elementary cellular automaton rule. Each

transition matrix determine a subshift of finite type which approximately

describe the behavior of the interval map. In this work we study the interval

map that arises in this way from the cellular automata elementary rule 184.

The rule 184, is a particular case of the Fukui-Ishibashi model which consist

in a family of cellular automata traffic rules. It has been studied in several

contexts, see for example Boccara et. al.
2 and Fuks.3

∗
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Let ϕ be defined by ϕ : {0, 1}N → [0, 1], ϕ (ξ) :=
∑

∞

k=1 ξk2−k,

ξ ∈ {0, 1}N. Every point x in the unit interval [0, 1] is an image under ϕ,

that is, x = ϕ (ξ) =
∑

∞

k=1 ξk2−k, where ξ = (ξk)k∈N
∈ {0, 1}N corresponds

to the binary expansion of x. Note that this is expansion may not be

unique. In fact, the sequences of the type ξ1ξ1...ξk01∞ and ξ1ξ1...ξk10∞

give origin under ϕ to the same real number. Since we are interested in

dealing with all binary sequences we consider the lateral limits of every

point x ∈ [0, 1], denoted by x− and x+. Therefore, ϕ (ξ1ξ2...ξk01∞) = x−

and ϕ (ξ1ξ2...ξk10∞) = x+ with x =
∑

∞

k=1 ξk2−k. This expansion is related

to the piecewise linear interval map

b (x) =

{
2x if x ∈ [0, 1/2]

2x− 1 if x ∈ [1/2, 1] ,

since ξk = 0 if bk−1 (x) ∈ [0, 1/2] and ξk = 1 if bk−1 (x) ∈ [1/2, 1], where

bk(x) = b(bk−1(x)). Particularly, the map b, acting in [0, 1], induces the

usually called shift map on {0, 1}N given by σ(ξk)k∈N := (ξk+1)k∈N. For

convenience we assume that b is multivalued at x = 1/2. Nevertheless no

problem arises since we have to consider the lateral limits of 1/2 in order to

deal with the two different expansions associated with 1/2. For these lateral

limits, the image under b is well defined, in fact, b (1/2−) = 2 (1/2−) = 1− =

1 and b (1/2+) = 2 (1/2+) = 0+ = 0. This, in turn, is in agreement with our

assumption on ϕ applied to the boundary of I = [0, 1], ϕ (1∞) = 1− = 1 ∈ I

and ϕ (0∞) = 0+ = 0 ∈ I .

Let I0 and I1 be the intervals [0, 1/2] and [1/2, 1] respectively. Denote the

inverse branches of b by b−1
0 : I → I0 with b−1

0 (x) = x/2 and b−1
1 : I → I1

with b−1
1 (x) = x/2 + 1/2. Observe that b ◦ b−1

0 (x) = id(x) and b ◦ b−1
1 (x) =

id(x). We denote by Iξ the set of points with binary expansion having the

block ξ as a prefix, i.e., Iξ = {x ∈ [0, 1] : x = ξ12
−1 + ... + ξk2−k + ...}.

The set Iξ is an interval for every ξ ∈ Ek, for some k ∈ N, and is given by

b−1
ξ1
◦ b−1

ξ2
... ◦ b−1

ξk

([0, 1]).

More generally, consider the pair (EN, σ), where E = {1, ..., n}. EN is

the space of one-sided sequences in E , and σ is the usual shift map in

EN, σ : EN → EN, σ (ξ1ξ2...) = (ξ2ξ3...). The set EN is a compact totally

disconnected topological space and the shift map is a continuous, onto

n-to-one map, see Kitchens.4 A block is a finite sequence of symbols from

EN. The length of a block u is the number of symbols it contains and is

denoted by |u|. We denote the block, in ξ = (ξi)i∈N, indexed by the integer

interval [i, j] by ξ[i,j] := ξiξi+1...ξj , with i ≤ j

Let A = (aij) be a n × n {0, 1}-matrix, usually called a transition
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matrix. A subshift of finite type ΛA is a subset of EN, invariant for the shift

map, defined by ΛA = {(ξi)i∈N
∈ EN : aξiξi+1 = 1, i ∈ N}. The set ΛA

is a compact, totally disconnected topological space and the shift map is

a continuous, onto map, see Kitchens.4 Denoted by Λn
A is the collection

of blocks of size n in ΛA. Consider a map φ : Λn
A → E which we call a

local block map. Then a block map of type (nL, nR), with nL < nR, and

nL, nR ∈ Z, associated to the local map φ is a map verifying

Φ : ΛA → ΛA

Φ (ξ)i := φ
(
ξ[i+nL,i+nR]

)

When nL < 0, in the context of one-sided subshifts, it is necessary to

specify boundary conditions in order to the map Φ be well defined. More

precisely to compute Φ (ξ)1, Φ (ξ)2,..., Φ (ξ)
|nL|

it is necessary to specify

ξnL−1, ..., ξ−1, ξ0.

A one-dimensional cellular automaton can be defined as a continuous,

shift commuting, map from a subshift of finite type to itself. It can be

proven that every map satisfying such conditions is a block map, see for

example Kitchens4 or Marcus et. al.
6

Consider the subshift of finite type ΛA, characterized by a transition

matrix A. Suppose that we choose an interval map τ , in [0, 1], that realizes

the subshift ΛA, i.e., there is a map ϕ : ΛA → [0, 1] so that τ ◦ ϕ = ϕ ◦ σ.

Naturally, the properties of τ will depend on the properties of ϕ. Namely,

if ϕ is a homeomorphism then the pair (ϕ(ΛA), τ) will be topologically

conjugated to (ΛA, σ), see Kitchens4 or Marcus et. al.
6

Suppose that for the subshift ΛA, and for the map ϕ : ΛA → [0, 1], is

given a block map Φ of type (nL, nR), with local block map φ, and fixed

boundary conditions. Then we can find an interval map g depending on the

block map and on the boundary conditions chosen, such that the associated

cellular automaton is realized, that is g ◦ ϕ = ϕ ◦ Φ. Similarly to the shift

map, σ, and its realization on the interval, τ , some properties of the interval

map g depend on the properties of ϕ.

2. Functional relations for g arising from rule 184

Let E = {0, 1}. The rule 184, of type (0, 2), is given by the following local

block map

f (000) = 0, f (001) = 0, f (010) = 0, f (011) = 1

f (100) = 1, f (101) = 1, f (110) = 0, f (111) = 1
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Since we are considering the rule of type (0, 2) we have a unique global

block map associated to this automata rule F : EN → EN, with F (ξ)i =

f
(
ξ[i,i+2]

)
and F (ξ)0 = f (ξ0ξ1ξ2). As it was explained in the introduction

the interval map g associated to the global block map F will be defined in

a way that g ◦ ϕ = ϕ ◦ F , where ϕ was introduce in the previous section.

In Figure 1 we show the graph of the interval map g.

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

Fig. 1. Graph of the map g(x).

Note that g can be given explicitly by

g (x) =
∞∑

k=1

f (ξkξk+1ξk+2) 2−k.

Lemma 2.1. The interval map g satisfy the following general functional

equation

2g (x) = g (b (x)) + f (ξ1ξ2ξ3) , with x ∈ Iξ1ξ2ξ3 .

Proof. Let x =
∞∑

k=1

ξk2−k. Then g (x) =
∞∑

k=1

f (ξkξk+1ξk+2) 2−k. On the

other hand b (x) =
∞∑

k=1

ξk+12
−k. Then g (b (x)) =

∞∑
k=2

f (ξkξk+1ξk+2) 2−k+1.
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The expression
∞∑

k=3

f (ξkξk+1ξk+2) 2−k+1 will be equal to g (b (x)) −

f (ξ2ξ3ξ4) 2−1, and equal to 2
(
g (x)− f (ξ1ξ2ξ3) 2−1 − f (ξ2ξ3ξ4) 2−2

)
.

Then we get

g (b (x))− f (ξ2ξ3ξ4) 2−1 = 2
(
g (x)− f (ξ1ξ2ξ3) 2−1 − f (ξ2ξ3ξ4) 2−2

)

which is equivalent to 2g (x) = g (b (x)) + f (ξ1ξ2ξ3).

Proposition 2.1. The interval map g satisfies the following functional

relation:

2g (x) =





g (2x) if x ε I00, I010

g (2x) + 1 if x ε I011

g (2x− 1) if x ε I110

g (2x− 1) + 1 if x ε I10, I111

.

Proof. Let x =
∞∑

k=1

ξk2−k. Suppose x ε I00, then ξ1ξ2 = 00. Following the

result in the Lemma 2.1, and recalling that b (x) = 2x for x ε I00, we get

2g (x) = g (2x) + f (00ξ3) .

As f (00ξ3) = 0, we get 2g (x) = g (2x) for x ε I00. The other cases x ε I010,

x ε I011, x ε I110, x ε I10 and x ε I111 are analyzed in a similar way, noting

that b(x) = 2x− 1 for x ∈ I1.

3. Transition matrices

When we consider a piecewise monotone interval map τ : I → I such that

the orbits of the singular points (critical or discontinuity points) under τ

are finite then it is possible to give a Markov partition P = {I1, ..., In} of

I and a transition matrix A associated to τ in the following way

Aij =

{
1 if τ(Ii) ⊃ Ij

0 otherwise.

The Markov partition is determined by the union of the orbits of the

singular points. This procedure is given, for example, in the case of the

bimodal interval maps in Lampreia et. al.
5 Thus, there is a subshift of

finite type (ΛA, σ) associated to (I, τ) which is codified by the matrix A,

and some properties of the dynamical system (I, τ) can be studied with the

help of (ΛA, σ). For example the topological entropy of (I, τ) is given by

log λA where λA is the spectral radius of A.
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In a similar way, we will associate to the map g certain transition

matrices. Since g has an infinite number of discontinuity points we cannot

build a unique finite transition matrix. However, we will show that it

is possible to define a family of partitions of the interval [0, 1], and in

each partition the map g induces a transition matrix. Each matrix is

a coarse-grained approximation to the infinite matrix which codifies the

transition of an infinite configuration ξ ∈ EN to its image F (ξ) ∈ EN, under

the global block map F .

Let us define the family of partitions of the interval [0, 1], given by

P1 = {I0, I1}, and Pk = {Iξ : ξ ∈ Ek}, where Iξ are the intervals introduced

in the section 2. Note that each Pk+1 is a refinement of Pk . We will also use

the following notation for the intervals on the partition Pk. The interval

denoted by I(n), where n = 0, ..., 2k − 1, is equal to the interval Iξ with the

block ξ being the binary expansion of n.

The map g acting on the partition Pk induce a transition matrix denoted

by Ak , with k ∈ N, and defined as follows

(Ak)ij =

{
1 if g

(
I(i)

)
∩ I(j) 6= ∅

0 otherwise,
with i, j = 0, 1, ..., 2k − 1.

Recall that the interval Iξ is the set of all numbers in [0, 1] with the

binary expansion having the block ξ = ξ1...ξm as prefix.

We will show that the matrices Ak have a natural block structure and

that this block can be obtained from a recursive algorithm. For k = 2 we

have

A2 =




1 1 0 0

0 1 1 1

0 0 1 1

0 1 1 1


 .

In fact, for I00 we have

g (I00) ⊂ ∪
ξ3,ξ4=0,1

If(00ξ3)f(0ξ3ξ4).

By the rule 184, f(00ξ3) = 0. If ξ3 = 0 then f(0ξ3ξ4) = f(00ξ4) = 0. If

ξ3 = 1 and ξ4 = 0 then f(0ξ3ξ4) = f(010) = 0 or if ξ3 = 1 and ξ4 = 1 then

f(0ξ3ξ4) = f(011) = 1. We obtain

g (I00) ⊂ I00 ∪ I01,

thus there are no transitions from I00 to I10 and I11.

For I01, I10, and I11 we obtain with the same reasoning

g (I01) ⊂ I01 ∪ I10 ∪ I11, g (I10) ⊂ I10 ∪ I11, g (I11) ⊂ I01 ∪ I10 ∪ I11.
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Consider now the intervals of the partition Pk, Iijξ , with |ξ| = k−2 and

i, j ∈ {0, 1}. Let us define the blocks Bij,i′j′ (k), i, j, i′, j′ ∈ {0, 1}, as the

submatrices of Ak which codifies the transition, under g, from intervals of

type Iijξ to intervals of type Ii′j′η , for blocks ξ, η of size k − 2. In the

same way the blocks Bij,i′j′ (k + 1) are the submatrices of Ak+1 which

codifies the transition, under g, from intervals of type Iijξ to intervals of

type Ii′j′η, for blocks ξ, η of size k − 1. The key point is to determine,

for k fixed, the decomposition of the blocks Bij,i′j′ (k + 1) into the blocks

Bij,i′j′ (k), i, j, i′, j′ ∈ {0, 1}. Consider the intervals Iijξ , Ii′j′η ∈ Pk+1, with

ξ = ξ1...ξk−1 and η = η1...ηk−1. We have

Bij,i′j′ (k + 1) =

(
γ (ij0, i′j′0)Bj0,j′0 (k) γ (ij0, i′j′1) Bj0,j′1 (k)

γ (ij1, i′j′0)Bj1,j′0 (k) γ (ij1, i′j′1) Bj1,j′1 (k)

)

where γ (ijξ1, i
′j′η1) = 0, 1 depends on if there is a transition, under g,

between the interval Iijξ1 ...ξk−1
to the interval Ii′j′η1...ηk−1

. A transition

from Iijξ1 ...ξk−1
to Ii′j′η1...ηk−1

, under g, can occur if

f (ijξ1) f (jξ1ξ2) f(ξ1ξ2ξ3) = i′j′η1.

Then we have

γ (ijξ1, i
′j′η1) =

{
1 if f (ijξ1) f (jξ1s1) f (ξ1s1s2) = i′j′η1, s1, s2 ∈ {0, 1}
0 otherwise.

It is straightforward to determine every γ(ijξ1, i
′j′η1). Here we show those

which are equal to 1.

γ(000, 000) = 1 γ(000, 001) = 1 γ(001, 001) = 1 γ(001, 010) = 1

γ(001, 011) = 1 γ(010, 010) = 1 γ(010, 011) = 1 γ(011, 101) = 1

γ(011, 110) = 1 γ(011, 111) = 1 γ(100, 100) = 1 γ(100, 101) = 1

γ(101, 101) = 1 γ(101, 110) = 1 γ(101, 111) = 1 γ(110, 010) = 1

γ(110, 011) = 1 γ(111, 101) = 1 γ(111, 110) = 1 γ(111, 111) = 1

Therefore, we obtain the decomposition of the blocks Bij(k + 1)

expressed in the following result

Theorem 3.1. The transition matrix Ak, k ≥ 2, has the block structure

Ak =




B00,00(k) B00,01(k) B00,10(k) B00,11(k)

B01,00(k) B01,01(k) B01,10(k) B01,11(k)

B10,00(k) B10,01(k) B10,10(k) B10,11(k)

B11,00(k) B11,01(k) B11,10(k) B11,11(k)



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and the transition matrix Ak+1 is given by

























B00,00(k) B00,01(k) 0 0 0 0 0 0
0 B01,01(k) B01,10(k) B01,11(k) 0 0 0 0
0 0 B10,10(k) B10,11(k) 0 0 0 0
0 0 0 0 0 B11,01(k) B11,10(k) B11,11(k)
0 0 0 0 B00,00(k) B00,01(k) 0 0
0 0 0 0 0 B01,01(k) B01,10(k) B01,11(k)
0 0 B10,10(k) B10,11(k) 0 0 0 0
0 0 0 0 0 B11,01(k) B11,10(k) B11,11(k)

























Example 3.1. Consider the case k = 3. Then the matrix A3 is given by

A3 =




1 1 0 0 0 0 0 0

0 1 1 1 0 0 0 0

0 0 1 1 0 0 0 0

0 0 0 0 0 1 1 1

0 0 0 0 1 1 0 0

0 0 0 0 0 1 1 1

0 0 1 1 0 0 0 0

0 0 0 0 0 1 1 1



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Centro de Análise Matemática, Geometria e Sistemas Dinâmicos,
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are interested in analyzing the type of periodic orbits and their stability. We

also will discuss the dependence of the dynamical behavior on parameters in
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or in some sub-algebra of A. We study the concrete cases when F is a quadratic

map and A is M2(R), or some sub-algebra of M2(R).
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1. Introduction

We study non-linear difference equations Xn+1 = F (Xn), where Xn belongs

to a certain matrix algebra A, and F is a polynomial map defined on A. In

a similar way as in the real or complex situation, we discuss the dependence

of the dynamical behavior on parameters in different situations, since we

can consider the parameters to be in the algebra A or in some sub-algebra

of A. We are interested in analyzing the type of periodic or aperiodic orbits,

bounded or unbounded, and their stability.
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The motivation of this work came from some questions: How can the

algebraic structure of the algebra of matrices be useful in the study of the

dynamics of various applications? Will its structure be strong enough to

allow reach general conclusions about the dynamics of these applications

on matrices? Can the understanding of these properties and relations allow

us to understand some facts about the dynamics in lower dimensions?

The aim of this work is to focus on the dynamical behavior of subalge-

bras A of M2(R) with the quadratic map

FC : M2 (R) −→M2 (R)

X 7→ X2 + C

associated to the discrete dynamical system (M2 (R) , FC) , where C is the

parameter matrix.

Note that, from the beginning, this study in M2 (R) is trickier than

the case in R or C, because of the non-commutative nature of matrices

multiplication.

Along the text, we will refer to the one-dimensional case of the quadratic

map in C as fc, that is, fc(z) = z2 + c, where c is the complex parameter.

2. Preliminaries

2.1. The Jordan canonical forms

There are some powerful results in the algebraic structure of matrices that

allow us to obtain important conclusions, for example, the Jordan canonical

form classification.

Let X ∈ M2 (R) be not a multiple of the identity and let J(X) denote

the Jordan canonical form of X . In M2(R), the Jordan classification gives

us one of the three following Jordan canonical types:

Type I :

(
x 0

0 y

)
- matrix with distinct real eigenvalues x and y

Type II :

(
x 1

0 x

)
- matrix with identical real eigenvalues x

Type III :

(
x y

−y x

)
- matrix with complex eigenvalues x± yi

Now we can consider the inner automorphism of M2 (R) defined by

αP : M2 (R) −→M2 (R)

αP (X) = PXP−1 .
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The discrete dynamical system (M2 (R) , FC) is equivalent to

(M2 (R) , FPCP−1). Therefore, we can assume that the parameter matrix

C is in the Jordan canonical form and, along the study, we must consider

the three types distinctly.

The commutator [X0, C] := X0C − CX0 is decisive for the resulting

dynamics. If [X0, C] = 0 then there is a basis of R
2 in which X0 and C are

simultaneously in the Jordan form. That is, there is P ∈ GL2(R), so that

PX0P
−1 = J(X0) and PCP−1 = J(C).

If X0 and C commute, then we work in three distinct Jordan canonical

subspaces, and have the following situations:

• If X0 and C are of type I, we work in the subalgebra of the diagonal

matrices with distinct real eigenvalues. If

X0 =

[
x0 0

0 y0

]
and C =

[
a 0

0 b

]

the dynamical system X0 7→ FC(X0) is equivalent to the product

space of the dynamics of fa and fb,{
xk+1 = fa(xk)

yk+1 = fb(yk)
,

with diagonal entries independent of one another.

• If X0 and C are of type II, we work in the subalgebra of the trian-

gular matrices with identical real eigenvalues. If

X0 =

[
x0 1

0 x0

]
and C =

[
a 1

0 a

]

the dynamical system X0 7→ FC(X0) is equivalent to{
xk+1 = fa(xk)

yk+1 = f ′
a
(xk)yk + 1

.

In this case, the diagonal entries are independent, however the other

non zero entry depends on the behavior of the diagonal entry.

• If X0 and C are of type III, we work in the subalgebra of the real

matrices with complex eigenvalues. If

X0 =

[
x0 y0

−y0 x0

]
and C =

[
a b

−b a

]

the dynamical system X0 7→ FC(X0) is equivalent to zk+1 = fc(zk)

with c = a + bi the complex eigenvalue of C and z0 = x0 + y0i

the complex eigenvalue of X0, following the canonical isomorphism

between matrices X and the points φ (X) in the complex plane,

given by φ

(
x y

−y x

)
= x + iy.
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2.2. Invariant 3-dimensional spaces

The Cayley-Hamilton theorem is another strong result in the algebraic

structure of matrices. For X in M2(R), it gives X2 = τX − δI where

τ = trX and δ = det X , and has important consequences, because

X1 = F (X0) = X2
0 + C = τ0X0 − δ0I + C ∈ 〈I, X0, C〉 and

X2 = F (X1) = X2
1 + C = τ1τ0X0 − (τ1δ0 + δ1)I + (τ1 + 1)C ∈ 〈I, X0, C〉

where τi = trXi, δi = det Xi and 〈I, X0, C〉 the subspace spanned by the

matrices I, C and X0.

In fact, A. Serenevy1 referred the following result:

Proposition 2.1. The dynamics of FC is restricted to the 3-dimensional

subspace 〈I, X0, C〉 of M2(R).

3. The orbit of the critical point 0 in M2 (R)

Consider the matrix 0 in M2(R), a critical point of FC , with FC seen as a

map in R
4. The orbit of this critical point is

0→ C → C2 + C → C4 + 2C3 + C2 + C → ...,

and it remains on the invariant subspace spanned by the identity matrix I

and the parameter matrix C.

Note that the algebraic expression is exactly the same as the orbit of

the critical point 0 in the one-dimensional case of fc(z) = z2 + c, with c the

complex parameter.

The dynamical behavior of the critical point of FC is given by the fol-

lowing result:

Theorem 3.1. Let C be of type I or III. Then the orbit of the zero matrix

0 is bounded (periodic) under FC if and only if:

• For C of type I with distinct eigenvalues a, b the orbits of 0 under

fa and fb are bounded (periodic).

• For C of type III with complex eigenvalue c the orbit of 0 under

fc is bounded (periodic).

Proof. Since the zero matrix commutes trivially with any matrix, we

have from previous argument that the iterates of the zero matrix re-

duces to two different situations, according to the Jordan form of C. If

C is of type I , with distinct real eigenvalues a, b the orbit of the zero

matrix is reduced to the orbit of 0 under fa and the orbit of 0 under



September 13, 2010 12:11 WSPC - Proceedings Trim Size: 9in x 6in 11

185

fb. Therefore, the orbit of the zero matrix is bounded (periodic) if and

only if the orbits of 0 under fa and fb are both bounded (periodic).

If C is of type III the dynamics is reduced to the iteration of 0 under

fc, where c = a + bi. Therefore, the orbit of 0 is bounded (periodic) if and

only if the orbit of 0 under fc is bounded (periodic).

Theorem 3.2. Let C be of type II with eigenvalue a. Then FC(0) is pe-

riodic if and only if the orbit of 0 under fa is periodic. Moreover, if the

orbit of the zero matrix is bounded then the orbit of 0 under fa is bounded.

Proof. First note that C can be considered in the form C =

(
a 1

0 a

)
and

the kth-iterate of the zero matrix is denoted by F k
C(0) =

(
xk yk

0 xk

)
, with

xk+1 = fa(xk) and yk+1 = 2xkyk +1. For the first part, if FC(0) is periodic

then necessarily 0 is periodic under fa since the only possible pre-image

of a is 0. On the other hand, if 0 is periodic this means there is a natural

number k so that xk = fk
a (0) = 0. Since yk+1 = 2xkyk + 1 = 1 then FC(0)

is periodic. The second part is direct.

4. Non-critical attractive cycles

4.1. The existence of non-critical attractive cycles

In the real and complex case, for polynomial maps of degree at least 2,

every attractive cycle must attract the orbit of a critical point. Is this true

when we work in matrices, with the map FC? No, in fact, as pointed by A.

Serenevy1 , the existence of attractive cycles that do not attract the orbit

of the critical point 0 is possible. We call them non-critical attractive

cycles.

Recall that the orbit of the critical point 0 remains on the invariant

subspace spanned by the identity matrix I and the parameter matrix C,

so, if it exists an attractive cycle outside the subspace 〈I, C〉 , we prove the

existence of attractive cycles which do not attract the orbit of 0 ∈M2(R).

It will be interesting to observe the behavior, under the action of FC ,

of the orbits with X0 and C being of distinct types.

Example 4.1. Let’s consider the initial matrix X0 of type I, that is, in the

Jordan canonical form with distinct real eigenvalues, and C of type III, in

the Jordan canonical form with complex eigenvalues:

X0 =

[
x 0

0 y

]
and C =

[
−1 0.22

−0.22 −1

]
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We verify that, under the action of FC :

• The orbit of the critical point X0 = 0 is attracted to an attracting

cycle with period 2, remaining, as expected, in the subspace 〈I, C〉 :
[
0 0

0 0

]
FC→ ...

FC→
[
0.039 −0.204

0.204 0.039

]
FC→

[
−1.039 0.204

−0.204 −1.039

]
FC→

[
0.039 −0.204

0.204 0.039

]
FC→ ...

• The orbit of some points is attracted to a non-critical attractive

cycle with period 2, which doesn’t remain on the subspace 〈I, C〉:

...
FC→

[
0.012 0.11

−0.11 −1.012

]
FC→

[
−1.012 0.11

−0.11 0.012

]
FC→

[
0.012 0.11

−0.11 −1.012

]
FC→ ...

• The Julia set in Figure 1, the set of starting matrix X0 for

which the iterations under FC remain bounded, associated with

this parameter matrix C, has a checkerboard pattern, pointed

by A. Serenevy1 , that describes the behavior of the orbits:

the orbit of the points in the subsets with the circle mark is at-

tracted to the same attracting orbit of the critical point; the orbit

of the points in the subsets with the square mark is attracted to

the non-critical attractive cycle.

Fig. 1. The geometric description of the orbits

In fact, for some values of the parameter matrix C with complex eigen-

values, the orbit of the critical point 0 ∈M2(R) is not bounded, therefore, it

is not attracted to any attracting cycle, however an attracting cycle exists.
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Example 4.2. Let’s consider the initial matrix X0 of type I , that is, in the

Jordan canonical form with distinct real eigenvalues, and C of type III , in

the Jordan canonical form with complex eigenvalues:

X0 =

[
x 0

0 y

]
and C =

[
−1.28 0.2

−0.2 −1.28

]
,

Consider the Julia set in Figure 2 associated with the parameter matrix C :

-2 -1 0 1 2
-2

-1

0

1

2

Fig. 2. The Julia set associated with the parameter matrix C of Example 4.2

In this example, we see that the orbit of the critical point is not bounded,

however an attracting cycle exists. In this case, the non-critical attractive

cycle has period 4.

4.2. Non-critical attracting cycles of period 2 when C is of

type III

If we consider the one-dimensional complex case, when the quadratic map

is fc (z) = z2 + c, the complex Mandelbrot set gives us information about

the period of the attracting cycles in the complex case. The matricial Man-

delbrot set, composed by the parameter matrices C =

[
a b

−b a

]
for which

the orbit of the critical point 0 ∈M2(R) is bounded under the action of FC ,

is similar to the one on the one-dimensional complex case. In fact, it is pos-

sible to get some information about the period of the attracting cycles by

observing the geometry of this set and recalling the canonical isomorphism

between matrices X and the points φ (X) in the complex plane, given by

φ

(
x y

−y x

)
= x+ iy. The main cardioid is the region of parameter matrices

C for which FC has an attracting fixed matrix. To the left of the main

cardioid, we can see a circular-shaped bulb. This bulb consists of those

parameters for which the critical point has an attracting cycle of period 2



September 13, 2010 12:11 WSPC - Proceedings Trim Size: 9in x 6in 11

188

under the action of FC . This attracting cycle, when it exists, attracts the

orbit of the critical point and has the form

...→
[

Re (z1) −Im (z2)

Im (z2) Re (z1)

]
→

[
Re (z2) −Im (z1)

Im (z1) Re (z2)

]
→

[
Re (z1) −Im (z2)

Im (z2) Re (z1)

]
→ ...

where z1 = −1

2
− 1

2

√
−3− 4 (a + bi) and z2 = −1

2
+

1

2

√
−3− 4 (a + bi).

Note that z1 and z2 are such that fc (z1) = z2 and fc (z2) = z1,

that is, we have an attracting cycle with period 2 with respect to fc.

Suppose that we have x and y such that the iterates, under fc, con-

verge to this attractive cycle with period 2: {x, fc (x) , ..., z1, z2, z1, ...} and

{y, fc (y) , ..., z1, z2, z1, ...} . If X has distinct real eigenvalues x and y, two si-

tuations may occur. In the first one, the orbits are such that they ocurr “syn-

chronized”, that is, there is a n ∈ N such that fn
c (x) = z1 and fn

c (y) = z1.

In the second, they don’t ocurr “synchronized”, that is, from some n ∈ N,

we have fn
c (x) = z1 and fn+1

c (y) = z1. When X has identical real eigen-

values x, we have similar situations: “synchronized”orbits or “non synchro-

nized”orbits.

Transposing this two different situations to the matricial case, the first

situation leads to the case where X converges to the orbit of the critical

point, under the action of FC ; the second one leads to the case where X

converges to the non-critical attracting cycle. Taking this into account, we

reach to the following result:

Theorem 4.1. If, in the complex case, c = a+bi is a complex parameter for

which the orbit of the attracting cycle has period 2, then, for C =

[
a b

−b a

]

with complex eigenvalues, for X0 in type I, X0 =

[
x 0

0 y

]
, or X0 in type II,

X0 =

[
x 1

0 x

]
, when the iterates converge to a non-critical attracting cycle

of period 2 under the action of FC , the 2−cycle has the form

...→
[

xk yk

−yk −xk − 1

]
→

[
−xk − 1 yk

−yk xk

]
→

[
xk yk

−yk −xk − 1

]
→ ... with

xk =

(

−
1

2
−

1

2

√

−3 − 4a + b2
)

and yk =
b

2
.
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1. Introduction

The difference equation

xn+1 =
νKnxn

Kn + (ν − 1)xn

, n ∈ N0, (1)

where ν > 1, Kn > 0, and x0 > 0 is known as the Beverton–Holt equation

and has wide applications in population dynamics. The positive sequence

{Kn} is the carrying capacity and ν is the inherent growth rate. A peri-

odically forced Beverton–Holt equation is obtained by letting the carrying

∗
Supported by NSF Grant #0624127



September 8, 2010 11:37 WSPC - Proceedings Trim Size: 9in x 6in 12

190

capacity be a periodic positive sequence {Kn} with period p ∈ N so that

Kn+p = Kn for all n ∈ N0.

The Beverton–Holt equation has been treated in the literature as a

rational difference equation (see [1–4]). In this paper we show that the

Beverton–Holt equation is in fact a logistic difference equation. A sim-

ple substitution transforms this equation into a linear difference equation,

which can be solved employing the usual variation of parameters formula.

This, via an application of the definition of a strictly convex function, also

provides an elementary proof of the so-called Cushing–Henson conjecture,

which says that any periodic variation in the carrying capacity of the en-

vironment is deleterious to the average population size. The results in this

paper essentially make use of the key ideas in our previous articles [5,6].

2. Conversion to a Linear Difference Equation

We begin by introducing

α :=
ν − 1

ν
so that ν =

1

1− α
.

Suppose {xn} solves (1). Then we have

xn+1 =
Knxn

(1− α)Kn + αxn

.

Now the substitution un = 1/xn yields the linear difference equation

∆un = −αun +
α

Kn

. (2)

We solve the problem (1) with the p-periodic boundary condition x0 = xp by

solving the equivalent problem (2) with the p-periodic boundary condition

u0 = up, where we assume

K : Z→ R
+ is p-periodic, and 0 < α < 1, i.e., ν > 1. (3)

Using the variation of parameters formula [7, Theorem 3.1 on page 45], the

general solution of (2) is

un = (1− α)nu0 +

n−1∑

i=0

(1− α)n−(i+1) α

Ki

. (4)

(Note here that (4) implies that un > 0 provided u0 > 0, i.e., xn > 0

provided x0 > 0.) Then, using u0 = up in (4), yields the initial value

u0 =
1

1− (1− α)p

p−1∑

i=0

(1− α)p−(i+1) α

Ki

. (5)
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Plugging the initial value (5) into the general solution (4), we obtain the

particular solution

un =
(1− α)p

1− (1− α)p

p−1∑

i=0

(1− α)n−(i+1) α

Ki

+
n−1∑

i=0

(1− α)n−(i+1) α

Ki

. (6)

Theorem 2.1. Assume (3). Then xn = 1/un is the only p-periodic solution

to (1), where un is given in (6).

Proof. We already showed uniqueness. For n ∈ N, we use again variation

of paramenters to find another form of the general solution of (2) as

un+p = (1− α)nup +

n+p−1∑

i=p

(1− α)n+p−(i+1) α

Ki

,

which together with (4) and the p-periodicity of {Kn} yields

un+p − un = (1− α)n (up − u0) = 0.

Thus the solution un of (2) is p-periodic.

Remark 2.1. Note also that, if we assume that Kn = Kn+p for all n ∈ Z,

then (2) can be used to define un for all n ∈ Z (since α 6= 1). Then

u−1 =
u0 − α

K−1

1− α
=

up − α
Kp−1

1− α
= up−1

and it is easy to see that un obtained as such satisfies un+p = un for

all n ∈ Z. Hence there is a unique both-side periodic solution to (2) and

consequently to (1).

Theorem 2.2. Assume (3). The solution {xn} of (1) is globally attractive.

Proof. Let {xn} be an arbitrary solution of (1) with x0 > 0 and consider

un = 1/xn. Define

γ = γ(u) := min

{
u0, min

0≤i≤p−1

1

Ki

}
> 0.

By (4) we have

un ≥ (1− α)nγ +
n−1∑

i=0

(1− α)n−(i+1)αγ = γ

so that, again by (4),

|xn − xn| =
(1− α)n|u0 − u0|

unun

≤ (1− α)n|u0 − u0|
γ(u)γ(u)

,
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which tends to zero as n tends to infinity.

Remark 2.2. Although it was not necessary here to use the fact that the

Beverton–Holt equation is a logistic difference equation, this observation

was the idea for the key substitution un = 1/xn. In fact, by letting in turn

xn = 1/un in (2), one can easily see that the resulting equation is

∆xn = αxn+1

(
1− xn

Kn

)
,

which is the natural discrete analogue of the logistic equation, and which

therefore should be called the logistic difference equation.

3. The Cushing–Henson Conjecture

Let χ{m<n} be 1 if m < n and 0 otherwise. Define

hnm := α(1− α)n−(m+1)

(
(1− α)p

1− (1− α)p
+ χ{m<n}

)
,

where hnm > 0 since 0 < α < 1. Then from (6) we obtain for n < p

un =
(1− α)p

1− (1− α)p

p−1∑

i=0

(1− α)n−(i+1) α

Ki

+

p−1∑

i=0

(1− α)n−(i+1) α

Ki

χ{i<n}

=

p−1∑

i=0

(1− α)n−(i+1)

(
(1− α)p

1− (1− α)p
+ χ{i<n}

)
α

Ki

=

p−1∑

i=0

hni

Ki

.

Lemma 3.1. For all 0 ≤ j ≤ p− 1, we have

p−1∑

i=0

hij =

p−1∑

i=0

hji = 1.

Proof. We have

p−1∑

i=0

hji =
α(1− α)j

1− (1− α)p

p−1∑

i=0

(1− α)p−1−i + α

j−1∑

i=0

(1− α)j−1−i = 1

and

p−1∑

i=0

hij =
α(1− α)p−(j+1)

1− (1− α)p

p−1∑

i=0

(1− α)i + α

p−1∑

i=j+1

(1− α)i−(j+1) = 1,

which concludes the proof.
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Remark 3.1. In the one-line proof of the Cushing–Henson conjecture be-

low we use the (consequence of the) definition of a strictly convex function

f : (0,∞)→ R which says that for any m ∈ N,




f

(
m∑

k=1

λkxk

)
<

m∑

k=1

λkf(xk) for all λk , xk > 0, 1 ≤ k ≤ m,

where
m∑

k=1

λk = 1 and there exist 1 ≤ i < j ≤ m with xi 6= xj .

Theorem 3.1. Assume (3). If {Kn} is not constant, then

1

p

p−1∑

i=0

xi <
1

p

p−1∑

i=0

Ki.

Proof. Using Remark 3.1 for f(x) = 1/x, Lemma 3.1, and hij > 0 gives

p−1∑

i=0

xi =

p−1∑

i=0

1

ui

=

p−1∑

i=0

1
∑p−1

j=0
hij

Kj

<

p−1∑

i=0

p−1∑

j=0

hijKj =

p−1∑

j=0

Kj .

Dividing by p yields the final result.
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Keywords: Periodic solutions; Nonlinear delay difference equations; Attractiv-

ity; Population dynamics; Iterative method.

1. Introduction

The differential equation

x′(t) + px(t) − qx(t)

r + xm(t− h)
= 0, t ≥ 0, (1)

was introduced by Nazarenko [8] to model the growth of a single cell pop-

ulation.

However, it is natural to assume that environment parameters are sub-

ject to periodic (daily, seasonal or subject to any other rhythms) changes.

This corresponds to periodic coefficients of relevant mathematical mod-

els. For equations with variable parameters a periodic solution is expected

(positive, for ecological models) rather than a constant equilibrium. The

existence of such periodic regime, as well is its global attractivity, are the

key problems of model study.
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Assuming variable environment and a possible perturbation with a non-

negative effect, (1) can be modified to the form

x′(t) + p(t)x(t) − q(t)x(t)

r + xm(t− h)
= λ(t), (2)

which after the substitution y(t) =
1

x(t)
can be rewritten as

y′(t) = −λ(t)y2(t) + p(t)y(t)− q(t)y(t)ym(t− h)

rym(t− h) + 1
,

or
y′(t)

y(t)
= −λ(t)y(t)+p(t)−Q(t)ym(t− h)

R + ym(t− h)
, where Q(t) =

q(t)

r
, R =

1

r
.

Let us introduce a semidiscretization assuming the right hand side is piece-

wise constant. Without loss of generality we suppose h = ω is an integer

(otherwise, we discretize with step h/ω) :

y′(t)

y(t)
= −λ([t])y([t]) + p([t])− Q([t])ym([t− ω])

R + ym([t− ω])
,

where [t] is the integer part of t ∈ [0,∞). Integrating over intervals [n, n+1],

we obtain the difference equation

y(n + 1) = y(n) exp

(

−λ(n)y(n) + p(n)− Q(n)ym(n− ω)

R + ym(n− ω)

)

, n ≥ 0, (3)

which can be treated as a discrete analogy of the modified Nazarenko’s

equation (2). Our paper will focus on the attractivity of a positive periodic

solution of (3).

2. Solution Estimates

We assume the coefficients in (3) are positive and ω-periodic, while the

perturbation λ is nonnegative

m ∈ IN, ω ∈ IN, R > 0, p(n) > 0, Q(n) > 0, λ(n) ≥ 0, n = 0, 1, 2, . . . ,

(4)

p(n+ω) = p(n), Q(n+ω) = Q(n), λ(n+ω) = λ(n), n = 0, 1, 2, . . . . (5)

By a solution of (3), we mean a sequence {y(n)} which is defined for n ≥ −ω

and satisfies (3) for n ≥ 0. According to the biological interpretation, (3)

has nonnegative initial values

y(−ω), y(−ω + 1), y(−ω + 2), ..., y(−1) ∈ [0,∞) and y(0) > 0. (6)
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Define for any ω-periodic sequence {f(n)}

Iω = {0, 1, 2, ..., ω− 1}, f∗ = max
n∈Iω

f(n), f∗ = min
n∈Iω

f(n). (7)

The exponential form of (3) yields that the solution {y(n)} for any initial

conditions (6) remains positive. We assume that (3) has a positive periodic

solution. Sufficient conditions for the existence of a positive periodic solu-

tion of (3) can be found in Elabbasy, Saker [4].

Definition. The positive periodic solution y(n) of (3) is said to be

globally attractive if lim
n→∞

[y(n)− y(n)] = 0 for any positive solution y(n) of

(3).

Our aim is to establish sufficient global attractivity conditions for the

periodic solution y(n) of (3). To this end, let us first obtain lower and

upper solution estimates, this method was widely used in Györi, Ladas

[6]. Recently lower and upper solutions in stability study were applied, for

example, in Cabada et al [3].

Consider the equation

x(n + 1) = x(n) exp [fn(x(n), x(n − 1), . . . , x(n− ω))] . (8)

Theorem 2.1. Assume that (8) has a positive periodic solution, fn in

(8) are nonincreasing functions in all arguments, fn+ω coincides with fn

for any n = 0, 1, . . . and there exist continuous functions h1(x), h2(x),

satisfying

hi(0) > 0, lim
t→∞

hi(t) < 0, hi(x) are decreasing in x for x ≥ 0, i = 1, 2,

(9)

and h1(x) ≤ fn(x, x, . . . , x) ≤ h2(x), n ∈ Iω.

Let x1 and x2 be positive roots of h1(x) = 0 and h2(x) = 0, respectively

(according to (9), such roots exist and are unique). Then for any positive

solution x(n) of (8) there exists n1 ∈ IN such that for n ≥ n1 this solution

satisfies the estimate

µ1 ≤ x(n) ≤M1, M1 = x2 exp((ω+1)h2(0)), µ1 = x1 exp((ω+1)h1(M1)).

(10)

Proof. Let us remark that x(n+1) ≤ x(n) as far as all x(i) exceed x2, i =

n−ω, n−ω+1, . . . , n. Really, let x(i) > x2, i = n−ω, n−ω+1, . . . , n. Since

fn is nonincreasing in all arguments, then fn(x(n), x(n−1), . . . , x(n−ω)) ≤
fn(x2, x2, . . . , x2) ≤ h2(x2) = 0, thus x(n + 1) = x(n) exp(fn(x(n), x(n −
1), . . . , x(n− ω)) ≤ x(n).
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There may be the following cases: a solution eventually does not exceed

x2, is not less than x2 and is oscillating about x2. The first assumption

immediately implies the upper bound in (10). In the second case {x(n)} is

eventually nonincreasing. Assuming x(n) ≥ M1 > x2, n ≥ n0, we obtain

x(n + 1) ≤ x(n) exp(h2(M1)), n ≥ n0 + ω + 1, so x(n + k)→ 0 as k →∞,

since h2(M1) < h2(x2) = 0. The contradiction implies the upper bound in

(10).

Next, let x(n0) < x2, x(n0 + 1) > x2. Since there are at most ω + 1

increasing successive points x(n0 +1), x(n0+2), . . . , x(n0 +ω+1) exceeding

x2 and

x(n + 1)

x(n)
≤ exp (fn(0, 0, . . . , 0)) ≤ exp(h2(0)),

then after ω + 1 steps we obtain the upper bound in (10) for n ≥ n0.

Let us prove the lower bound in (10). Similarly, we consider the last

two cases among the following: x(n) is eventually not less than x1, does

not exceed x1 and is oscillating about x1. The first case is treated as for

the upper bound. Since the upper bound is valid for n ≥ n0, then for

n > n1 = n0 + ω + 1 the ratio

x(n + 1)

x(n)
≥ exp (fn(M1, M1, . . . , M1)) ≥ exp (h1(M1)) ,

which after ω + 1 steps gives the lower bound in (10).

The proof of Theorem 2.1 emphasizes that there cannot be more than

ω+1 increasing (decreasing) successive x(n) which are greater than x2 (less

than x1).

Let us apply this result to equation (3). To this end, define h1(y) and

h2(y) as

h1(y) := −λ∗y + p∗ −
Q∗ym

R + ym
, h2(y) := −λ∗y + p∗ − Q∗y

m

R + ym
, (11)

where λ∗, Q∗, p∗, λ∗, Q∗, p∗ were denoted in (7). Let y1 and y2 be the roots

of h1(y) = 0 and h2(y) = 0, respectively. These positive roots exist and are

unique if

either p∗ < Q∗ or λ∗ > 0. (12)

It is possible to prove that (3) has a positive periodic solution as far as (12)

holds, which was demonstrated in Elabbasy, Saker [4] for the first condition

in (12).



September 8, 2010 11:42 WSPC - Proceedings Trim Size: 9in x 6in 13

198

Corollary 2.1. Assume that (4),(5),(6) and (12) hold and y(n) is a posi-

tive solution of (3). Then, there exists n1 > 0 such that for all n ≥ n0

µ1 := y1 exp((ω + 1)h1(M1)) ≤ y(n) ≤ y2 exp((ω + 1)h2(0)) := M1, (13)

where y1 and y2 are positive roots of h1(y) = 0 and h2(y) = 0, respectively,

h1, h2 are defined in (11).

Corollary 2.2. Assume that (4),(5),(6) and (12) hold and y(n) is a posi-

tive solution of (3). Denote

M2 = y2 exp((ω + 1)h2(µ1)), µ2 = y1 exp((ω + 1)h1(M2)), . . . , (14)

Mk+1 = y2 exp((ω + 1)h2(µk)), µk+1 = y1 exp((ω + 1)h1(Mk)), k ∈ IN,

(15)

where h1 and h2 are defined in (11), µ1 and M1 are denoted in (13). Then

for any k there exists nk such that µk ≤ y(n) ≤Mk for any n ≥ nk.

Proof. Let us remark that by the proof of Theorem 2.1 we should refer to

oscillatory solutions only. By Corollary 2.1 there exists n1 > 0 such that

µ1 ≤ y(n) ≤ M1, n ≥ n1. Then for n > n2 = n1 + ω + 1 we have (similar

to the proof of Theorem 2.1)

x(n + 1)

x(n)
≤M2 := exp (h2(µ1)) , and

x(n + 1)

x(n)
≥ µ2 := exp (h1(M2)) .

There are not more than ω + 1 points exceeding y2 or less than y1, which

implies lower and upper bounds in (14) for n ≥ n2. We proceed by induction

and obtain that there exists nk such that µk ≤ y(n) ≤Mk, n > nk, for any

n ∈ IN.

Remark 1. Since µ1 > 0, then h2(µ1) < h2(0), so h1(M2) > h1(M1) and

µ2 > µ1. By induction we can prove that {Mk} is a nonincreasing, while

{µk} is a nondecreasing sequence. Denote

Y1 = supµk, Y2 = inf Mk. (16)

Thus µk ≤ y(n) ≤Mk, n ≥ nk, implies

Y1 ≤ lim inf
n→∞

y(n), Y2 ≥ lim sup
n→∞

y(n). (17)
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3. Global Attractivity

Let us proceed to attractivity conditions.

Theorem 3.1. Assume that (4),(5),(6) and (12) hold and there exists ε >

0 such that the zero solution of the linear equation

x(n + 1)− x(n) +F1(n)x(n) +F2(n)x(n − ω) = 0 (18)

is globally asymptotically stable for any

λ(n)(Y1 − ε) ≤ F1(n) ≤ λ(n)(Y2 + ε), (19)

mRQ(n)(Y1 − ε)m

(R + (Y2 + ε)m)2
≤ F2(n) ≤ mRQ(n)(Y2 + ε)m

(R + (Y1 − ε)m)2
, (20)

where Y1, Y2 are defined in (13)-(16). If y(n) is a positive solution of (3)

then

lim
n→∞

[y(n)− y(n)] = 0, (21)

where y(n) is a positive periodic solution of (3).

Proof. First, we prove that every positive solution y(n) which does not

oscillate about y(n) satisfies (21). Assume that y(n) > y(n) for n sufficiently

large (the proof when y(n) < y(n) is similar and will be omitted). Set

y(n) = y(n) exp{x(n)}. (22)

From (3) and (22) we see that x(n) > 0 and satisfies the equation

x(n+1)−x(n)+λ(n)y(n)(ex(n)−1)+
Q(n)Rym(n)

(R+ym(n))

(emx(n−ω)−1)

(R+ym(n)emx(n−ω))
=0.

(23)

So (21) holds if and only if

lim
n→∞

x(n) = 0. (24)

Since 0 < (ex(n) − 1), then (23) implies

x(n + 1)− x(n) +
Q(n)Rym(n)

(R + ym(n))

(emx(n−ω) − 1)

(R + ym(n)emx(n−ω))
< 0, (25)

and hence {x(n)} is a positive decreasing sequence and therefore it has a

limit lim
n→∞

x(n) = α ∈ [0,∞). If α > 0, then there exist δ > 0 and nδ > 0



September 8, 2010 11:42 WSPC - Proceedings Trim Size: 9in x 6in 13

200

such that for n ≥ nδ, 0 < α − δ < x(n − ω) < α + δ. However using (25),

we find x(n + 1)− x(n) < −P (n), where

P (n) =

[

Q(n)Rym(n)

(R + ym(n))

(em(α−δ) − 1)

(R + ym(n)em(α+δ))

]

> 0.

Now, since Q(n) and y(n) are positive periodic functions of period ω, we see

that P (n) is also an ω-periodic positive function and 0 < P∗ ≤ P (n) ≤ P ∗.

Thus x(n + 1) − x(n) ≤ −P∗ for n ≥ nδ. The summation of the latter

inequality from nδ to n immediately implies x(n) ≤ x(nδ)− P∗(n− nδ)→
−∞ as n →∞, which is a contradiction. Hence, α = 0 and therefore x(n)

tends to zero as n→∞ and (21) holds for any positive solution which does

not oscillate about y(n).

To complete the global attractivity results we will prove that every

oscillatory about y(n) solution satisfies (21). After denoting

G1(n, v) = λ(n)y(n)(ev−1) and G2(n, v) =
Q(n)Rym(n)

R + ym(n)

(emv − 1)

R + ym(n)emv

(here G1(n, 0) = G2(n, 0) = 0 for any n ∈ IN), equation (23) can be rewrit-

ten as

x(n+1)−x(n)+G1(n, x(n))−G1(n, 0)+G2(n, x(n−ω))−G2(n, 0) = 0. (26)

By the Mean Value Theorem (26) has the form (18), where due to (22)

F1(n) =
∂G1(n, v)

∂v

∣

∣

∣

∣

v=ζ1(n)

= λ(n)y(n)ev|v=ζ1(n) = λ(n)η1(n),

F2(n)=
∂G2(n, v)

∂v

∣

∣

∣

∣

v=ζ2(n)

=
mRQ(n)ym(n)emv

(R+ym(n)emv)
2

∣

∣

∣

∣

∣

v=ζ2(n)

=
mRQ(n)ηm

2 (n)

(R+ηm
2 (n))

2 .

Here ζ1 is between zero and x(n), ζ2 is between zero and x(n−ω), η1(n) lies

between y(n) and y(n), and η2(n) lies between y(n) and y(n−ω). By (17),

for n large enough we have Y1−ε ≤ η1(n) ≤ Y2 +ε, Y1−ε ≤ η2(n) ≤ Y2 +ε,

so F1,F2 satisfy (19), (20), respectively, which completes the proof.

Let us recall some results on the asymptotic stability of the linear dif-

ference equations with a nondelay term

x(n+1)−x(n)+a(n)x(n)+ b(n)x(n−ω) = 0, a(n) ≥ 0, b(n) ≥ 0, (27)

x(n + 1)− x(n) + b(n)x(n− ω) = 0, b(n) ≥ 0. (28)
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The result of Györi,Pituk [7] states that the following conditions

lim sup
n→∞

n−1
∑

k=n−ω

b(k) < 1,
∞
∑

k=1

b(k) =∞, (29)

are sufficient for the asymptotic stability of the zero solution of (28). Ac-

cording to the results by Erbe et al [5]

lim sup
n→∞

n
∑

i=n−ω

b(n) <
3

2
+

1

2(ω + 1)
(30)

is sufficient for the asymptotic stability of (28).

According to Corollary 6 in Berezansky, Braverman [1] and Remark on

p. 787 in Berezansky et al [2] each of the following conditions is sufficient

for the asymptotic stability of (27):

0 < a0 < a(n) < α < 1, lim sup
n→∞

b(n)

a(n)
< 1; (31)

0 < a(n) < 2, lim sup
n→∞

[|1− a(n)|+ |b(n)|] < 1. (32)

Applying the above conditions and Theorem 3.1 we obtain the following

result.

Theorem 3.2. Assume that (4),(5),(6) and (12) hold, λ∗Y2 < 1 and at

least one of the following conditions is satisfied:

λ(n)Y1 >
mRQ(n)Y m

2

(R + Y m
1 )2

, n = 0, . . . , ω − 1; (33)

n−1
∑

k=n−ω

mRQ(k)Y m
2

(R + Y m
1 )2

k
∏

i=k−ω

[1− λ(i)Y2]
−1

< 1, n = 0, . . . , ω − 1; (34)

n
∑

k=n−ω

mRQ(k)Y m
2

(R + Y m
1 )2

k
∏

i=k−ω

[1− λ(i)Y2]
−1

<
3

2
+

1

2(ω + 1)
, n = 0, . . . , ω−1.

(35)

If y(n) is a positive solution of (3) then (21) holds.

Proof. Condition (33) is an immediate corollary of either (31) or (32), if

a(n) = F1(n), b(n) = F2(n) are as in (18) satisfying (20).
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Further, after the substitution x(n) = z(n)

n−1
∏

i=0

[1−F1(i)] equation (18)

becomes

z(n + 1)− z(n) + B(n)z(n− ω) = 0,

where B(n) = F2(n)

n
∏

i=n−ω

[1−F1(i)]
−1

. By (20) for any ε > 0 not ex-

ceeding ε defined in

Theorem 3.1 we have
mRQ(n)(Y1 − ε)m

(R + (Y2 + ε)m)
2

n−1
∏

i=n−ω

[1− λ(i)(Y1 + ε)]
−1 ≤ B(n)

≤ mRQ(n)(Y2 + ε)m

(R + (Y1 − ε)m)
2

n−1
∏

i=n−ω

[1− λ(i)(Y2 − ε)]
−1

if n is large enough. There-

fore, we deduce
∞
∑

n=0

B(n) =∞; thus, (34),(35) imply (29),(30), respectively.

The reference to Theorem 3.1 completes the proof.

Remark 2. We can substitute Y1 by µ1 and Y2 by M1 in the conditions

of Theorem 3.2, where µ1 and M1 are defined in (13), or by any µi, Mi

in the sequence. This will give explicit global attractivity tests in terms of

coefficients. It is also to be noted that if Y1 = Y2, then the positive periodic

solution is globally attractive.

Global attractivity results are illustrated by the following example.

Example. Consider the autonomous equation

y(n + 1) = y(n) exp

(

−λy(n) + p− Qym(n− ω)

R + ym(n− ω)

)

, n ≥ 0, (36)

Let λ = 0.4, Q = 0.8, R = 1, m = 3, ω = 4. First, let us compare conditions

of Theorem 3.2 for these values of parameters. Inequalities (33),(34) and

(35) can be rewritten in the autonomous case as

mRQY m
2

(R + Y m
1 )2

< λY1, (37)

mQY m
2

(R + Y m
1 )2

<
1

ω
(1− λY2)

ω+1, (38)

mQY m
2

(R + Y m
1 )2

<

(

3

2
+

1

2(ω − 1)

)

1

ω + 1
(1− λY2)

ω+1, (39)
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respectively. Since
1

4
=

1

ω
<

(

3

2
+

1

2(ω − 1)

)

1

ω + 1
=

1

3
for given values

of parameters, then (39) outperforms (38). Computations demonstrate that

(39) also outperforms (37). Numerical estimation gives that for these values

of parameters (33), (34) and (35) are satisfied for p ≤ 0.1519, p ≤ 0.1520 and

p ≤ 0.1528, respectively. Let us also mention that iterations can significantly

improve the estimates. For instance, for p = 0.15 we have µ1 ≈ 0.071,

M1 ≈ 0.667, while µ60 ≈ 0.30, M60 ≈ 0.33. Thus the iteration process

confirms the global attractivity of the positive equilibrium solution in a

wider range of parameters than estimates (37)-(39).
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We study the boundedness nature and the periodic character of solutions, of
nonautonomous rational difference equations including Pielou’s equation.

1. Introduction

We study the boundedness nature and the periodic character of solu-
tions, of nonautonomous rational difference equations including Pielou’s
equation.

Consider the periodically forced rational equation

xn+1 =
xn

An +Bnxn + Cnxn−1
, n = 0, 1, . . . (1)

with arbitrary positive initial conditions x−1 and x0, and each one of the
sequences {An}, {Bn}, and {Cn} is periodic with prime period k, with
nonnegative values such that the following hold:

k−1∏
i=0

Ai > 0 or
k−1∑
i=0

Ai = 0, (2)

k−1∏
i=0

Bi > 0 or
k−1∑
i=0

Bi = 0, (3)

and
k−1∏
i=0

Ci > 0 or
k−1∑
i=0

Ci = 0. (4)

Eq. (1) contains the following 7 special cases:

xn+1 =
xn

An

, n = 0, 1, . . . (5)
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xn+1 =
1

Bn

, n = 0, 1, . . . (6)

xn+1 =
xn

Cnxn−1
, n = 0, 1, . . . (7)

xn+1 =
xn

An +Bnxn

, n = 0, 1, . . . (8)

xn+1 =
xn

An + Cnxn−1
, n = 0, 1, . . . (9)

xn+1 =
xn

Bnxn + Cnxn−1
, n = 0, 1, . . . (10)

xn+1 =
xn

An +Bnxn + Cnxn−1
, n = 0, 1, . . . (11)

Difference equations with periodic coefficients have been studied by
several authors. See, for example, [2]–[24], and the references cited therein.
One of the goals of introducing periodic coefficients is to test whether the
averages of the resulting periodic solutions are larger, equal, or smaller
than the equilibrium values of the associated autonomous equations. See
[8] and [9].

2. Periodic Trichotomy of Eq. (1)

The following theorem is a trichotomy result about Eq. (5). The proof of
the theorem is straightforward and will be omitted.

Theorem 1.

(i) Every solution of Eq. (5) decreases to zero when
k−1∏
i=0

Ai > 1.

(ii) Every solution of Eq. (5) converges to periodic solution of period-k, when
k−1∏
i=0

Ai = 1.

(iii) Every solution of Eq. (5) is unbounded, when
k−1∏
i=0

Ai < 1.
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3. Periodicity Destroys Boundedness

All nontrivial solutions of Eq. (7) with constant coefficients, that is,

xn+1 =
xn

Cxn−1
, n = 0, 1, . . . (12)

are periodic with period six and so bounded. If

x−1 = φ and x0 = ψ,

the solution of the equation is the six cycle:

φ, ψ,
ψ

Cφ
,

1

C2φ
,

1

C2ψ
,
φ

Cψ
, . . . .

It is interesting to note that periodicity may destroy the boundedness of
solutions of Eq. (7) as the following theorem states.

Theorem 2. (See [4] and [6)] Let

Cn =

{
1, if n = 6k + i with i ∈ {0, 1, 2, 3, 4}
C, if n = 6k + 5

, k = 0, 1, . . .

with C > 0. Then every solution of Eq. (7) with initial conditions

x−1 = x0 = 1

is unbounded, if and only if

C 6= 1.

Therefore in Eq. (12), periodicity may destroy the boundedness of its so-
lutions. For some results on the asymptotic behavior of Eq. (7), see [2].

Open Problem 1. Let {Cn} be a positive periodic sequence with prime period
p ≥ 2. Obtain necessary and sufficient conditions on p and

C0, . . . , Cp−1

such that every solution of Eq. (7) is bounded.

4. Periodically Forced Pielou’s Equation

The equation

xn+1 =
xn

An + Cnxn−1
, n = 0, 1, . . .
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where each one of the sequences {An} and {Cn} is periodic of prime pe-
riod k, with positive values, written in the form:

xn+1 =
βnxn

1 + xn−1
, n = 0, 1, . . . (13)

where the sequence {βn} is periodic of prime period k, with positive val-
ues, is Pielou’s equation with periodic coefficient (see23 and24). In the spe-
cial case where k = 2, it was established by Kulenovic and Merino in21

that when

β0β1 > 1 (or equivalently A0A1 < 1)

every positive solution of Eq. (13) converges to a period-two solution.
Also, Camouzis and Ladas in,5 established that, when k ∈ {1, 2, . . .} and

k−1∏
i=0

βi > 1 (or equivalently
k−1∏
i=0

Ai < 1)

every positive solution of Eq. (13) converges to a prime period-k solution.

In the following theorem we will establish that, when k = 2 or k = 3,
the average over k values of a period-k solution

. . . , x̄0, . . . , x̄k−1, . . .

of Eq. (13) is smaller than the average over the k positive values of the
sequence {βn − 1}. In other words period-two and period-three are both
deleterious for the population.

Theorem 3. Assume that k = 2 or k = 3 and that the sequence {βn} is periodic
with prime period k, with values greater than one. Then

∑k−1
i=0 x̄i

k
<

∑k−1
i=0 (βi − 1)

k
. (14)

Proof. When k = 2, observe that

(β0 − 1) + (β1 − 1)

2
− x̄0 + x̄1

2
=

(x1 − x0)
2(x1 + x0 + 1)

2x0x1
,

from which the result follows. When k = 3, we find that

2∑
i=0

βi =
x̄1

x̄0
+
x̄1x̄2

x̄0
+
x̄2

x̄1
+
x̄2x̄0

x̄1
+
x̄0

x̄2
+
x̄0x̄1

x̄2
.
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Due to the fact that
x̄1

x̄0
+
x̄2

x̄1
+
x̄0

x̄2
≥ 3

and
x̄1x̄2

x̄0
+
x̄2x̄0

x̄1
+
x̄0x̄1

x̄2
> x̄0 + x̄1 + x̄2

the result follows. The proof is complete.

The result of Theorem 3 is not true, when k = 4. Observe that, given

x̄0, x̄1, x̄2, x̄3 ∈ (0,∞)

there exist

β0, β1, β2, β3 ∈ (1,∞)

such that

. . . , x̄0, x̄1, x̄2, x̄3, x̄0, x̄1, x̄2, x̄3, . . . (15)

is a period-four solution of Eq. (13). Indeed, by setting

β0 =
x̄1(1 + x̄3)

x̄0
, β1 =

x̄2(1 + x̄0)

x̄1
, β2 =

x̄3(1 + x̄1)

x̄2
, and β3 =

x̄0(1 + x̄2)

x̄3
,

(15) is a period-four solution of Eq. (13). In particular, when

β0 = 1.09109, β1 = 9174.4, β2 = 11000, and β3 = 1100,

we find that

. . . , 1000, 100000, 109, 10, 1000, 100000, 109, 10, . . .

is a prime period-four solution of Eq. (13). In this particular example∑3
i=0 x̄i

4
>

∑3
i=0(βi − 1)

4

and so period-four might be beneficial for the population, in the sense
that the average population might be more in such a periodic environment
than it is in a constant environment.

Open Problem 2. For all values of k ≥ 4 find necessary and sufficient conditions
in terms of the parameters

β0, . . . , βk−1

such that ∑k−1
i=0 x̄i

k
≥
∑k−1

i=0 (βi − 1)

k
.
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5. The Beverton-Holt Equation

The equation

xn+1 =
xn

An +Bnxn

, n = 0, 1, . . . (16)

with An = 1
µ

, Bn = µ−1
µKn

, {Kn} periodic sequence of prime period k, with
positive values, and with µ > 1, is the periodic k-Beverton-Holt equation

xn+1 =
µKnxn

Kn + (µ− 1)xn

, n = 0, 1, . . . .

Cushing and Henson conjectured in9 that every positive solution of this
equation converges to a period-k solution and also that the average over k
values of a period- k solution is smaller than the average of the k values of
the sequence {Kn}.

This conjecture was established by S. Elaydi and R. Sacker in.12 The
convergence result was also established earlier by Clark and Gross in7 and
by Kocic and Ladas in.17 The following theorem which contains Eq. (16) as
a special case has been recently established.

Theorem 4. (See3) Assume that each one of the sequences {An}, {Bn}, and
{Cn} is periodic with prime period k, with positive values. Then every positive
solution of each one of the following equations:

xn+1 =
xn

An +Bnxn

, n = 0, 1, . . . (17)

xn+1 =
xn

An + Cnxn−1
, n = 0, 1, . . . (18)

xn+1 =
xn

An +Bnxn + Cnxn−1
, n = 0, 1, . . . (19)

converges to a period-k solution when

k−1∏
i=0

Ai < 1. (20)

Remark 1. When
k−1∏
i=0

Ai ≥ 1.

every positive solution of each one of the four equations listed in the pre-
vious Theorem converges to zero.
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The equation with constant coefficients

xn+1 =
xn

A+Bxn + Cxn−1
, n = 0, 1, . . . (21)

was investigated in [,17Kocic and Ladas], where it was shown that when

A > 0

every positive solution converges to the positive equilibrium. We present
here a new, simple, and elegant proof that, every positive solution of
Eq. (21) converges to the positive equilibrium. It is an amazing fact that
the idea of our proof also extends to the periodically forced Eq. (1) (see3).

Theorem 5. Every positive solution of Eq. (21) converges to a finite limit.

Proof. When A ≥ 1, the proof follows from the inequality

xn+1 ≤
1

A
xn.

Assume that

A < 1

and let {xn} be a positive solution of Eq. (21). From Eq. (21) it follows that

xn ≤
1

B
, for n ≥ 1.

We also claim that {xn} is also bounded from below, that is,

lim inf
n→∞

xn > 0. (22)

Assume for the sake of contradiction that there exists a sequence of indices
{ni} such that

xni+1 → 0 and xni+1 < xj , for j < ni + 1. (23)

Then, clearly

xni
and xni−1 → 0.

There exists a positive number ε, such that

ε <
1−A
B + C

and that for i sufficiently large

xni
, xni−1 < ε.
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Then, eventually

xni+1 =
xni

A+Bxni
+ Cxni−1

>
xni

A+ (B + C)ε
> xni

which contradicts (23) and proves (22). Using the change of variables

yn =
1

xn

,

Eq. (21) becomes

yn+1 = B +Ayn +
Cyn

yn−1
, n = 0, 1, . . . . (24)

From this it follows that

yn+1

yn

=
B

yn

+A+
C

yn−1
, n = 0, 1, . . .

and so

yn+1 = B + CA+Ayn +
CB

yn−1
+

C2

yn−2
, n ≥ 0 . (25)

Set

S = lim sup
n→∞

yn and I = lim inf
n→∞

yn. (26)

It suffices to show that

I = S.

Indeed,

SI ≤ (B + CA)I +ASI + CB + C2

and

SI ≥ (B + CA)S + ASI + CB + C2,

from which we find that

(B + CA)S + CB + C2 ≤ (1−A)SI ≤ (B + CA)I + CB + C2

and so

S = I.

The proof is complete.
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We derive a threshold value for the coupling strength in terms of the topological

entropy, to achieve synchronization of two coupled piecewise linear maps, for

the unidirectional and for the bidirectional coupling. We prove a result that

relates the synchronizability of two m-modal maps with the synchronizability

of two conjugated piecewise linear maps. An application to the bidirectional

coupling of two identical chaotic Duffing equations is given.

1. Introduction

Synchronization is a process wherein two or more systems starting from

slightly different initial conditions would evolve in time, with completely

different behaviour, but after some time they adjust a given property of

their motion to a common behaviour, due to coupling or forcing. Various

types of synchronization have been studied. This includes complete synchro-

nization (CS), phase synchronization (PS), lag synchronization (LS) gener-

alized synchronization (GS), anticipated synchronization (AS), and others

[2]. The coupled systems might be identical or different, the coupling might

be unidirectional, (master-slave or drive-response), or bidirectional (mutual

coupling) and the driving force might be deterministic or stochastic.
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In [3], A. Kenfack studied the linear stability of the coupled double-

well Duffing oscillators projected on a Poincaré section. In [4], Kyprianidis

et al. observed numerically the synchronization of two identical single-well

Duffing oscillators.

In this work we investigate the unidirectional and bidirectional syn-

chronization of two identical m + 1 piecewise linear maps and obtain,

analytically, the value of the coupling parameter for which the complete

synchronization is achieved. Then, we study the relationship between the

synchronization of two coupled identical m−modal maps and the synchro-

nization of the corresponding conjugated piecewise linear maps. Next, we

verify numerically the chaotic synchronization of two identical bidirection-

ally coupled double-well Duffing oscillators.

2. Main results

Consider a discrete dynamical system un+1 = f(un), where u =

(u1, u2, ..., um) is an m-dimensional state vector with f defining a vec-

tor field f : R
m → R

m. The coupling of two such identical maps

xn+1 = f(xn) and yn+1 = f(yn) defines another discrete dynamical sys-

tem ϕ : N0 × R
2m → R

2m, i.e., ϕ(0, x, y) = (x, y), ∀(x, y) ∈ R
2m and

ϕ(t + s, x, y) = ϕ(t, ϕ(s, x, y)), ∀(x, y) ∈ R
2m, ∀(t, s) ∈ N

2
0.

Denoting by k the coupling parameter, if we consider an unidirectional

coupling
{

xn+1 = f(xn)

yn+1 = f(yn) + k [f(xn)− f(yn)]
, (1)

then ϕ(n, x, y) = (f(xn) , f(yn) + k [f(xn)− f(yn)]). If the coupling is

bidirectional {
xn+1 = f(xn)− k [f(xn)− f(yn)]

yn+1 = f(yn) + k [f(xn)− f(yn)]
, (2)

then ϕ(n, x, y) = (f(xn) + k [f(yn)− f(xn)] , f(yn) + k [f(xn)− f(yn)]).

To be able to say if the two systems are synchronized we must look to

the difference zn = yn − xn and see if this difference converges to zero, as

n →∞. If the coupling is unidirectional then

zn+1 = (1− k) [f(yn)− f(xn)] . (3)

If the coupling is bidirectional then

zn+1 = (1− 2k) [f(yn)− f(xn)] . (4)
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These two systems are said in complete synchronization if there is an

identity between the trajectories of the two systems. In [7] and [8] it is

establish that this kind of synchronization can be achieved provided that

all the Lyapunov exponents are negative.

2.1. Synchronization of piecewise linear maps

Let I = [a, b] ⊆ R be a compact interval. By definition, a continuous map

f : I → I which is piecewise monotone, i.e., there exist points a = c0 <

c1 < · · · cm < cm+1 = b at which f has a local extremum and f is strictly

monotone in each of the subintervals I0 = [c0, c1] , ..., Im = [cm, cm+1] , is

called a m-modal map. As a particular case, if f is linear in each subinterval

I0, ..., Im, then f is called a m + 1 piecewise linear map.

By theorem 7.4 from Milnor and Thurston [5] and Parry [6] it is known

that every m-modal map f : I = [a, b] ⊂ R → I, with growth rate s and

positive topological entropy htop(f) (log s = htop(f)) is topologically semi-

conjugated to a p + 1 piecewise linear map T, with p 6 m, defined on the

interval J = [0, 1], with slope ±s everywhere and htop(T ) = htop(f) = log s,

i.e., there exist a function h continuous, monotone and onto, h : I → J,

such that T ◦ h = h ◦ f. If, in addition, h is a homeomorphism, then f and

T are said topologically conjugated.

According to the above statements, we will investigate the synchroniza-

tion of two identical p + 1 piecewise linear maps with slope ±s everywhere

(Theorem 2.1.) and also the synchronization of two identical m-modal maps

(Theorem 2.2.).

In what follows we will use the symbols f and k to represent, respec-

tively, the m-modal map and its coupling parameter and the symbols T and

c to represent, respectively, the p + 1 piecewise linear map and its coupling

parameter.

Let T : J = [a1, b1] ⊆ R→ J, be a continuous piecewise linear map, i.e.,

there exist points a1 = d0 < d1 < · · · dp < dp+1 = b1 such that T is linear in

each subintervals Ji = [di, di+1] , (i = 0, ..., p), with slope ±s everywhere.

So, the unidirectional coupled system for T is

{
Xn+1 = T (Xn)

Yn+1 = T (Yn) + c [T (Xn)− T (Yn)]
, (5)

and the difference Zn = Yn −Xn verifies

Zn+1 = (1− c) [T (Yn)− T (Xn)] . (6)
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For the bidirectionally coupled system{
Xn+1 = T (Xn)− c [T (Xn)− T (Yn)]

Yn+1 = T (Yn) + c [T (Xn)− T (Yn)]
, (7)

the difference Zn = Yn −Xn verifies

Zn+1 = (1− 2c) [T (Yn)− T (Xn)] . (8)

Theorem 2.1. Let T : J → J, be a continuous p + 1 piecewise linear

map with slope ±s everywhere, with s > 1. Let c ∈ [0, 1] be the coupling

parameter. Then one has:

(i) The unidirectional coupled system (5) is synchronized if

c >
s− 1

s
.

(ii) The bidirectional coupled system (7) is synchronized if

s + 1

2s
> c >

s− 1

2s
.

Proof. Attending to the fact that T is linear with slope ±s in each subin-

terval J0, ..., Jp, then, the total variation of T is

V a1

b1
(T ) =

b1∫

a1

|T ′(t)| dt =

p∑
i=0

di+1∫

di

|T ′(t)| dt = s

p∑
i=0

|di+1 − di| = s |b1 − a1| .

We have

|T (Yn)− T (Xn)| =

∣∣∣∣∣∣
Yn∫

Xn

T ′(t) dt

∣∣∣∣∣∣ 6

Yn∫

Xn

|T ′(t)| dt = V Xn

Yn

(T ) = s |Yn −Xn| .

Attending to (6), it follows that,

|Zn+1| 6 |(1− c) s| |Zn| and then |Zq | 6 |(1− c) s|q |Z0| .
So, letting q →∞, we have lim

q→∞

|(1− c) s|q |Z0| = 0, if |(1− c) s| < 1. The

previous arguments shows that, if c ∈ [0, 1] then the unidirectional coupled

system (5) is synchronized if c > s−1
s

.

On the other hand, using the same arguments as before and attending

to (8), we have

|Zn+1| 6 |(1− 2c) s| |Zn| and then |Zq | 6 |(1− 2c) s|q |Z0| .
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Thus, considering q → ∞, we have lim
q→∞

|(1− 2c) s|q |Z0| = 0, if

|(1− 2c) s| < 1. Therefore, we may conclude that, if c ∈ [0, 1] the bidi-

rectional coupled system (8) is synchronized if s+1
2s

> c > s−1
2s

.

Note that, the bidirectional synchronization occurs at half the value of

the coupling parameter for the unidirectional case, as mentioned by Belykh

et al [1].

2.2. Conjugacy and synchronization

In this section our question is to know the relationship between the synchro-

nization of two coupled identical m-modal maps and the synchronization

of the two coupled corresponding conjugated p + 1 piecewise linear maps,

with p 6 m. Consider in the interval J the pseudometric defined by

d(x, y) = |h(x) − h(y)| .

If h is only a semiconjugacy, d is not a metric because one may have

d(x, y) = 0 for x 6= y. Nevertheless, if h is a conjugacy, then the pseu-

dometric d, defined above, is a metric. Two metrics d1 and d2 are said

to be topologically equivalent if they generate the same topology. A suffi-

cient but not necessary condition for topological equivalence is that for each

x ∈ I , there exist constants k1, k2 > 0 such that, for every point y ∈ I ,

k1 d1(x, y) 6 d2(x, y) 6 k2 d1(x, y).

Consider the pseudometric d defined above, d2(x, y) = d(x, y) and

d1(x, y) = |x− y| .
Suppose h : I → J is a bi-Lipschitz map, i.e., ∃ N, M > 0, such that,

0 < N |x− y| 6 |h(x)− h(y)| 6 M |x− y|, ∀(x, y) ∈ I2. (9)

If h is a conjugacy and verifies (9), then the metrics d and |.| are equivalents.

Consider f : I [a, b] ⊂ R→ I a m−modal function with positive entropy.

For the unidirectional coupled system given by (1) we have the difference

(3). As for the bidirectional coupled system given by (2) we have the dif-

ference (4).

As an extension of Theorem 2.1., for the synchronization of piecewise

linear maps, we can establish the following result concerning the synchro-

nization of the corresponding semiconjugated piecewise monotone maps.

Theorem 2.2. Let f : I → I, be a continuous and piecewise monotone map

with positive topological entropy htop = log s and h : I → J a semiconjugacy
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between f and a continuous piecewise linear map T : J → J, with slope ±s

everywhere. If there exist constants N, M > 0 satisfying (9), then one has:

(i) The unidirectional coupled system (1) is synchronized if

k > 1− N

M

1

s
.

(ii) The bidirectional coupled system (2) is synchronized if

1 +
N

M

1

2s
> k > 1− N

M

1

2s
.

Proof. If f is monotone in the interval [x, y] , then T is monotone in the

interval [h(x), h(y)], because h is monotone, so

|h(f(x)) − h(f(y))| = |T (h(x))− T (h(y))| = s |h(x)− h(y)| .

Therefore d(x, y) = s−1d (f(x), f(y)) , if f is monotone in the interval

[x, y] . If f is not monotone in the interval [x, y] , but there exist, points

ci (i = 1, ..., p − 1), such that ci < ci+1, ci ∈ [x, y] and f is monotone in

each subinterval I1 = [x = c0, c1] , I2 = [c1, c2] ,..., Ip = [cp−1, y = cp] , we

have

d(x, y) =

p−1∑
j=0

d(cj , cj+1)

= s−1

p−1∑
j=0

d (f(cj), f(cj+1))

= s−1

p−1∑
j=0

|h (f(cj))− h(f(cj+1))|

> s−1 |h (f(x))− h(f(y))|
= s−1d (f(x), f(y)) .

So, we can write d(x, y) > s−1d (f(x), f(y)) , ∀x, y ∈ I. From (9) and for

the unidirectional coupling (3) we have

d(yn+1, xn+1) 6 M |yn+1 − xn+1| = M |1− k| |f(yn)− f(xn)|
6 M |1− k|N−1d (f(yn), f(xn)) 6 M |1− k|N−1s d(yn, xn).

It follows that

d(yn+r, xn+r) 6 Mr |1− k|r N−rsrd(yn, xn),
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so d(yn+r, xn+r) →
r→∞

0 if
∣∣M (1− k) N−1s

∣∣ < 1. Then, the coupled system

(1) is synchronized if

k > 1− N

M

1

s
.

For the bidirectional coupling (4) and using the same arguments as be-

fore, we also have that

d(yn+1, xn+1) 6 M |1− 2k|N−1s d(yn, xn).

It follows that d(yn+r, xn+r) →
r→∞

0 if
∣∣M (1− 2k) N−1s

∣∣ < 1. Then, the

coupled system (2) is synchronized if

1

2

(
1 +

N

M

1

s

)
> k >

1

2

(
1− N

M

1

s

)
.

Denote by k∗ the synchronization threshold for (1), i.e. the system of

piecewise monotone functions synchronizes for k > k∗. Denote by c∗ the

value such that for c > c∗ the system of piecewise linear maps (5) is syn-

chronized. Note that

N(1− k∗) = M(1− c∗). (10)

With the assumptions we made, if the piecewise monotone coupled

maps synchronizes, so do the conjugated piecewise linear coupled maps

and conversely, if the piecewise linear coupled maps synchronizes, so do the

conjugated piecewise monotone coupled maps. In fact, from (9) we have

d(yn, xn) 6 M |yn − xn| , therefore if system (1) synchronizes for k > k∗,

then system (5) synchronizes for c > c∗, because k∗ > c∗. On the other

hand, we have also from (9), |yn − xn| 6 N−1d(yn, xn), therefore if the

system (5) synchronizes for c > c∗, then the system (1) synchronizes for

k > k∗ with k∗ verifying (10).

For the bidirectional coupling, we have

1− 1

s
6 1− N

M

1

s
6 1 +

N

M

1

s
6 1 +

1

s
,

so the synchronization interval for the piecewise monotone coupled maps

is contained in the synchronization interval for the conjugated piecewise

linear coupled maps.
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3. Duffing oscillators’s example and symbolic

synchronization

Consider two identical bidirectionally coupled Duffing oscillators, see [3]

and references therein{
x′′(t) = x(t) − x3(t)− αx′(t) + k [y(t)− x(t)] + β Cos(wt)

y′′(t) = y(t)− y3(t)− αy′(t)− k [y(t)− x(t)] + β Cos(wt)
(11)

where k is the coupling parameter. We consider parameter values for which

each uncoupled (k = 0) oscillator exhibits a chaotic behaviour, so if they

synchronize, that will be a chaotic synchronization. We did a Poincaré sec-

tion defined by y = 0 and found in the parameter plane (α, β), a region U
where the first return Poincaré map behaves like a unimodal map and a

region B where the first return Poincaré map behaves like a bimodal map.

We choose, for example, w = 1.18, x0 = 0.5, x′

0 = −0.3, y0 = 0.9, y′

0 = −0.2

and α = 0.4, β = 0.3578, for the unimodal case and α = 0.5, β = 0.719, for

the bimodal case.

Fig. 1. Evolution of x versus y for the bidirectional coupled Duffing oscillators, for some

values of k, in the unimodal case (α = 0.4, β = 0.3578).

Numerically we can see the evolution of the difference z = y − x with

k. The synchronization will occur when x = y. See some examples in Fig. 1

for the unimodal case. Although not shown in this figure, the graphics of

the difference y − x for k greater then 0.122 are always a diagonal like in

the picture for k = 0.25, showing that these Poincaré unimodal maps are

synchronized. For α = 0.4 and β = 0.3578 we have h = 0.2406 . . . , then

s = 1.272... If the coupled maps where piecewise linear maps with slope
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s = ±1.272, the synchronization will occurs for c > c∗ = s−1
2s

= 0.107 and

we see numerically that these unimodal Poincaré maps for the Duffing equa-

tions synchronizes at a little greater value, k∗ ≈ 0.122, so these pictures

confirms numerically the above theoretical results, though we cannot guar-

antee that the semiconjugation between the unimodal and the piecewise

linear maps is a conjugation.

4. Conclusions

We obtained explicitly the value c∗ of the coupling parameter, such that

for c > c∗ two piecewise linear maps, unidirectional or bidirectional coupled

are synchronized. Moreover we prove that, in certain conditions, the syn-

chronization of two m-modal maps is equivalent to the synchronization of

the corresponding conjugated piecewise linear maps, but for different values

of the coupling parameter. A numerical application to the coupling of two

Duffing equations is given.
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Iteration of smooth maps appears naturally in the study of continuous diffe-

rence equations and boundary value problems. Moreover, it is a subject that

may be studied by its own interest, generalizing the iteration theory for interval

maps. Our study is motivated by the works of A. N. Sharkovsky et al.1,3 , E.

Yu. Romanenko et al.2 , S. Vinagre et al.4 and R. Severino et al.5 . We study

families of discrete dynamical systems of the type (Ω, f), where Ω is some class

of smooth functions, e.g., a sub-class of Cr
(J, R), where J is an interval, and

f is a smooth map f : R → R. The action is given by ϕ 7→ f ◦ ϕ. We analyze

in particular the case when f is a family of quadratic maps. For this family we

analyze the topological behaviour of the system and the parameter dependence

on the spectral decomposition of the iterates.

Keywords: Smooth map, difference equations, spectrum, symbolic dynamics,

discrete dynamical systems, iteration theory.

1. Introduction

Usually the term iteration of smooth functions means that we have a smooth

function f and we study the behaviour of the orbits of points, under itera-

tion of f . In the present paper, we also have a smooth function f . However,

here, the term iteration of smooth functions means that the underlying

space of the dynamical system is a space of smooth functions, therefore the

orbits or trajectories, under iteration of f , are no longer points in an interval

but smooth functions. Therefore, we deal with infinite dimension discrete

dynamical systems. Iteration of smooth functions appears naturally in dif-

ferent contexts, namely difference equations and boundary value problems,

see for example1–5 . Among boundary value problems for partial differen-

tial equations, there are certain classes of problems reducible to difference

equations and to other relevant equations. These classes consist mainly on

problems for which the representation of the general solution of partial dif-
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ferential equations is known. The reduction to a difference equation with

continuous argument, followed by the employment of the properties of the

one-dimensional map associated with the difference equation, allows an in-

sight into the properties of chaotic solutions for the original problem.

2. Iterated smooth functions

Let us consider the quadratic family depending on the parameter µ,

fµ : R → R

x 7→ 1− µx2

with xc = 0 being the critical point. Note that there is an invariant interval

which is [−1, 1]. Regarding the iteration of the interval map fµ we have the

following: as usual, we assign the symbols L (left) and R (right) to each

point x in the subintervals of monotonicity [−1, 0) and (0, 1], respectively,

and the symbol C to the critical point xc = 0. The address of x, ad(x), is this

assignment. Therefore, we get a correspondence between orbits of points

and symbolic sequences of the alphabet {L, C, R}. This correspondence is

called the itinerary by the map fµ,

itfµ
(x) = ad (x) ad (fµ (x)) ad

(
f2

µ (x)
)
. . . . ∈ {L, C, R}N.

An admissible sequence is a sequence in {L, C, R}N which occurs as an

itinerary for some point x ∈ [−1, 1] and an admissible word is some word

occurring in an admissible sequence.

The itinerary of the image of the critical point is of particular impor-

tance and it is called the kneading sequence Kµ = itfµ
(fµ(0)) = K1K2... ∈

{L, C, R}N.

Let X = {x1, x2, ..., xn} ⊂ [−1, 1]. We define orbfµ
(X) =

∞

∪
j=0

f j
µ(X).

Now, consider the following class of smooth functions

A = {ϕ ∈ C∞([0, 1]) : ϕ′(0) = ϕ′(1) = 0} .
Every function in A can be written as a linear combination of cos(kπx)

(the cosine - Fourier expansion). We also consider the space

B =

{
ϕ ∈ A : ϕ(x) =

n∑
k=0

ck cos(kπx), n ∈ N

}
,

the space of the functions in A which are finite linear combinations of the

cos(kπx). Let Tµ be the operator

Tµ : A → A
ϕ 7→ fµ ◦ ϕ.
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Note that Tµ is well defined since (fµ ◦ ϕ)
′

(0) = (fµ ◦ ϕ)
′

(1) = 0. We

will be interested in the discrete dynamical system (A, Tµ). Since fµ is a

polynomial map, we have Tµ(B) ⊆ B and we also consider the dynamical

system (B, Tµ), where Tµ means Tµ|B. Moreover, if φ ∈ A and Im(φ) ⊂
[−1, 1] then Im(T k

µ φ) ⊂ [−1, 1] for every k ∈ N. We will assume, unless

otherwise stated, that Im(φ) ⊂ [−1, 1].

2.1. Localization of critical points and critical values

Let IS0...Sk
⊂ [−1, 1] denote the interval of points x which satisfy

ad(x) = S0, ad(fµ(x)) = S1,..., ad(fk
µ (x)) = Sk.

Proposition 2.1. Let φ ∈ A and let J ⊂ [0, 1] be an interval. If φ|J(x) is

a maximal (resp. minimal) value in IRS1...Sk
, then f ◦ φ|J(x) is a minimal

(resp. maximal) value in IS1...Sk
. If φ|J (x) is a maximal (resp. minimal)

value in ILS1...Sk
, then fµ ◦ φ|J (x) is a maximal (resp. minimal) value in

IS1...Sk
.

Proof. First, by the definition of IS0...Sk
, we have fµ(IS0...Sk

) = IS1...Sk

for any admissible word S0...Sk. Next, since fµ|IR
is decreasing it reverses

the order, therefore maximal (resp. minimal) points for φ|J in some J ,

subinterval of [0, 1], correspond to minimal (resp. maximal) points for fµ ◦
φ|J . The same reasoning, noting that fµ|IL

is increasing and preserves the

order, leads to the claimed result.

Let c(φ) denote the set of the critical points of φ ∈ A, cv(φ) the set

of the critical values of φ ∈ A and z(φ) the set of zeros of φ. Note that

cv(φ) = φ(c(φ)).

Proposition 2.2. Let φ ∈ A. Then

c(fµ ◦ φ) = z(φ) ∪ c(φ) and cv(fµ ◦ φ) = fµ (φ (z(φ))) ∪ fµ (cv(φ)) .

Proof. From the chain rule (fµ ◦ φ)′ (x) = f ′

µ(φ(x))φ′(x) = 0. Therefore,

either φ′(x) = 0 or f ′

µ(φ(x)) = 0. The first claim follows. The critical values

of fµ ◦φ are naturally the images under fµ ◦φ of the critical points of fµ ◦φ.

Moreover, fµ (cv(φ)) = fµ ◦ φ(c(φ)) and the result follows.

A consequence of this result is the following:
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Fig. 1. a) Graph of the restriction of a function φ, in a subinterval J, with a maximum

(resp. minimum) in the region IRLR. b) Graph of the restriction of fµ ◦ φ, in the same

subinterval J, which has a minimum (resp. maximum) in the region ILR.

Corollary 2.1. Let φ0 ∈ A and φk+1 = fµ ◦ φk. Then

c(φk+1) =
k
∪

j=0
z(f j

µ(φ0)) ∪ c(φ0)

and

cv(φk+1) =
k
∪

j=0
fk+1−j

µ (φj(z(φj)) ∪ fk+1
µ (cv(φ0)).

This last result means that the maxima and minima of the iterates φk

of some initial function φ0 are obtained from the orbits of the maxima and

minima of φ0 and the appearance of new critical points corresponds to the

appearance of new zeros of φ0, φ1, ..., φk. A similar phenomena is presented

in R. Severino et al.
5 . In order to illustrate the results given above, consider

the Figures 1, 2 and 3.

By the previous results, the critical points of a function φ ∈ A are

also critical points of fµ ◦ φ, that is, c(φ) ⊂ c(fµ ◦ φ). Moreover, if φ has

a zero then it will be also a critical point of fµ ◦ φ. Now, let y be a j-

pre-image of 0 under the iteration by fµ. The itinerary of y will be in

the form S1...Sj−1CK1K2..., (recall that Kµ = itfµ
(fµ(0)) = K1K2...) for

some admissible word S1...Sj ∈ {L, R}j. Therefore, if k ∈ N is fixed and

if we represent the horizontal lines, ordered by the symbolic sequences,

corresponding to every j-pre-image of 0, with 0 < j ≤ k, we obtain a

procedure to identify all the new critical points and critical values up to

the iterate k of any φ ∈ A. These new critical points and values will be the
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Fig. 2. a) Graph of the restriction of a function φ, in a subinterval J, with a maximum

(resp. minimum) in the region ILLR. b) Graph of the restriction of fµ ◦ φ, in the same

subinterval J, which has a maximum (resp. minimum) in the region ILR.

Fig. 3. a) Graph of the restriction of a function φ, in a subinterval J, with zeros at

some points x1 and x2 and a maximum (resp. minimum) in the region IRRL (ILRL).

b) Graph of the restriction of a function fµ ◦ φ, in the same subinterval J, with new

maximal values at x1 and x2 and a minimum in the region IRL (IRL); note that in b)

the vertical scale is changed.

intersection of φ with the horizontal lines referred above, see Figures 4 a)

and 4 b).

2.2. Spectrum

Now, we analyze the spectral evolution under iteration of fµ and its depen-

dence on the initial condition and on the parameter µ.

Theorem 2.1. Let φ0(x) =
∑m0

j=0 cj(0) cos(jπx) ∈ B, with m0 ∈ N and
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Fig. 4. a) Graph of φ0(x) = a0 + a1 cos(3πx) with a0 = −0.5, a1 = 0.05 so that

φ5 = f5
µ
◦ φ0 has three new critical points (µ = 2). b) Graphs of the k−iterations under

fµ of φ0(x) = a0 + a1 cos(3πx), with µ = 2, a0 = −0.5 and a1 = 0.05.

cj(0) ∈ R, j = 0, ..., m0. Let φk = fk
µ ◦ φ0 =

∑mk

j=0 cj(k) cos(jπx). Then

c0(k + 1) = 1− µc0(k)2 − µ

2

mk∑
n=1

cn(k)2

and

cr(k + 1) = −µ

2

r∑
j=0

cr−j(k)cj(k)− µ

mk∑
j=r

cj−r(k)cj(k),

with mk = 2km0.

Proof. Let φk =
∑mk

j=0 cj(k) cos(jπx) = fk
µ ◦ φ0. We have φk+1 = 1 −

µ (φk)
2

=
∑mk+1

j=0 cj(k + 1) cos(jπx), i.e.,

1− µ [c0(k) + c1(k) cos(πx) + ... + cmk
(k) cos(mkπx)]

2

=

mk+1∑
r=0

cr(k + 1) cos(rπx).
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Since cos(iπx) cos(jπx) = 1
2 [cos((i + j)πx) + cos((i− j)πx)], we have for

r = 0,

c0(k + 1) = 1− 1

2

∑
i,j=1,...,mk:

i+j=0

ci(k)cj(k) +
1

2

∑
i,j=1,...,mk:

|i−j|=0

ci(k)cj(k)

= 1− µc0(k)2 − µ

2

mk∑
n=1

cn(k)2

and for r > 0,

cr(k + 1) = −µ

2

∑
i,j=1,...,mk:

i+j=r

ci(k)cj(k)− µ

2

∑
i,j=1,...,mk:

|i−j|=r

ci(k)cj(k)

= −µ

2

r∑
j=0

cr−j(k)cj(k)− µ

2

r∑
j=0

cr+j(k)cj(k)− µ

2

mk∑
j=r

cj−r(k)cj(k).

Since
r∑

j=0

cr+j(k)cj(k) =
mk∑
j=r

cj−r(k)cj(k) the claim follows.

The Figure 5 illustrates the spectral dependence on the parameter µ.

If φ ∈ B it makes sense to talk about the maximal harmonic of φ,

denoted by m(φ) (corresponding to a maximal frequency). It is equal to

the maximal natural number m so that the coefficient of cos(mπx) in the

φ cos-expansion is non-zero. We define also ν(φ) as the absolute value of

this coefficient. Next, we obtain an explicit dependence of ν(φk) on the

parameter µ. Thus, we see ν(φk) as a function of µ that is ν(φk) = ν(φk , µ).

Proposition 2.3. Let φ ∈ B and φk = fk
µ ◦ φ. Then ν(φk , µ) is an increa-

sing function on µ for every k ≥ 1 and for every initial condition φ. As a

consequence, ν(φk , µ) depends monotonically on the topological entropy.

Proof. Let φ ∈ B and φk = fk
µ ◦ φ for some k ∈ N. From the Theorem

2.1 we have that mk = m(φk) = 2km(φ) and ν(φk , µ) = |cmk
(k)|. A sim-

ple computation shows that cmk+1
(k + 1) = −µ

2 cmk
(k)2 and consequently

ν(φk , µ) = aµN , for some real number a and N integer. Therefore, in the

considered interval µ ∈ [0, 2], the function ν(φk , µ) is monotone. Since the

topological entropy of fµ depends monotonically on µ, the result follows.
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Fig. 5. Graphs of the spectral decomposition cj(k) of φk = fk

µ
, with k = 4, the functions

of the parameter µ, with the initial condition φ(x) = cos(πx). a) c0(4), b) c1(4), c) c2(4),

d) c3(4), e) c4(4), f) c5(4), g) c6(4), h) c7(4) and i) c8(4).
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In this work we derive the formula which connects the number of focal points

in (0, N + 1] for conjoined bases of symplectic difference systems. The similar

result is obtained for the number of focal points in [0, N+1). We prove that the

number of focal points in (0, N +1] and [0, N +1) for the principal solutions at

i = 0 and i = N + 1 coincides. The consideration is based on the new concept

of the comparative index.

1. Introduction

We consider the symplectic difference system

Yi + 1 = Wi Yi , i = 0, 1, . . . , N, Wi =

[
Ai Bi

Ci Di

]
, Yi =

[
Xi

Ui

]
, (1)

W T
i JWi = J, J =

[
0 I

−I 0

]
,

where Wi, Yi, J are real partitioned matrices with n × n blocks, and I, 0

are the identity and zero matrices.

A matrix solution Yi of (1) is said to be a conjoined basis of (1) if the

conditions Y T
i J Yi = 0, rankYi = n hold. For two conjoined bases Yi, Ŷi of

(1) the Wronskian identity [1]

w(Yi, Ŷi) = wi = const (2)

holds.
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According to the definition [1], a conjoined basis of (1) is said to have

a focal point in (i, i + 1] if the conditions

KerXi+1 ⊆ KerXi,

XiX
†

i+1Bi ≥ 0

do not hold (here, † denotes the Moore-Penrose inverse [2] of the matrix A,

KerA denotes the kernel of A, for a symmetric matrix A we write A ≥ 0 if

A is positive semidefinite).

Recent results [4–8] in Sturmian theory of (1) are based on the following

concept of the multiplicities of focal points introduced in [3].

Definition 1.1. A conjoined basis Yi has a focal point of the multiplicity

m1(i) at the point i + 1 if m1(i) = rankMi, where

Mi =
(
I −Xi+1X

†

i+1

)
Bi,

and this basis has a focal point of the multiplicity m2(i) in the interval

(i, i + 1) if m2(i) = ind(T T
i XiX

†

i+1BiTi), Ti = I −M †

i Mi, where indA is

the number of negative eigenvalues of a symmetric matrix A. The number

of focal points in (i, i + 1] is defined by m (i) = m1 (i) + m2 (i).

Consider the reciprocal symplectic system [1]

Yi = W−1
i Yi+1, W−1

i =

[
DT

i −BT
i

−CT
i AT

i

]
. (3)

Observe that Yi solves (1) if and only if Yi solves (3). By the definition [1],

a conjoined basis of (3), (or (1)) is said to have a focal point in [i, i + 1) if

the conditions

KerXi ⊆ KerXi+1,

Xi+1X
†

i BT
i ≥ 0

do not hold. By analogy with Definition 1.1 introduce the number of focal

points in [i, i + 1) interchanging the roles of i and i + 1.

Definition 1.2. A conjoined basis Yi of (3) has a focal point of the mul-

tiplicity m∗

1(i) at the point i if

m∗

1(i) = rangM̃i, M̃i =
(
I −XiX

†

i

)
BT

i ,

and this basis has a focal point of the multiplicity m∗

2(i) in the interval

(i, i + 1) if m2(i) = ind(T̃ T
i Xi+1X

†

i BT
i T̃i), T̃i = I − M̃ †

i M̃i. The number of

focal points in [i, i + 1) is defined by m∗ (i) = m∗

1 (i) + m∗

2 (i).
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Recall that the conjoined basis Y 0
i of (1) given by the initial conditions

X0 = 0, U0 = I is called the principal solution of (1) at 0. The principal

solution of (3) at N + 1 given by XN+1 = 0, UN+1 = −I is denoted by

Y N+1
i . Define the numbers of focal points

l(Yi) =

N∑
i=0

m(i), l∗(Yi) =

N∑
i=0

m∗(i) (4)

for a conjoined basis Yi in (0, N + 1] and [0, N + 1) respectively.

In the recent papers [4, 8] the following inequality |l(Yi)− l(Ŷi)| ≤ n is

proved for conjoined bases Yi, Ŷi of (1). In [7] we derive an equality which

connects l(Yi) and l(Ŷi) for conjoined bases Yi, Ŷi (see also Theorem 3.1

in section 3). Using the similar formula for l∗(Yi) and l∗(Ŷi) we prove the

following theorem.

Theorem 1.1. If Y 0
i and Y N+1

i are the principal solutions of (1) at 0 and

N + 1 respectively, then

l = l(Y 0
i ) = l∗(Y N+1

i ).

The consideration is based on the concept of the comparative index [6]

closely related to the concept of the multiplicities of focal points [3].

2. The main properties of the comparative index

In this section we consider 2n × n-matrices Y =

[
X

U

]
, Ŷ =

[
X̂

Û

]
which

obey the conditions

Y T J Y = 0, Ŷ T J Ŷ = 0,

rankY = rankŶ = n.

Introduce the matrices

w = w(Y, Ŷ ) = Y T JŶ (5)

w∗ = w∗(Ŷ , Y ) = Y T JT Ŷ . (6)

Then the comparative index µ(Y, Ŷ ) = µ1(Y, Ŷ )+µ2(Y, Ŷ ) associated with

(5) is defined by the following formulas

µ1(Y, Ŷ ) = rankM,M =
(
I −X†X

)
w, (7)

µ2(Y, Ŷ ) = indP , P = T T
(
wT X†X̂

)
T , T = I −M†M. (8)
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Introduce the reciprocal comparative index µ∗(Y, Ŷ ) = µ∗

1(Y, Ŷ ) +

µ∗

2(Y, Ŷ ) (associated with (6)) replacing w by w∗ in (7), (8).

Because of JT = −J, w∗(Ŷ , Y ) = −w(Y, Ŷ ) we have that

µ∗

1(Y, Ŷ ) = µ1(Y, Ŷ ), µ∗

2(Y, Ŷ ) = ind(−P), (9)

where P is defined by (8).

According to Theorem 2.1 in [6], the matrix M in (7) can be replaced

by

M̃ =
(
I −XX†

)
X̂, (10)

the matrix P in (8) is symmetric and

P = T T
(
X̂T [Q̂−Q]X̂

)
T

for any symmetric Q, Q̂ such that XT QX = XT U, X̂T Q̂X̂ = X̂T Û .

The main properties of µ(Y, Ŷ ) are formulated in the following theorem.

Theorem 2.1. Let matrices Z, Ẑ be symplectic and Z[0 I ]T = Y, Ẑ[0 I ]T =

Ŷ , then

i) for any nonsingular n× n matrices C1, C2 we have

µk(Y C1, Ŷ C2) = µk(Y, Ŷ ), k = 1, 2,

ii) µk(L1Y, L1Ŷ ) = µk(Y, Ŷ ), k = 1, 2, for any symplectic block lower trian-

gular matrix L1,

iii) µk(Z[0 I ]T , Ẑ[0 I ]T ) = µ∗

k(Z−1[0 I ]T , Z−1Ẑ[0 I ]T ), k = 1, 2,

iv)

µ1(Y, Ŷ ) = rankX̂ − rankX + µ∗

1(Ŷ , Y ),

µ2(Y, Ŷ ) = µ∗

2(Ŷ , Y ),

v) µ(Y, Ŷ ) + µ(Ŷ , Y ) = rank(w(Y, Ŷ )),

vi) µ(JZ[0 I ]T , JẐ[0 I ]T ) = µ(Z[0 I ]T , Ẑ[0 I ]T ) + µ(JZ[0 I ]T , [I 0]T ) −
µ(JẐ[0 I ]T , [I 0]T ).

The proof based on the factorization approach [6] can be found in [7].

Theorem 2.2. For any symplectic matrices Z, Ẑ, W the following identity

µ(WZ[0 I ]T , W Ẑ[0 I ]T ) = µ(Z[0 I ]T , Ẑ[0 I ]T ) + µ(WZ[0 I ]T , W [0 I ]T )

− µ(WẐ[0 I ]T , W [0 I ]T ). (11)

holds.
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Proof. Note that (11) is proved for the important particular cases W = L1

and W = J (see Theorem 2.1 ii), vi)). Next, using the result (see Proposi-

tion 6.2 in [9]) on the factorization of any symplectic matrix in the form

W = JL1J
T L2JL3J

T , where L1, L2, L3 are symplectic block lower trian-

gular matrices it is possible to prove (11) for any symplectic matrix W. For

example, applying sequentially Theorem 2.1 ii), vi), i) we have

µ(WZ[0 I ]T , W Ẑ[0 I ]T ) =

µ(JL1J
T L2JL3J

T Z[0 I ]T , JL1J
T L2JL3J

T Ẑ[0 I ]T ) =

µ(JT L2JL3J
T Z[0 I ]T , JT L2JL3J

T Ẑ[0 I ]T )+

µ(WZ[0 I ]T , [I 0]T )− µ(WẐ[0 I ]T , [I 0]T ) = . . . =

µ(Z[0 I ]T , Ẑ[0 I ]T ) + {µ(JT Z[0 I ]T , [I 0]T )− µ(JT Ẑ[0 I ]T , [I 0]T )+

µ(JL3J
T Z[0 I ]T , [I 0]T )− µ(JL3J

T Ẑ[0 I ]T , [I 0]T )+

µ(JT L2JL3J
T Z[0 I ]T , [I 0]T )− µ(JT L2JL3J

T Ẑ[0 I ]T , [I 0]T )+

µ(WZ[0 I ]T , [I 0]T )− µ(WẐ[0 I ]T , [I 0]T )}. (12)

Putting in (12) Ẑ = I we derive a similar formula for µ(WZ[0 I ]T , W [0 I ]T ).

Replacing Z by Ẑ we obtain a similar expansion for µ(WẐ[0 I ]T , W [0 I ]T ).

Next, it is easy to verify directly that the bracketed expression in (12)

coincides with µ(WZ[0 I ]T , W [0 I ]T )− µ(WẐ[0 I ]T , W [0 I ]T ). The proof is

completed.

Note that in Theorem 2.1, Theorem 2.2 we can interchange the role of

µ and µ∗. So we have the following theorem for µ∗.

Theorem 2.3. For any symplectic matrices Z, Ẑ, W the following identity

µ∗(Z[0 I ]T , Ẑ[0 I ]T ) = µ∗(WZ[0 I ]T , W Ẑ[0 I ]T )+µ∗(Z[0 I ]T , W−1[0 I ]T )

− µ∗(Ẑ[0 I ]T , W−1[0 I ]T ). (13)

holds.

3. Separation results

In this section we apply the concept of the comparative index µ to the

oscillation theory of (1). So we connect this concept with the concept of

the multiplicities of focal points.
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Lemma 3.1. If Zi is a symplectic fundamental matrix for (1) and Yi =

Zi[0 I ]T , then

mk(i) = µk(Zi+1[0 I ]T , Wi[0 I ]T ) = µ∗

k(Z−1
i+1[0 I ]T , Z−1

i [0 I ]T ), (14)

m∗

k(i) = µ∗

k(Zi[0 I ]T , W−1
i [0 I ]T ) = µk(Z−1

i [0 I ]T , Z−1
i+1[0 I ]T ), k = 1, 2,

(15)

where m(i) and m∗(i) are the numbers of focal points of Yi in (i, i + 1] and

[i, i + 1) respectively.

Proof. Note that the proof of (14) is presented in [6] (see Lemmas 2.2,

2.3). Consider the proof of (15). By the definition of µ∗(Y, Ŷ ) (see

section 2) for the case Y := Yi, Ŷ := W−1
i [0 I ]T = [−Bi, Ai]

T ,

we have µ∗

1(Zi[0 I ]T , W−1
i [0 I ]T ) = m∗

1(i), where we use (10), (9)

for the evaluation of µ∗

1(Y, Ŷ ). Next, w∗ = Y T
i JT W−1

i [0 I ]T =

Y T
i W T

i JT [0 I ]T = −XT
i+1, then by (8), µ∗

2(Zi[0 I ]T , W−1
i [0 I ]T ) =

indT̃ T
(
w∗ T X†

i (−BT
i )

)
T̃ = m∗

2(i), where we use the notation of Defi-

nition 1.2. Note that µ∗

k(Zi[0 I ]T , W−1
i [0 I ]T ) = µk(Z−1

i [0 I ]T , Z−1
i+1[0 I ]T )

holds because of Theorem 2.1 iii), where we use additionally that ZiZ
−1
i+1 =

W−1
i . The proof is completed.

Remark 3.1. Note that m1(i) = rankM̆i, M̆i = (I − X†

i+1Xi+1)X
T
i by

(14), and Mi in Definition 1.1 can be replaced by M̆i because of Lemma 3.1.

Corollary 3.1. If m(i) and m∗(i) are the numbers of focal points for a

conjoined basis Yi of (1) in (i, i + 1] and [i, i + 1) respectively, then

m∗(i)−m(i) = rank(Xi+1)− rank(Xi). (16)

Proof. According to Lemma 3.1, m(i) = µ∗(Z−1
i+1[0 I ]T , Z−1

i [0 I ]T ),

m∗(i) = µ(Z−1
i [0 I ]T , Z−1

i+1[0 I ]T ), then, by Theorem 2.1 iv), we have

µ(Z−1
i [0 I ]T , Z−1

i+1[0 I ]T )=rank(Xi+1)−rank(Xi)+µ∗(Z−1
i+1[0 I ]T , Z−1

i [0 I ]T )

or (16).

Corollary 3.2. Let Yi, Ŷi be conjoined bases of (1) and µ(i) =

µ(Yi, Ŷi), µ∗(i) = µ∗(Yi, Ŷi). Then

∆µ(i) = m(i)− m̂(i), −∆µ∗(i) = m∗(i)− m̂∗(i), (17)

where m(i), m∗(i) and m̂(i), m̂∗(i) are the numbers of focal points for con-

joined bases Yi, Ŷi of (1) in (i, i + 1] and [i, i + 1).
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Proof. For the proof we use Theorems 2.2, 2.3. Put in (11) Z := Zi, W :=

Wi, Ẑ := Ẑi, where Zi, Ẑi are symplectic fundamental matrices for (1),

i.e. Zi+1 = WiZi, Ẑi+1 = WiẐi, and Yi = Zi[0 I ]T , Ŷi = Ẑi[0 I ]T . Then,

according to Lemma 3.1 and (11), we obtain µ(Yi+1, Ŷi+1) = µ(Yi, Ŷi) +

m(i)− m̂(i) or the first equation in (17). Similarly, by Lemma 3.1 and (13)

we have µ∗(Yi, Ŷi) = µ∗(Yi+1, Ŷi+1)+m∗(i)− m̂∗(i) or the second equation

in (17).

Theorem 3.1. Let Yi, Ŷi be conjoined bases of (1), then

l(Yi)− l(Ŷi) = µ(N + 1)− µ(0), l∗(Yi)− l∗(Ŷi) = µ∗(0)− µ∗(N + 1), (18)

where l(Yi), l∗(Yi) defined by (4) are the numbers of focal points for Yi in

(0, N + 1] and [0, N + 1) .

Proof. Summing the equations in (17) from i = 0 to i = N we derive (18).

Corollary 3.3.

|l(Yi)− l(Ŷi)| ≤ rank(w(Yi, Ŷi)) ≤ n,

|l∗(Yi)− l∗(Ŷi)| ≤ rank(w(Yi, Ŷi)) ≤ n, (19)

for the Wronskian w(Yi, Ŷi) = wi defined by (2).

Proof. By (18), we obtain −µ(0) ≤ l(Yi) − l(Ŷi) ≤ µ(N + 1) because

µ(i) ≥ 0. Next, by Theorem 2.1 v), we have µ(i) ≤ rankwi, then the first

inequality in (19) holds because of the Wronskian identity (2). The proof

of the second inequality is similar.

Proof of Theorem 1.1. Summing the equations in (16) from i = 0 to

i = N we obtain that

l∗(Yi)− l(Yi) = rank(XN+1)− rank(X0). (20)

Using (18), (20) for the case Yi := Y N+1
i , Ŷi := Y 0

i , where Y N+1
i , Y 0

i are

the principal solutions at N + 1 and 0 we have

l∗(Y N+1
i )− l(Y N+1

i ) = −rank(XN+1
0 ) (21)

by (20), and

l(Y N+1
i )− l(Y 0

i ) = µ(Y N+1
N+1 , Y 0

N+1)− µ(Y N+1
0 , Y 0

0 ) =

µ([0 − I ]T , Y 0
N+1)− µ(Y N+1

0 , [0 I ]T ) = rank(X0
N+1) (22)
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by (18) and the definition of µ. Note that rank(XN+1
0 ) = rank(X0

N+1) due

to the Wronskian identity w(Y 0
0 , Y N+1

0 ) = −XN+1
0 = w(Y 0

N+1, Y
N+1
N+1 ) =

−X0T
N+1. Then, summing (21) and (22) we prove Theorem 1.1.
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We have introduced the notion of conductance in discrete dynamical systems

using the known results from graph theory applied to systems arising from

the iteration of continuous functions. The conductance allowed differentiating

several systems with the same topological entropy, characterizing them from

the point of view of the ability of the system to go out from a small subset

of the state space. There are several other definitions of conductance and the

results differ from one to another. Our goal is to understand the meaning of

each one concerning the dynamical behaviour in connection with the decay

of correlations and mixing time. Our results are supported by computational

techniques using symbolic dynamics, and the tree-structure of the unimodal

and bimodal maps.
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1. Introduction

The problem of classification of dynamical systems depends on the context

in which it is applied. It can have a topological, differentiable, algebraic

or other character. In each context there are parameters, which remain

constant in equivalent systems (isomorphic) and we call invariants.

The classification is achieved only when we know all invariants required,

as is the case of Bernoulli systems, where the entropy is a complete invari-

ant. However this situation is uncommon, there are few examples in the

theory where it is known.
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In the last years we have been studying discrete dynamical systems,

arising from the iterates of a Markov real function in the interval f : I → I,

xk+1 = f (xk) , x0 ∈ I.

Such systems can be viewed as topological Markov chains, where the state

space corresponds to the intervals of the Markov partition and the transition

matrix is obtained from the following:

(Af )
ij

:=

{
1 if f (Ii) ⊇ Ij

0 otherwise.

It is known that the topological entropy of the system is related to the

spectral radius of A, but it is not a complete invariant for we have families

of maps with constant topological entropy, but with different dynamics.

We have presented a study using the second eigenvalue (in magnitude)

of the transition matrix A, that allowed us to classify a certain family of

bimodal maps with constant topological entropy in a binary ordered tree of

trajectories.3 Nevertheless it was showed that this tree possessed branches

corresponding to different dynamics, but with the same spectral invariants

(first and second eigenvalue of A).4 This situation led us to the research

of different kind of parameters to accomplish the task we have proposed:

to find the relation of the topological parameters of the bimodal maps we

were iterating, with the dynamics of the system itself.5,7 With this proposal

we have introduced the notion of conductance and discrete laplacian in the

context of discrete dynamical systems and we have used these concepts in

several families of m-modal maps to characterize the dynamics.

In this work we return to the first invariant we have treated before, the

mixing time of a discrete dynamical system, and we show the relationship

with the conductance in families of unimodal and bimodal maps. We present

a numerical study that shows that the conductance, in all four versions of

it, presents an effective measure of the mixing time.

All investigations are done considering the kneading theory and the

symbolic dynamics as the main tool to produce concrete results.

2. Settings

Consider the discrete dynamical system of the iterates of a function in

the interval (I, f,B, µ) , where (I,B, µ) is the probabilistic measure space,

I = [0, 1] , B to be the Borel sets in I , µ the Lebesgue measure and f : I → I

is a non-singular and measure preserving transformation, i.e., µ
(
f−1 (B)

)
=

µ (B) , for all B ∈ B.
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Definition 2.1. The map f : I → I is called mixing if and only if

lim
t→∞

µ
(
B ∩ f−t (C)

)
= µ (B) µ (C) for all B, C ∈ B

where f−t (C) = {x ∈ I : f t (x) ∈ C}. If we consider points x in

B ∩ f−t (C) , when t → ∞, the measure of the set of these points is just

µ (B) µ (C) . It means that any set C ∈ B under the action of f becomes

asymptotically independent of a fixed set B ∈ B.

Obviously the mixing property depends of the measure µ, and sometimes

we say that the system is (f, µ)-mixing meaning that the map f is mixing

with respect to µ.

If f is a Markov function, there is a unique Markov chain associated with

it, via the Parry measure, see,10 which is induced by the Perron eigenvectors

of the matrix A. This Markov chain is characterized by a stochastic matrix

P which depends only on the matrix A and the referred eigenvectors. This

matrix P is irreducible, that is,

for all i, j, there exists t, such that
(
P t

)
ij

> 0

and aperiodic, that is

for all i, gcd{t :
(
P t

)
ii

> 0} = 1

then there exists a (unique) stationary distribution π, such that πP = π

and moreover, the system is ergodic and this distribution, π, also called the

equilibrium, verifies the mixing condition

lim
t→∞

(
P t

)
ij

= πj for all i, j.

Here the probability distributions in the time step t, p(t) = p(0)P t are

given by a row vector 1× n, as well as the stationarity π. The entry Pij of

the Markov matrix indicates the probability of transition from the state i

to the state j in one step.

In several practical models we put the question of knowing the conver-

gence speed, concretely, some times is useful to know how long the chain

must evolves to attempt some given proximity of the equilibrium. Intu-

itively the convergence is faster if there are no bottlenecks. That means

that there are no small subsets of the state space which retains the system.

These subsets are detected by the conductance of the discrete dynamical

system as defined in references 5,6.
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Define distance of p(t) from π as the l1 distance ‖·‖l1(π) , which is de-

fined9 by

∥∥∥p(t) − π
∥∥∥

l
1(π)

=
n∑

i=1

∣∣∣p(t)
i − πi

∣∣∣

For a given precision ε > 0 we define the mixing time as follows

τ (ε) = min{t :
∥∥∥p(t′) − π

∥∥∥
l1(π)

≤ ε, for all t′ ≥ t} (1)

There are other distances,9 namely the lp distances or the χ2−distance

which give rise to another mixing times, nevertheless in this work we have

adopted the l1-distance.

3. Conductance

Bezrukov1 in a survey on isoperimetric problems on graphs have presented

four different versions of isoperimetric numbers on graphs. They were es-

tablished to determine the edge expansion/congestion of the graph and so

to prove rapid mixing. This edge expansion, in a weighted version, is also

called conductance of the graph.

All these definitions were setting for a simple, non-weighted, connected

graph G = (V, E) , with |V | = n vertices. Denote by deg (i) the degree of

the vertex i and define, for U ⊂ V ,

V ol (U) =
∑
i∈U

deg (i) ,

θ (U) = {(i, j) ∈ E : i ∈ U, j /∈ U}.

With these settings let us introduce the four definitions of conductance in

a graph

i1 (G) = min
∅6=U⊂V

|θG(U)|
min{|U|, n−|U |}

; i2 (G) = min
∅6=U⊂V

|θG(U)|

min{V ol(U),V ol(U)}
;

i3 (G) = min
∅6=U⊂V

|θG(U)| n

|U |.|U| ; i4 (G) = min
∅6=U⊂V

|θG(U)|

|U |. log( n

|U| )
.

In Ref. 6 we have considered the adaptation of these four definitions as

definitions of conductance of a discrete dynamical system using a similar

adaptation from Bollobás2 to the case of a random walk in a weighted
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graph.

Φ1 = min
∅6=U⊂V

∑

i∈U,j∈U

πiPij

min{
∑

i∈U

πi,
∑

i∈U

πi}
;

Φ2 = min
∅6=U⊂V

∑

i∈U,j∈U

πiPij

min{
∑

i∈U,j∈V

(Pij+Pji),
∑

i∈U,j∈V

(Pij+Pji)}
;

Φ3 = min
∅6=U⊂V

∑

i∈U,j∈U

πiPij

∑

i∈U

πi.
∑

i∈U

πi

;

Φ4 = min
∅6=U⊂V

∑

i∈U,j∈U

πiPij

∑

i∈U

πi. log











1∑
i∈U

πi











.

As we have said before these definitions of conductance were used to

characterize families of discrete dynamical systems,6 namely those with the

same topological entropy. We have presented an example with the same

topological entropy and also the same conductance Φ1. This example was

the start point to the research of other invariants that led us to the present

study.

4. Unimodal and bimodal applications

Return to the discrete dynamical system. We have considered f in the

families of unimodal and bimodal applications. These maps are continuous

piecewise monotone maps in the interval with one and two critical points.

It is known8 that they are topologically semiconjugated to piecewise linear

maps with constant slope ±s and so it is sufficiently wide to analyze the

family of piecewise linear maps to have a general outlook. We have made

a strong use of symbolic dynamics in the choice of families of maps as it

is done in Ref. 4. We identify each map by the itinerary (or itineraries)

of his critical point (or points) given by the sequence of the letters of the

alphabet, also called the kneading sequences. In the unimodal case we use

the alphabet {L, C, R} and in the bimodal case {L, A, M, B, R}.
Basically we “walk” in the complete ordered tree of unimodal maps,

where the trajectories of the critical points are disposed according to the

period (each period corresponds to one floor) and to the topological entropy

(in each floor), see Fig. 1. Furthermore, if we are in one floor and we “go”

to the next floor going to the left makes the topological entropy decreasing
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Fig. 1. Kneading sequences tree of the unimodal maps up to period 6.

and to the right it increases. In the bimodal case, we need two itineraries to

identify each map, unless the trajectory of one critical point, A or B, falls

in the trajectory of the other, as is the case in the considered family below.

We present the results for conductance (all four possibilities) in com-

parison with the mixing time, computed by the formula (1), where we have

taken ε = 0.001 in all chosen families. We present, in the left, the evolution

of both quantities with the topological entropy and, in the right, the evo-

lution with the number of states in the state space (number of intervals in

the Markov partition, or, the length of the Markov matrix).

Results concerning the unimodal family,
(
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Another unimodal family,
(
CRLRK

)
∞
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Next we have considered all admissible unimodal maps up to period 8.

In the Figures below are plotted the variation of conductance and mixing

time with the topological entropy.
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Here is a bimodal family, AR
(
LkBL

)
∞

, which has constant topological

entropy, log 2. In this family we have constant Φ1 = 0.5, but different Φ2,3,4.

In the next Figure we have plotted just the evolution of conductance and

mixing time with the number of possible states.
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dim A
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mix

The relation of the conductance with the mixing time shows, as ex-

pected, that the existence of funnels is detected by all definitions of con-

ductance and implies a slower convergence to the stationarity.
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1. Introduction

Scarf [16] made it clear that in Walrasian general equilibrium models, dy-

namic stability may not be guaranteed under the tatonnement adjust-

ment processa. And so, Sonnenschein [17] introduced migration of resources

among industries to establish stability. Then, Mossay ([12] and [13]) consid-

ered stability allowing for migration of consumers. In both Sonnenschein’s

∗
Thanks are due to the referee for the comments, which are useful to make this article

more readable.

a
For an interesting recent contribution, see Mukherji [

14
].
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and Mossay’s model, prices are still the key variables, though quantities are

adjusted through migration of agents on a circumferential territory. In this

paper, we present a model in which the distributions of people among re-

gions as well as agent-types are the key variable, and establish the dynamic

stability through migration of agents. Our model is a variant of nonlinear

Markov-chain model with a different interpretation put on the transition

probability matrix.

In Section 2, we explain our model, and show its dynamic stability

in Section 3. The following Section 4 contains detailed consideration on

some conditions under which our assumption of primitivity of the transition

probability matrix is satisfied. An interpretation of each condition is also

presented. Section 5 gives an application of our model to a theory of traffic

distribution in an area. The final section includes some remarks.

2. Model

In our model of an economy, there are n(n ≥ 1) regions among which

people migrate. There exist also m(m ≥ 1) types of people. These types

may represent a producer of a particular commodity, or a transporter of

a commodity from a region to another, or an employee in an industry

with a specific tasteb, or a person who is a producer and consumer at

the same time. All the people need not be rational in the ordinary sense,

and some types of people are allowed to be irrational so long as that kind

of irrationality persists through time and so they behave the same way

consistently under the same environment. Given the distribution of people,

x ∈ D ≡ ( Rm×n
+ − {0}) among the n regions and the m types at the

beginning of a period, the supply of and demand for various commodities

in each region for the period are determined: we assume there are k(k ≥ 1)

kinds of goods and services. (The symbol Rm×n
+ stands for the nonnegative

orthant of the Euclidean space of dimension (m×n).) After observing these

supplies and demands, some people migrate, at the end of the period, to

another region depending upon their own decision process.c

People may also change their types. Changes in types of people, with

intention or not, naturally involve migration of resources among industries.

b
Various tastes may be represented by different utility functions people have adopted.

c
People certainly have many reasons to migrate other than the inequalities between

supply and demand. For example, some wish to move out of a crowded region, while

others move in to look for a job. The point is that those reasons are definable solely by

the present distribution of people.
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Besides, producers shifts to a different industry together with their assets.d

Concerning how people migrate among regions as well as among types, we

adopt a Markov-chain type transition coefficient matrix, T (x), whose size

is (m×n)× (m×n) , and the (i, j) entry is denoted by tij(x), showing its

dependence on the distribution of x. We have just mentioned a transition

coefficient matrix, not a probability one. In our model, we may regard the

transition among regions and types as deterministic, and each column-sum

of coefficients needs not be unity, thus allowing for expansion or contraction

of our economy. We define

F (x) ≡ T (x) · x.

Also define x(k) to be the distribution of people at a period k, then the

dynamics of our model is expressed by the following equation.

x(k + 1) = F (x(k)) ≡ T (x(k)) · x(k) for k = 0, 1, 2, . . . ,

with x(0) being the initial distribution.

We assume the following.

Assumption A1. The mapping T (x) does not depend on periods in a

direct way, i.e., the process is homogeneous.

Assumption A2. Each tij(x) is continuous and homogeneous of degree

zero with respect to x ∈ D, and tij(x) ≥ 0 for all x ∈ D. Moreover, F (x)

is monotone, i.e., F (y) ≥ F (x) if y ≥ x.

Thus, the mapping T (x) is nonnegative as a matrix. A simple case

where the assumption A2 is verified is that in which each element of F (x)

is nonnegative, monotone, homogeneous of degree one and continuously

differentiable with respect to x ∈ D: we can apply Euler’s theorem on

homogeneous functions.

Assumption A3. If tij(x) > 0 at some x ∈ D, it satisfies tij(x) > 0 at

all x ∈ D.

This assumption allows us to judge the primitivity of the matrix T only

by its sign pattern at an arbitrary x.

Assumption A4. The matrix T (x) is primitive at an arbitrary x ∈ D,

i.e., there exists a positive integer k such that T k(x) ≡ {T (x)}k � 0 for

any x ∈ D.

d
When assets get larger or smaller through investment for an agent, we regard this

agent has changed types. Thus, a difference in assets yields that in types. To have a

finite number of types, however, each commodity should be indivisible at a certain unit.
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Here, the inequality sign � 0 means that every element of the matrix

on the LHS is positive.

3. Stability as Strong Ergodicity

Let us consider the normalized process starting from an initial vector x(0) ∈
D. That is, we define the following normalized map

G(x) ≡ F (x)

‖F (x)‖ ,

where ‖·‖ is any given norm on Rm×n, and examine the vector sequence

S(x(0)) ≡ {x(0), G(x(0)), G2(x(0)), . . .}.
We can prove the strong ergodicity of our model, that is,

Theorem 3.1. Starting from an arbitrary x(0) ∈ D, the sequence S(x(0))

converges to a unique vector x∗ � 0.

Proof. The mapping T (x) · x is from D into D, continuous and homo-

geneous, and some power of T (x) is strictly increasing, i.e., T k(x) � 0

by the assumption A4. Thus, we can apply the main result of Kohlberg

[7] or Corollary 1 in Fujimoto and Krause (p.106 of [4]) to have the stated

theorem.

The stability here is the strong ergodicity of the normalized process,

i.e., we have a directional stability or a ray-stability, though the vector

sequence {x(0), F (x(0)), F 2(x(0)), . . .} itself may continue to expand or

shrink. Besides, at a unique vector x∗, it repeats time after time under

G(x), and yet migration of people still takes place in each period. Such a

phenomenon cannot be observed in Sonnenschein’s model [17] or Mossay’s

[13].

Some words are in order about the prices of goods and services. In

our process explained above, prices are pushed away to the background,

and thus, go through a non-Walrasian adjustment process. The prices can,

however, be thought of as changing based on Walrasian rules: the price

of a commodity in a region rises when there is an excess demand for it in

that region, and falls when an excess supply is observed there. So, given the

initial price vector p(0) ∈ Rk×n
+ , this vector gets adjusted as the distribution

x is transformed. Certainly it is awkward if the prices continue to vary even

after the distribution arrives at the unique equilibrium x∗. All we have to

assume is that at this equilibrium, there is no excess demand for each
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commodity in every region. Or put simply, when there is excess demand for

some commodity, the distribution of agents will change in the next period:

the degree of irrationality is limited.

4. Primitivity

Now we had better examine some conditions under which our assumption

of primitivity A4 is met. To do this, we consider the transition coefficient

matrix partitioned region by region.

T (x) ≡




T11 T12 · · · T1n

T21 T22 · · · T2n

...
...

. . .
...

Tn1 Tn2 · · · Tnn


 .

Each Tk`, or more precisely Tk`(x), shows the m × m transition

coefficient matrix among the agent-types, more precisely, the coefficient

t(k`) ij(x) means the transition coefficient from the type j in the region

` to the type i in the region k. (As we have explained above, agents not

only move among regions, but also may expand or shrink while moving,

e.g., children join parents’ company.) Almost needless to say, when we have

every Tk` � 0, then our operator satisfies T � 0 without any iteration: it

is primitive. Actually, however, we know there can be many zeros in Tk`,

especially in the case where k 6= ` and when two regions are geographically

far away.

Now a helpful and powerful proposition is that when a nonnegative

square matrix is indecomposable(or irreducible) and has at least one pos-

itive element in the diagonal, it is primitive. (Concerning indecomposabil-

ity (or irreducibility), the reader is referred to Bauer [1], [2] and Nikaido

[10], [11]). This proposition is obvious thanks to a characterization of inde-

composable matrices due to Frobenius [3], and explicitly stated in Nikaido

(Theorem 8.2, p.117 of [9]).

Therefore, first we make

Assumption P1. Each Tkk is indecomposable for k = 1, 2, . . . , n.

Assumption P2. There is at least one positive entry in the diagonal of

the whole transition coefficient matrix T (x).

The assumption P1 amounts to saying that in each region, we cannot

divide the types of people into two groups between which no flow of people

is observed in either one of the two directions even when there exist a

positive number of people in each type. The assumption P2 is much weaker
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than requiring that each Tkk has at least one positive element. When

we assume that each Tkk has at least one positive element, it becomes

primitive because of the assumption P1. So, if Tk` = 0 for k 6= `, and if

t(kk) ij(x) depends only upon the distribution of agents within region k for

all k, then within each region we have strong ergodicity. This result may

not be so interesting simply because there is no migration among different

regions.

Then, as was shown in Frobenius [3], square matrices of the following

sign pattern are indecomposable.

T ≡




0 0 0 0 1

1 0 0 0 0

0 1 0 0 0
...

... · · · . . .
...

0 0 · · · 1 0




. (1)

We can establish

Theorem 4.1. Suppose the regions are suitably reordered so that there

is at least one positive element in every Tk`, where k = ` + 1, for

` = 1, 2, . . . , n.
e

Given the assumptions P1 and P2, the matrix T (x) is

primitive.

Proof. Since the assumption P2 is postulated, all we have to show is the

indecomposability of T (x), or simply T . Let us prove this by reduction ad

absurdum, and suppose to the contrary: T is decomposable. Then by some

permutation of the columns as well as rows, we should be able to transform

T to a form, something like



∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗
0 0 ∗ ∗ ∗
0 0 ∗ ∗ ∗


 . (2)

Namely, the elements of a south-west corner are all zero. By this zero pat-

tern, the whole region-type combinations are divided into two groups. We

know that each region cannot be set apart by this division, because every

Tkk is indecomposable by the assumption P1. Thus, the division simply

e
When ` = n, we set k = 1.
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classifies the regions into two groups. If this division creates the sign pat-

tern (2) above, it implies we can also transform a matrix of the sign pattern

(1) to the one with the pattern (2), which is decomposable, leading to a

contradiction.

The requirement in Theorem 4.1 is not so demanding, allowing for the

existence of many zeros. What is required is that after an appropriate re-

ordering the regions, there is a circular flow of people from region i to

region (i + 1).f It is unnecessary for all the types in region i migrate. At

least one type in region i is assumed to move to region (i + 1).

It is important to note that all the regional matrices Tii should be

square matrices, but can have different sizes. In other words, there can be

region-specific types, or some types cannot exist in certain regions. The

same proof in the above applies. (See Nikaido, Theorem 8.2, p.117 of [9]).

5. Traffic Distribution

It may be interesting to notice that our model above can be used to produce

a model of traffic distribution in a city or a country, and to prove the

existence of a unique equilibrium and its dynamic stability, i.e., strong

ergodicity. Let us consider a network of roads in a city area, and a finite

number of modes to move on roads: walking, riding on a bicycle, in a private

car, in a public bus, or by underground etc.

Now we make the following definition.

Definition 5.1. A path is a connected route from one node (node of de-

parture) to another (node of destination) which is normally used by people

when they commute to work or go shopping.

This path serves as a ‘region’ in the above model of economy. Then,

what work as ‘types’ are any combinations of modes of traffic available in

respective paths, and which combination completes the journey along the

path. So, the next definition is:

Definition 5.2. A method of transportation (simply method) is a partic-

ular combination of modes available in respective paths, and which combi-

nation brings passengers from the departure node to the destination node

of a particular path.

f
When i = n, the receiving region is 1, not (n + 1).
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In some paths, a set of specific methods of transportation may not be

available, thus making the sizes of the matrices, Tkk, distinct from each

other. By the remark at the end of the previous section, however, the

proposition on stability remains valid, so long as the primitivity of T (x) is

guaranteed.

The adjustment process goes as follows. In the initial period, the distri-

bution of people among various paths as well as methods is given. People,

after observing the current distribution of traffic, change their path as well

as method of transportation. One path contains more than one road seg-

ment (like a road along one block), hence we need to sum up the amounts

of traffic of all the paths when we wish to know the traffic of a particu-

lar road segment. In our model, some people may flow in, for example, by

judging this city is less crowded than others, while others may move out,

thinking the city is too much congested, thus rendering the total population

expanding or shrinking.

Assumption P1 is now to be interpreted that in each path, we cannot

divide the methods of transportation into two groups between which no

flow of people is observed in either one of the two directions even when

there exist a positive number of people in each method. The meaning of

Assumption P2 is that there is at least one person (or one group of persons)

who sticks to a particular path and a particular method available within

the path. The supposition in Theorem 4.1 requires that we should be able

to reorder the paths so that there is a positive fraction of people who shift

from path i to (i + 1)g.

When applying to a real problem, we have to limit the numbers of paths

and of modes. To estimate a particular transition coefficient, we may employ

the following function:

t(k`) ij(x) = a(k`) ij + b(k`) ij ·
x(k) i∑m

p=1 x(k) p

+ c(k`) ij ·
x(`) j∑m

p=1 x(`) p

+d(k`) ij ·
xk ( i)∑n

q=1 xq (i)

+ e(k`) ij ·
x` (j)∑n

q=1 xq (j)

.

Here, the symbol x(k) i stands for the number of people who is in region

k and of type i , with the bracket (k) meaning the index inside is fixed

while summing up: other symbols are used in a similar manner. Certainly

g
When i = n, the receiving path is 1, not (n + 1).
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one may also add some quadratic terms such as

β(k`) ij ·
(

x(k) i∑m

p=1 x(k) p

)2

.

6. Remarks

In this final section, we give several brief remarks.

(1) In our model of moving equilibria, prices are relegated to a supple-

mentary position. In this sense, our adjustment process may be called of a

Marshallian type.

(2) Even in the state of equilibrium, people are likely to continue to

migrate among the regions and the types. Net migrations are, however,

absent. In Sonnenschein [17] and Mossay [13], there is no flow of people or

firms in an equilibrium.

(3) In our model, the accumulation (or decumulation) of (indivisible)

assets in the possession of individuals is allowed for as migrations among

types.

(4) When the transition coefficient matrix depends on the current prices,

or when people change their taste, the process becomes inhomogeneous, and

we may have only weak ergodicity in place of strong one. See Fujimoto and

Krause [6].

(5) In the literature of traffic distribution, the nature of equilibrium and

how to find out equilibrium states have been discussed. See, e.g., Wardrop

[18] and Patriksson [15]. The stability of an equilibrium through the adjust-

ment by individual behaviour has not been dealt with.
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We exploit ideas of nonlinear dynamics in a complex non-deterministic dynam-

ical setting. Our object of study is the observed riverflow time series of the Por-

tuguese Paiva river whose water is used for public supply. The Ruelle-Takens

delay embedding of the daily riverflow time series revealed an intermittent dy-

namical behavior due to precipitation occurrence. The laminar phase occurs

in the absence of rainfall. The nearest neighbor method of prediction revealed

good predictability in the laminar regime, but we warn that this method is

misleading in the presence of rain. We present some new insights between the

quality of the prediction in the laminar regime, the embedding dimension, and

the number of nearest neighbors considered.

Keywords: Nonlinear dynamics; Ruelle-Takens embedding; BHP distribution;

river flow prediction.

1. Introduction

A direct link between the real world and deterministic dynamical systems

theory is the analysis of real systems time series in terms of nonlinear dy-

namics with noise. Advances have been made to exploit ideas of dynamical

systems theory in cases where the system is not necessarily deterministic

but it displays a structure not captured by classical stochastic methods. The

application of dynamical systems methods to data found a firm ground on

the works of Ruelle-Takens19 and Sauer, Yorke and Casdagli (17). The mo-

tivation for applying methods of deterministic dynamics in riverflow time

series lies in the natural tendency of river systems to present recurrent
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behavior (see3,7,13,15,18). We do a dynamical analysis starting with a Tak-

ens delay coordinates reconstruction of the daily flow series which indicates

the intermittent character of Paiva river dynamical system. This intermit-

tent dynamical behavior is characterized by a laminar and an irregular

phase. The laminar phase occurs in the absence of rainfall and the irregular

phase occurs under the action of rain. Hence, the forcing of the dynamical

system is not of a deterministic type because rainfall is stochastic.

We present some new insights between the quality of the prediction,

the embedding dimension, and the number of nearest neighbors considered

(see14). We use a neighborhood of the current runoff whose radius is es-

sentially proportional to the value of the current runoff, and we study the

influence of the tuning of the constant of proportionality in the quality of

the runoff predictors. The nearest neighbor method of prediction reveals

good predictability in the laminar regime. We compute the mean of the

relative predicted decays, for different regimes and embedding dimensions,

that characterize the bias of the runoff predictors. The nearest neighbor

method of prediction does not exhibit good predictability in the irregular

phase indicating the stochastic predominance over the deterministic in the

irregular phase. Since most of the data is laminar, we warn that the use

of nonlinear deterministic prediction methods can be just misleading when

both dynamical regimes are considered.

In the laminar regime, the nearest neighbor method of prediction in-

dicates that the dynamics can be approximated by a one to three dimen-

sional dynamical system. The prediction results revealed that it is essential

to know the current runoff to predict future values. In,4 we use these re-

sults to reconstruct an approximation of the one-dimensional dynamics of

the runoff using different prediction estimators. In,5 we discovered that the

normalized empirical distributions of the relative first difference, for some

runoff regimes, exhibit a good fit to the distribution BHP.1,2,6 Furthermore,

the empirical distribution of the relative first difference computed using

the nearest neighbors predictor is close to the BHP distribution. Hence,

the nearest neighbors predictor captures the BHP distribution as the es-

sential randomness of the data. Like that, we have described the stochastic

dynamics of the laminar regime.

2. Data analysis

The most relevant data for this work consist of the time series of mean

daily runoff of the Paiva river, measured at Fragas da Torre in the North
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of Portugal.a

Table 1. Principal descriptive statistics for the river Paiva runoff data set.

Statistic Mean Median Skewness Kurtosis Maximum Minimum

Value 0.25 20.73 5.66 45.98 920.0 0.06

Note:
a

Values in (m3/s) where applicable.

The sample period runs from 1st of October of 1946 to 30th of September

of 1999 for a total of 19358 observations. The Paiva river has a small basin

of about 700Km2 with both smooth and rocky bed, and reacting rapidly

to rainfall. The total drought does not occur during the observation period.

Hence, the numerical problems18 associated to the predominance of zero

values in data are absent here.
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Fig. 1. Histogram of the mean daily runoff series of Paiva river.

a
The data is available for download in the Instituto Nacional da Água webpagehttp:

//www.inag.pt
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The daily river flow descriptive statistics, (see Tab. 1 and Fig. 1) shows the

strong asymmetry of the data. The Paiva basin does not have regulators

such as dams or glaciers.
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Fig. 2. Mean and standard deviation for each day of the year.

The average and the standard deviation for each day of the year (see Fig.

2) b show a strong statistical irregularity for each day of the year that

increases with the runoff value.

3. Intermittent dynamics of Paiva

The dynamic characterization includes invariant estimation and in this di-

rection we do a correlation-integral analysis for all the data and then we

consider only the runoffs less than 20m3/s which represents about 75% of

the data corresponding mainly to the laminar phase, i. e., periods without

b
The 29th of February of each year were deleted.
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rain. The Correlation Integral of a system is by definition the probability

of finding a fraction of points observed of a set of data is given by Eq. (1).

C
(m)
N (ε) =

2

N(N − 1)

∑
1≤i<j≤N

Θ
(
ε−

∥∥X i −Xj
∥∥)

(1)

where Xt = (Xt, Xt+1, . . . , Xt+m−1) is a reconstructed vector which el-

ements are values of the time series, {Xt}Nt=1, N is the number of data

points of the series, Θ the Heaviside function, ε the neighborhood radius

and m the embedding dimension of the reconstructed phase space. The

sample CI is a statistic used in the correlation dimension estimation, it

was proposed by.8 The sample CI is a statistic used in the the observed

fraction of reconstruction vectors (RV) at a distance smaller than ε. The

sum, (1), is computed for a set of distances, ε1, . . . , εn evenly spaced on a

logarithmic scale. A scaling range is said to exists if for such a range of

values the sample correlation integral behaves like a power law. In practice,

there is a cut-off on the radius size due to data size restrictions. Defining

d(N, ε) = ∂ ln C
(m)
N (ε)/∂ ln ε, we have that

DC = lim
ε→0+

lim
N→∞

d(N, ε) (2)

Hence, d(N, ε) is the slope of the CI curve for a certain range, and DC

is then the estimate of the correlation dimension. In Fig. 3, we present the

correlation integral slopes. We can distinguish three different behaviors in

the correlation-integral curve for different ranges of the radius, ε. For the

runoff values larger than 30m3/s no scaling range exists. For the runoffs

in the interval [5 − 30m3/s] there is a scaling range which point towards

a one-dimensional attractor. This dimension is not fractal and indicates

that the behavior of riverflow for that range is close to that of a curve. This

show us the existence in the reconstructed phase-space of a one-dimensional

manifold to which all the laminar phase orbits are close, i. e. the orbits are

mainly contained in a small neighborhood of a one-dimensional curve.

4. Nonlinear prediction

Several authors used nonlinear prediction methods for river flow data lo-

cally in the phase space,10,11,13,16 and7 among others. In this work, we use a

different version of the nearest neighbors method proposed by12 to predict

the next day runoff. In our approach the predicted value is the average of

the phase-space images of the neighbors defined as below. Other authors,13
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Fig. 3. Slopes of the sample correlation integral curve of the Paiva river data and for

several embedding dimensions.

reported that predictors based on the phase space average give better re-

sults than other local linear functions. Taking into account the findings of

the former section, we started by considering small embeddings and a time

delay of one day. Since our goal is to predict the runoff value during the lam-

inar regime (absence of rain) we will filter appropriately the reconstruction

vectors. Hence given the dimension, m, of the Ruelle-Takens embedding

we consider only the reconstruction vectors Xt = (Xt, Xt+1, · · · , Xt+m−1)

satisfying the following δ-relative non-increasing rule, see Eq. (3)

Xt+i−1 ≤ Xt+i(1 + δ), 1 ≤ i ≤ m (3)

where δ is a fixed positive value. Therefore the total numbers Tm(Xt) of

filtered reconstruction vectors depends on the runoff value of Xt and on

the embedded dimension m considered. In this line of reasoning, it only

makes sense to consider reconstruction vectors whose future points to a non-

increasing runoff. As a rule of thumb we choose a 15% of increasing tolerance

for runoffs lower than 4m3/s and 5% for runoffs above that threshold. This
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distinction was based on the observed effects of measurement error.

Table 2. Percentages Pi of the neighbors in each neighbors set RV1

- RV8.

RVi 1 2 3 4 5 6 7 8

Percentage (%) 0.25 0.5 1.0 5.0 10.0 12.5 15.0 20
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Fig. 4. Tm vs the Logarithm of the runoff value for embedding dimension 1, upper

curve, and embedding dimension 3, lower curve.

In this analysis, instead of using all the Ti,m(Xt) neighbors within a fixed

radius, we use a fixed proportion Pi, , see Tab. 2, of the closest neighbors

of Xt such that, #Ni,m(Xt) = Pi ∗#Ti,m(Xt). In Figure 4, we present the

curves N1 and N3. The resulting curves show that there is a plateau for

values in the range of 3.2m3/s to 3.6m3/s that occurs for various embedding

dimensions.

The Fig. 5 gives us the variation of the relative distance of the predicted

value, using the close neighbors method with respect to the RV’s, runoff
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Fig. 5. Relative distance (%) of RV’s as function of the last coordinate for different

neighborhoods and for dimension 3.

regimes and embedding dimensions. The relative distance of neighbors in

the phase space increases with the runoff regime and also with the em-

bedding dimension. Moreover, the mean for several regimes and number of

neighbors (RVi) considered approximately increases linearly with m.

5. Conclusions

A dynamical analysis of the Paiva river data was performed using the

Ruelle-Takens method of dynamical reconstruction. We concluded that the

Paiva river is an intermittent system. The laminar phase takes place in the

absence of rainfall and the irregular phase occurred under the action of

rain. The nearest neighbor method of prediction revealed good predictabil-

ity in the laminar regime. However, since 75% of data is laminar, the use

of nonlinear deterministic prediction methods can be just misleading when

both dynamical regimes are considered. We studied the dependence of the

nearest neighbors runoff predictor on the embedding dimension and on

the relative average distance of the nearest neighbors with respect to the

runoff value. The prediction results revealed that it is essential to know the

current runoff to predict future values. We noticed small improvements in

prediction when the former two runoffs are used.
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3. R. Gonçalves, A. A. Pinto & F. Calheiros in Differential equations, Chaos
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In this paper we survey Reid roundabout theorems for time scale symplectic

systems (S). These theorems list equivalent conditions for the positivity and

nonnegativity of the quadratic functional F associated with (S). The Reid

roundabout theorems in this paper do not impose any normality assumption.

We also show that Jacobi systems for nonlinear time scale control problems

naturally lead to time scale symplectic systems, and that such a system consists

of the Hamiltonian equations corresponding to the weak maximum principle

for the quadratic functional F .
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1. Introduction

Let T be a time scale, i.e., a nonempty closed subset of R, and denote

the time scale interval by [a, b]T := [a, b] ∩ T. In this paper we discuss the

positivity and nonnegativity of the time scale quadratic functional

F(x, u) :=

(
x(a)

x(b)

)T

Γ

(
x(a)

x(b)

)
+ F0(x, u), (1)

∗
Corresponding author.
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where

F0(x, u) :=

∫ b

a

{
xT CT (I + µA)x+ 2µxTCTBu+ uT (I + µD)TBu

}
(t) ∆t,

subject to admissible pairs (x, u), i.e., x ∈ C1
prd (piecewise rd-continuously

delta-differentiable functions) and u ∈ Cprd (piecewise rd-continuous func-

tions) such that

x∆(t) = A(t)x(t) + B(t)u(t), for all t ∈ [a, ρ(b)]T

and satisfying the boundary conditions

M
(
x(a)

x(b)

)
= 0. (2)

Such functionals are closely related to the associated time scale symplectic

system

x∆ = A(t)x + B(t)u, u∆ = C(t)x+D(t)u. (S)

Here the coefficients A,B, C,D ∈ Cprd[a, ρ(b)]T are real n× n matrix func-

tions such that the 2n× 2n matrix S := ( A B

C D
) satisfies the identity

ST (t)J + J S(t) + µ(t)ST (t)J S(t) = 0 on [a, ρ(b)]T, (3)

M is a real 2n × 2n projection, Γ is a real 2n × 2n matrix such that

Γ = (I − M) Γ (I − M), and J :=
(

0 I
−I 0

)
a 2n × 2n skew-symmetric

matrix.

The main goal of this paper is to present Reid roundabout theorems for

the system (S), as well as to relate these systems to nonlinear control prob-

lems on time scales. Reid roundabout theorems list a number of conditions

which are equivalent to the positivity and nonnegativity of the quadratic

functional F .

In the continuous time case, the system (S) reduces to the classical

linear Hamiltonian system

x′ = A(t)x+B(t)u, u′ = C(t)x−AT (t)u. (Hc)

It was W. T. Reid in [31, Theorem VII.5.1] who provided a complete char-

acterization of the positivity of the quadratic functional corresponding to

system (Hc). See also related more recent results by the second author in

[34–36], and by W. Kratz in [29,30]. Such a result was later called, by Reid’s

student C. D. Ahlbrandt in [1–3], a Reid roundabout theorem. Discrete

Reid roundabout theorems were proven under various degree of generality

by several authors, see the references in [11, pg. 130] and [5,12,13,19,21,23]
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and the recent thesis [32]. For the time scale setting and under a certain

normality assumption on the system (S), a Reid roundabout theorem was

established in [11, Theorem 1], see also [8, Theorem 10.52], for the pos-

itivity of F0 with zero endpoints, including conditions on focal points of

the principal solution of (S), a certain conjoined basis (X,U) of (S) with

X(t) invertible on [a, b]T, the explicit Riccati matrix equation involving the

Riccati operator

R[Q](t) := Q∆ − [C(t) +D(t)Q] +Qσ [A(t) + B(t)Q],

and generalized zeros of vector solutions of (S). For a subclass of time scale

symplectic systems consisting of linear Hamiltonian systems of the form

η∆ = A(t) ησ +B(t) q, q∆ = C(t) ησ −AT (t) q, (Hσ)

where I − µ(t)A(t) is invertible and B(t) and C(t) are symmetric on

[a, ρ(b)]T, and under a normality assumption, a Riccati inequality for the

positivity of F0 with zero endpoints was included in [16, Theorem 3.1].

Moreover, in the special case of the time scale calculus of variations (which

is automatically normal) and under the corresponding time scale strength-

ened Legendre condition, additional conditions in terms of the nonexistence

of conjugate points are derived in [24, Theorems 5.1 and 6.1] for the posi-

tivity and nonnegativity of F with zero right endpoint, and in terms of the

coercivity of F with general endpoints in [25, Theorem 4.1].

Recently in [22], the authors initiated the study of time scale symplectic

systems without any normality assumption and derived characterizations

of the positivity and nonnegativity of F in this general setting in terms of a

natural conjoined basis (Xa, Ua) of (S). The focus of this paper is to present

Reid roundabout theorems for both the positivity and nonnegativity of F
without normality, including the results on the natural conjoined basis from

[22] and several other conditions obtained in separate publications, such as

the Riccati inequality from [26], implicit Riccati equations from [27], and

perturbed quadratic functionals from [14,15].

The motivation for the study of time scale symplectic systems origi-

nated in the unification of the continuous time linear Hamiltonian systems

(Hc) and discrete symplectic systems. However, it is known in these two

special cases that these systems are Jacobi systems for nonlinear calculus

of variations and control problems, see e.g. [7,9,17,18,33,37,39]. This fact

is also known for the time scale calculus of variations problems, see [4,20].

On the other hand, this question remained open for the time scale control

setting. In this paper we fill this gap and show that time scale symplectic
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systems (S) play the same role for general control problems on time scales.

In particular, by using a recently obtained time scale weak maximum prin-

ciple [28], we prove that nonlinear time scale control problems lead to time

scale linear Hamiltonian systems (in fact, two kinds of linear Hamiltonian

systems, one with the shift in η as in (Hσ) and one with the shift in q,

depending on whether the original control problem has or does not have

the shift in x), which naturally possess a symplectic structure and hence,

can be embedded into time scale symplectic systems. This fact highlights

the theory of time scale symplectic systems as an ultimate field for second

order optimality conditions for such variational problems. Furthermore, we

also prove that the system (S) is indeed the Euler-Lagrange system for the

functional F .

The paper is divided as follows. In Section 2 we present basic notions

related to time scale symplectic systems. Reid roundabout theorems for

positive and nonnegative definite quadratic functionals with separated end-

points are given in Section 3. In this section we also discuss Reid roundabout

theorems for functionals with jointly varying endpoints, although we do not

state such results explicitly. Finally, Section 4 is devoted to the connection

of time scale symplectic systems with control problems on time scales.

2. Time scale symplectic systems

We refer to [6] for the elementary topics of the time scale calculus, and to [8]

for the basic concepts of the time scale symplectic systems. Alternatively,

the reader may consult [22], since it is the main reference for abnormal time

scale symplectic systems. In particular, σ(t) and ρ(t) denote the forward

and backward jump operators, µ(t) := σ(t)−t is the graininess, f∆(t) is the

time scale delta-derivative, and
∫ b

a
f(t) ∆t is the time scale delta-integral.

We also write fσ(t) for f
(
σ(t)

)
.

The property defined by (3) is translated to be the following equivalent

conditions in terms of the coefficients

CT (I + µA) and BT (I + µD) are symmetric, and

AT+D + µ (ATD − CTB) = 0.

}
(4)

It follows that the matrix I + µ(t)S(t) is symplectic, hence invertible, on

[a, ρ(b)]T, so that solutions of (S) are uniquely determined by their initial

values at any point t0 ∈ [a, b]T.

Expanding the delta-derivatives in (S) with the formula µ(t) f∆(t) =
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fσ(t)− f(t), we see that solutions of (S) satisfy the identities

xσ = (I + µA)x+ µBu, uσ = µ Cx+ (I + µD)u, (5)

x = (I + µDT )xσ − µBTuσ, u = −µ CTxσ + (I + µAT )uσ. (6)

System (S) can be written in the equivalent (adjoint) form

x∆ = −DT (t)xσ + BT (t)uσ , u∆ = CT (t)xσ −AT (t)uσ . (7)

This can be seen from the coefficient identities (4) for the right-dense points

t and from the equations in (6) for the right-scattered points t.

In this paper we study time scale quadratic functionals with general

endpoints as in (2) and with separated endpoints. In the latter case we

have Γ = diag{Γa,Γb} and M = diag{Ma,Mb}, where the n× n matrices

Γa and Γb are symmetric, Ma and Mb are projections, and Γa = (I −
Ma) Γa (I −Ma) and Γb = (I −Mb) Γb (I −Mb). In this case we consider

the quadratic functional

F(x, u) := xT (a) Γa x(a) + xT (b) Γb x(b) + F0(x, u) (8)

over admissible pairs (x, u) with separated endpoints

Ma x(a) = 0, Mb x(b) = 0. (9)

WhenMa =Mb = I and Γa = Γb = 0, we say that the quadratic functional

F = F0 has zero endpoints.

Let us recall some necessary terminology and notation related to the

time scale symplectic systems. We shall always denote the 2n × n ma-

trix solutions of (S), typically (X,U), by capital letters. A solution (X,U)

of (S) is said to be conjoined basis if XT (t)U(t) is symmetric and

rank
(
XT (t) UT (t)

)
= n at some (and hence at any) point t ∈ [a, b]T. The

natural conjoined basis of (S), denoted by (Xa, Ua), is the conjoined basis

satisfying the initial conditions Xa(a) = I −Ma and Ua(a) = Γa +Ma. In

the case of zero initial endpoint, i.e., when I −Ma = 0 = Γa, the natural

conjoined basis reduces to the principal solution (X̂, Û) which starts with

the initial values X̂(a) = 0 and Û(a) = I .

Following [30] and [22], a matrix valued function X(t) has piecewise

constant kernel on [a, b]T if there are points {tk}mk=0 ⊆ [a, b]T with a = t0 <

t1 < · · · < tm−1 < tm = b such that

KerX(t) is constant for all t ∈ (tk−1, tk)T, k = 1, . . .m. (10)

Condition (10) is void on the intervals (tk−1, tk)T where tk = σ(tk−1). A

conjoined basis (X,U) of (S) has no generalized focal points in the interval
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(a, b]T if KerX(t) ⊆ KerX(τ) for all t, τ ∈ [a, b]T, τ ≤ t, and

P (t) := X(t) [Xσ(t)]† B(t) ≥ 0 for all t ∈ [a, ρ(b)]T. (11)

These conditions are called the kernel condition and the P -condition, re-

spectively. In (11) and elsewhere in this paper, the dagger denotes the

Moore-Penrose generalized inverse of the indicated matrix. Moreover, we

shall use the following n × n matrices M and T , defined via a given con-

joined basis (X,U),

M(t) :=
{

[I −Xσ(Xσ)†]B
}
(t), T (t) := I −M †(t)M(t), (12)

and the symmetric n× n matrix P , defined via a symmetric matrix Q,

P(t) :=
{
B + µ (DT − BTQσ)B

}
(t).

The quadratic functional F in (1), resp. in (8), is nonnegative and we

write F ≥ 0, if F(x, u) ≥ 0 for all admissible pairs (x, u) satisfying the

boundary conditions (2), resp. (9). The quadratic functional F is positive

and we write F > 0, if F(x, u) > 0 for all admissible (x, u) satisfying (2),

resp. (9), and x 6≡ 0 on [a, b]T. For brevity, we will simply say that F ≥ 0 or

F > 0 over the corresponding boundary conditions without repeating the

admissibility requirement on (x, u).

3. Reid roundabout theorems

In this section we present Reid roundabout theorems for the quadratic

functional F in (8). Our first result is a Reid roundabout theorem regarding

the positive definiteness of F .

Theorem 3.1 (F > 0, separated endpoints). The following conditions

are equivalent.

(i) The quadratic functional F in (8) is positive over (9) and x 6≡ 0.

(ii) The natural conjoined basis (Xa, Ua) has no generalized focal points

in (a, b]T and satisfies

Ua(b)X†

a(b) + Γb > 0 on KerMb ∩ ImXa(b).

(iii) There exists a conjoined basis (X,U) of (S) with no generalized focal

points in (a, b]T such that X(t) is invertible for all t ∈ [a, b]T and

satisfying

XT (a) [ ΓaX(a)− U(a) ] > 0 on KerMaX(a), (13)

XT (b) [ ΓbX(b) + U(b) ] > 0 on KerMbX(b). (14)
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(iv) There exists a symmetric solution Q(t) on [a, b]T of the explicit Riccati

equation

R[Q](t) = 0 on [a, ρ(b)]T,

such that for all t ∈ [a, ρ(b)]T

I + µ(t) [A(t) + B(t)Q(t) ] is invertible, (15){
I + µ(t) [A(t) + B(t)Q(t) ]

}
−1B(t) ≥ 0, (16)

and satisfying the initial and final endpoint inequalities

Γa −Q(a) > 0 on KerMa, (17)

Γb +Q(b) > 0 on KerMb. (18)

(v) The system

X∆ = A(t)X + B(t)U, (Xσ)T
{
U∆ − C(t)X −D(t)U

}
≤ 0,

t ∈ [a, ρ(b)]T, has a solution (X,U) on [a, b]T such that XT (t)U(t)

is symmetric and X(t) is invertible for all t ∈ [a, b]T, P (t) ={
X(Xσ)−1B

}
(t) ≥ 0 on [a, ρ(b)]T, and satisfying the endpoint inequal-

ities (13) and (14).

(vi) The Riccati inequality

R[Q](t)
{
I + µ(t) [A(t) + B(t)Q)]

}
−1 ≤ 0, t ∈ [a, ρ(b)]T,

has a symmetric solution Q(t) on [a, b]T satisfying conditions (15) and

(16) and the endpoint inequalities (17) and (18).

(vii) There exist α > 0 and β > 0 such that

F(x, u) + α
∥∥Ma x(a)

∥∥2
+ β

∥∥Mb x(b)
∥∥2
> 0 over x 6≡ 0.

Moreover, if X†

a(·) is continuous on (a, b]T, then each of the conditions (i)–

(vii) is equivalent to the following Riccati type condition.

(viii) The matrix X†

a(·) has piecewise constant kernel on [a, b]T and there

exists a symmetric n × n matrix function Q(t) on [a, b]T such that

Q ∈ C1
prd(a, b]T and satisfying

• the time scale implicit Riccati equation

R[Q](t)Xa(t) = 0 on (a, ρ(b)]T, (19)

and the equation in (19) holds also at t = a if a is right-scattered,
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• the initial condition

Q(a) = Γa if a is right-scattered, (20)

(I −Ma) lim
t→a+

Q(t)Xa(t) = Γa if a is right-dense, (21)

• the final endpoint inequality

Q(b) + Γb > 0 on KerMb ∩ ImXa(b),

• and the P-condition

P(t) ≥ 0 on [a, ρ(b)]T.

Remark 3.1. (i) Note that in [15, Theorem 4.2] there are several more

perturbation conditions similar to the one in (vii) of Theorem 3.1. In these

conditions, one may choose to keep only one out of the two boundary con-

ditions from (9) or even combine them together in a certain way.

(ii) When the endpoints are zero and under a normality assumption on

the intervals [a, s]T with s being a dense point, the equivalence of conditions

(i)–(iv) in Theorem 3.1 is known from [11, Theorem 1], see also [8, Theo-

rem 10.52]. Furthermore, under the same normality assumption but for the

special case of time scale linear Hamiltonian system (Hσ), the equivalence

of conditions (i), (v), and (vi) in Theorem 3.1 is known in [16, Theorem 3.1].

(iii) When the initial endpoint is zero, i.e. when Ma = I and Γa = 0, a

modified perturbation condition (in a sense that only the initial endpoint

is perturbed) similar to (vii) in Theorem 3.1 is shown to be equivalent the

positivity of F in [26, Theorem 5.1]. For both endpoints being zero this

latter result is known also in [14, Result 1.3].

(iv) In the time scale calculus of variations setting and for the zero

right endpoint case, another condition equivalent to the positivity of F ,

that is to condition (i) of Theorem 3.1, is known in [24, Theorem 6.1]. In

particular, it is the nonexistence of conjugate points in the interval (a, b]T.

Moreover, the coercivity and positivity of F are shown to be equivalent

in [25, Theorem 4.1] for the general time scale calculus of variations case.

Proof of Theorem 3.1. The equivalence “(i) ⇔ (ii)” is proven in [22,

Theorem 4.1] via generalized Picone identity and the results on piecewise

constant kernel of Xa. The equivalence “(i)⇔ (iii)⇔ (iv)” is established in

[26, Theorem 6.1] by means of a transformation of the quadratic functional

F to a functional on the extended time scale [a−1, b]T with zero left endpoint

x(a − 1) = 0 and by a perturbation of the initial conditions at t = a − 1.

The equivalence “(i) ⇔ (v) ⇔ (vi)” is proven in [26, Theorem 7.1] by using
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a Sturmian comparison theorem for time scale symplectic systems. The

equivalence “(i)⇔ (vii)” is shown in [15, Theorem 4.2] via a transformation

of the functional F into a functional on the extended time scale [a−1, b+2]T

with zero endpoints x(a− 1) = 0 = x(b+ 2) and via the application of the

zero endpoints result from [15, Theorem 3.5]. Finally, the equivalence “(i)

⇔ (viii)” is established in [27, Theorem 4.15] via a generalized Picone type

identity and results on piecewise constant kernel of Xa.

Next we present a Reid roundabout theorem regarding the nonnegativ-

ity of F .

Theorem 3.2 (F ≥ 0, separated endpoints). The following conditions

are equivalent.

(i) The quadratic functional F in (8) is nonnegative over (9).

(ii) The natural conjoined basis (Xa, Ua) has piecewise constant kernel on

[a, b]T and satisfies the image condition

x(t) ∈ ImXa(t) for all t ∈ [a, b]T (22)

and for all (x, u) admissible and satisfying (9), the P -condition

T (t)Pa(t)T (t) ≥ 0 for all t ∈ [a, ρ(b)],

where the matrices Pa(t) and T (t) are defined in (11) and (12) through

(Xa, Ua), and the final endpoint inequality

Ua(b)X
†

a(b) + Γb ≥ 0 on KerMb ∩ ImXa(b).

(iii) There exist α > 0 and β > 0 such that

F(x, u) + α
∥∥Ma x(a)

∥∥2
+ β

∥∥Mb x(b)
∥∥2 ≥ 0

over Mb x(b)− Z̄Ma x(a) ∈ ImZ,

where the n× n matrices Z and Z̄ are defined by

Z := (Γb +Mb)Xa(b) + (I −Mb)Ua(b),

Z̄ := (Γb +Mb) X̄(b) + (I −Mb) Ū(b),

and where (X̄, Ū) is the conjoined basis of (S) starting with the initial

values X̄(a) =Ma and Ū(a) =Ma − I.

Moreover, if X†

a(·) is continuous on (a, b)T, then each of the conditions (i)–

(iii) is equivalent to any of the following Riccati type conditions.
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(iv) The matrix Xa(·) has piecewise constant kernel on [a, b]T and there

exists a symmetric n × n matrix function Q(t) on [a, b]T such that

Q ∈ C1
prd(a, b)T and satisfying

• the time scale implicit Riccati equation

[Xσ
a (t)]TR[Q](t)Xa(t) = 0 on (a, ρ(b))T, (23)

and the equation in (23) holds also at t = a if a is right-scattered,

and at t = ρ(b) if b is left-scattered,

• the initial condition (20) and (21),

• the final endpoint inequality

Q(b) + Γb ≥ 0 on KerMb ∩ ImXa(b) (24)

if b is left-scattered, or

XT
a (b) lim

t→b−
[Γb +Q(t)]Xa(t) ≥ 0 on KerMbXa(b) (25)

if b is left-dense,

• the P-condition

T (t)P(t)T (t) ≥ 0 on [a, ρ(b)]T, (26)

where the matrix T (t) is defined in (12) through (Xa, Ua),

• and for any admissible (x, u) with (9) we have the image condition

(22) and

µ(t) [I − T (t)] [u(t)−Q(t)x(t)] = 0 on [a, ρ(b)]T.

(v) The matrix Xa(·) has piecewise constant kernel on [a, b]T and there

exists a symmetric n × n matrix function Q(t) on [a, b]T such that

Q ∈ C1
prd(a, b)T and satisfying

• the initial condition (20) and (21),

• the final endpoint condition (24) and (25),

• for all points t ∈ [a, b]T which are right-scattered or left-scattered

Q and (Xa, Ua) satisfy the identity

Q(t)Xa(t) = Ua(t)X†

a(t)Xa(t), (27)

• the P-condition (26), where the matrix T (t) is defined in (12)

through (Xa, Ua),

• and for any admissible (x, u) with (9) we have

(a) the Riccati type identity

[xσ(t)]TR[Q](t)x(t) = 0 on (a, ρ(b))T, (28)
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and the equation in (28) holds also at t = a if a is right-

scattered and at t = ρ(b) if b is left-scattered,

(b) the image condition at b:

x(b) ∈ ImXa(b) if b is left-dense.

Remark 3.2. (i) Note that in [15, Theorem 4.1] there are several more

perturbation conditions similar to the one in (iii) of Theorem 3.2. In these

conditions, one may choose to keep only one out of the two boundary con-

ditions from (9) or even combine them together in a certain way.

(ii) For the case of both endpoints being zero, a perturbation condition

similar to (iii) of Theorem 3.2 (in a sense that only the initial endpoint is

perturbed) was established in [14, Theorem 2.1].

(iii) For the time scale calculus of variations case with the zero right

endpoint, a conjugate point condition equivalent to the nonnegativity of F
is known from [24, Theorem 5.1]. In particular, this condition reads as the

nonexistence of conjugate points in the interval (a, b)T and b is not strictly

conjugate to a if b is left-scattered.

(iv) The difference between the implicit Riccati equation conditions (iv)

and (v) in Theorem 3.2 lies mainly in the presence or absence of the image

condition (22). While condition (iv) contains the whole image condition

(22), in condition (v) it is taken only at t = b if b is left-dense, and it is

then “compensated” by using (27).

Proof of Theorem 3.2. The equivalence “(i)⇔ (ii)” is established in [22,

Theorem 4.2] via generalized Picone identity and the results on piecewise

constant kernel of Xa. The equivalence “(i) ⇔ (iii)” is proven in [15, Theo-

rem 4.1] by transforming the functional F into a functional on the extended

time scale [a − 1, b + 2]T with zero endpoints x(a − 1) = 0 = x(b + 2) and

applying the zero endpoints result from [15, Theorem 3.1]. The equivalence

“(i) ⇔ (iv)” is shown in [27, Theorem 4.1] by using a generalized Picone

type identity and results on piecewise constant kernel of Xa. Finally, the

equivalence “(i)⇔ (v)” is established in [27, Theorem 4.9] by the combina-

tion of the method for proving condition (iv) with the results on reachable

sets from [22, Lemma 5.2].

Next we wish to discuss Reid roundabout theorems for the quadratic

functional F in (1) with jointly varying endpoints (2). As it is now well

known, such a functional can be transformed into a functional with sepa-

rated endpoints in the double dimension 2n, that is, with 2n×2n coefficient

matrices, see e.g. [26, Section 4] or [19, Section 6]. Namely, the conditions
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on the natural conjoined basis (Xa, Ua) are replaced by conditions on the

principal solution (X̂, Û) and the augmented matrices

X∗(t) :=

(
0 I

X̂(t) X̄(t)

)
, U∗(t) :=

( −I 0

Û(t) Ū(t)

)
,

where (X̄, Ū) is the solution of (S) given by the initial conditions X̄(a) = I

and Ū(a) = 0. The main difficulty in obtaining the results for the jointly

varying endpoints case was the abnormality of the augmented time scale

symplectic system resulting from this transformation. However, once we

have Reid roundabout theorems for the separated endpoints case with-

out any normality assumption (Theorems 3.1 and 3.2), the parallel results

for the jointly varying endpoints can be easily derived. We shall not list

these Reid roundabout theorem explicitly, but we comment on the litera-

ture where the corresponding partial results appeared.

Remark 3.3. More precisely, we can formulate a Reid roundabout theorem

for the positivity of F with joint endpoints in a parallel way to Theorem 3.1

with the following references:

(i) The functional F in (1) is positive definite over (2) and x 6≡ 0.

(ii) The condition on no generalized focal points for the principal solution

(X̂, Û) was derived in [26, Theorem 4.1].

(iii) The existence of an augmented conjoined basis (X∗, U∗) with invert-

ible X∗(t) on [a, b]T and appropriate augmented boundary conditions

was established in [26, Theorem 6.2].

(iv) The augmented explicit Riccati equation condition is also proven in

[26, Theorem 6.2].

(vii) The perturbation result for the jointly varying endpoints case can be

found in [15, Theorem 5.3].

(viii) The implicit Riccati equation condition with an augmented final end-

point inequality is derived in [27, Theorem 5.5].

Conditions (v) and (vi) corresponding to the Riccati inequality for the

jointly varying endpoints case were never stated in the literature explicitly.

Remark 3.4. Similarly, we can formulate a Reid roundabout theorem for

the nonnegativity of F with joint endpoints in a parallel way to Theorem 3.2

with the following references:

(i) The functional F in (1) is nonnegative over (2).
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(ii) The image condition for the principal solution (X̂, Û), involving also

the conjoined basis (X̄, Ū), and an augmented final endpoint inequality

was derived in [26, Theorem 4.2].

(iii) The perturbation result for the jointly varying endpoints case can be

found in [15, Theorem 5.2].

(iv) The implicit Riccati equation condition with an image condition on

[a, b]T and with an augmented final endpoint inequality is derived in [27,

Theorem 5.1].

(v) The implicit Riccati equation condition involving an identity of the form

(27) for the principal solution (X̂, Û) instead of the natural conjoined

basis (Xa, Ua), with an image condition at t = b only if b is left-dense,

and with an augmented final endpoint inequality is established in [27,

Theorem 5.3].

4. Jacobi systems for control problems

The Jacobi equation or Jacobi system is the (linear) Euler-Lagrange system

for the quadratic functional arising as the second variation of the original

variational problem. In the time scale calculus of variations setting, see

[20,24], the corresponding Jacobi equation is of the form

[
R(t) η∆ +QT (t) ησ

]∆
= P (t) ησ +Q(t) η∆ (J)

with symmetric matrices P (t) and R(t). Upon setting q := R(t) η∆ +

QT (t) ησ and assuming that R(t) and R(t) + µ(t)QT (t) are invertible on

[a, ρ(b)]T, equation (J) can be written as the linear Hamiltonian system (Hσ)

with

A(t) := −R−1(t)QT (t), C(t) := P (t)−Q(t)R−1(t)QT (t),

B(t) := R−1(t).
(29)

Note that, under the given assumptions, the matrix I − µ(t)A(t) =

R−1(t) [R(t) + µ(t)QT (t)] is indeed invertible and that B(t) and C(t) are

symmetric. Thus, Jacobi equation (J) is a special case of the time scale sym-

plectic system (S), see also Proposition 4.1 below. In this section we show

in a similar way that linear Hamiltonian systems arising from time scale

control problems lead naturally to time scale symplectic systems. This work

is motivated by its continuous and discrete counterparts in [38, Section 6]

and [19, Section 2].
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4.1. Control problem with shift in the state variable

Consider the time scale control problem

minimize J (x, u) := K
(
x(a), x(b)

)
+

∫ b

a

L
(
t, xσ(t), u(t)

)
∆t, (Cσ)

subject to x ∈ C1
prd[a, b]T and u ∈ Cprd[a, ρ(b)]T satisfying

x∆(t) = f
(
t, xσ(t), u(t)

)
, t ∈ [a, ρ(b)]T,

ψ
(
t, u(t)

)
= 0, t ∈ [a, ρ(b)]T, (30)

ϕ
(
x(a), x(b)

)
= 0, (31)

where the data satisfy

L : [a, ρ(b)]T × R
n × R

m → R, m ≤ n, K : R
2n → R,

f : [a, ρ(b)]T × R
n × R

m → R
n, ϕ : R

2n → R
r, r ≤ 2n,

ψ : [a, ρ(b)]T × R
m → R

k, k ≤ m.

It is shown in [28, Section 7] that the second variation at a normal feasible

pair (x̄, ū) in the direction (η, v) takes the form of the quadratic functional

J ′′(x̄, ū; η, v) :=
(
η(a)

η(b)

)T

Γ

(
η(a)

η(b)

)
+

∫ b

a

{
(ησ)TP ησ+ 2 (ησ)TQv + vTRv

}
(t) ∆t,

subject to η ∈ C1
prd[a, b]T and v ∈ Cprd[a, ρ(b)]T satisfying

η∆(t) = Ā(t) ησ(t) + B̄(t) v(t), t ∈ [a, ρ(b)]T, v ∈ T . (32)

M

(
η(a)

η(b)

)
= 0, (33)

The quantities appearing in the functional J ′′(x̄, ū; ·, ·) and in (32)–(33) are

defined, for some vector γ̄ ∈ R
r and functions λ̄ : [a, ρ(b)]T → R

k, λ̄ ∈ Cprd,

and p̄ : [a, b]T → R
n, p̄ ∈ C1

prd, as follows:

Ā(t) := fx(t), P (t) := Lxx(t) + p̄T (t) fxx(t),

B̄(t) := fu(t), Q(t) := Lxu(t) + p̄T (t) fxu(t),

M := ∇ϕ
(
x̄(a), x̄(b)

)
, R(t) := Luu(t) + p̄T (t) fuu(t) + λ̄T (t)ψuu(t),

N(t) := ∇uψ
(
t, ū(t)

)
, Γ := ∇2K

(
x̄(a), x̄(b)

)
+ γ̄T∇2ϕ

(
x̄(a), x̄(b)

)
,

(34)

and the tangent space T of tangent function is

T :=
{
v(·) ∈ Cprd[a, ρ(b)]T : N(t) v(t) = 0 for all t ∈ [a, ρ(b)]T

}
.
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The first and second order partial derivatives of L, f , and ψ are evaluated

at
(
t, x̄σ(t), ū(t)

)
and

(
t, ū(t)

)
, respectively.

We assume that the matrices M and N(t), t ∈ [a, ρ(b)]T, have full rank,

and that the linear system (32) is M -controllable over T , see [28, Def-

inition 4.2]. Moreover, we denote by Y ∈ Cprd the m × (m − k) ma-

trix function whose columns form, for each t ∈ [a, ρ(b)]T, an orthonor-

mal basis for KerN(t). Hence, every tangent function v ∈ T is of the

form v(t) = Y (t)w(t) with some w : [a, ρ(b)]T → R
m−k, w ∈ Cprd. Then,

by [28, Theorem 7.2], a necessary condition for (x̄, ū) being a weak local

minimum for problem (Cσ) is that the quadratic functional J ′′(x̄, ū; η, v)

is nonnegative for all (η, v) satisfying (32) and (33). As it is common, (η, v)

satisfying (32) will be called admissible. Consequently, the application of the

weak maximum principle [28, Theorem 6.1] to the functional J ′′(x̄, ū; ·, ·)
yields the existence of a quadruple λ0 = 1, ω ∈ R

r, λ ∈ Cprd[a, ρ(b)]T, and

q ∈ C1
prd[a, b]T (changing the sign of q(·)) such that for t ∈ [a, ρ(b)]T

q∆(t) = −ĀT (t) q(t) + P (t) ησ(t) +Q(t) v(t), (35)

−B̄T (t) q(t) +QT (t) ησ(t) +R(t) v(t) +NT (t)λ(t) = 0, (36)(
q(a)

−q(b)

)
= MTω + Γ

(
η(a)

η(b)

)
, (37)

where v(t) = Y (t)w(t) as mentioned above. If Y T (t)R(t)Y (t) is invertible

on [a, ρ(b)]T, then we may solve equation (36) for w(t), hence also for v(t),

and then

v(t) = Z(t)
[
B̄T (t) q(t)−QT (t) ησ(t)

]
, (38)

where

Z(t) := Y (t)
[
Y T (t)R(t)Y (t)

]
−1
Y T (t). (39)

By inserting (38) into equations (32) and (35), it follows that (η, q) satisfies

the linear Hamiltonian system (Hσ) with

A(t) := Ā(t)− B̄(t)Z(t)QT (t), C(t) := P (t)−Q(t)Z(t)QT (t),

B(t) := B̄(t)Z(t) B̄T (t).
(40)

These equations reduce to equations (29) for the calculus of variations case

where Ā(t) ≡ 0, B̄(t) ≡ I , and Y (t) ≡ I . Then the following property

was shown in [10], where the time scale linear Hamiltonian systems were

introduced.



September 8, 2010 17:18 WSPC - Proceedings Trim Size: 9in x 6in 21

282

Proposition 4.1 (Hamiltonian to symplectic). Let A(t), B(t), and

C(t) be defined by the formulas in (40). Under the natural solvability as-

sumption that

I − µ(t)A(t) is invertible for all t ∈ [a, ρ(b)]T,

the linear Hamiltonian system (Hσ) is a special case of the time scale sym-

plectic system (S) with

A(t) := D(t)A(t), C(t) := C(t)D(t),

B(t) := D(t)B(t), D(t) := µ(t)C(t)D(t)B(t) −AT (t),

and where D(t) := [I − µ(t)A(t)]−1
.

4.2. Control problem without shift in the state variable

On the other hand, starting with the time scale control problem which does

not have the shift in x, i.e., with

minimize J (x, u) := K
(
x(a), x(b)

)
+

∫ b

a

L
(
t, x(t), u(t)

)
∆t, (C)

subject to x ∈ C1
prd[a, b]T and u ∈ Cprd[a, ρ(b)]T satisfying the constraints

(30) and (31) and with the dynamics

x∆(t) = f
(
t, x(t), u(t)

)
, t ∈ [a, ρ(b)]T,

leads, by [28, Section 9], to the second variation

J ′′(x̄, ū; η, v) :=
(
η(a)

η(b)

)T

Γ

(
η(a)

η(b)

)
+

∫ b

a

{
ηTP η + 2 ηTQv + vTRv

}
(t) ∆t,

subject to η ∈ C1
prd[a, b]T and v ∈ Cprd[a, ρ(b)]T satisfying the endpoint

constraint (33) and

η∆(t) = Ã(t) η(t) + B̃(t) v(t), t ∈ [a, ρ(b)]T, v ∈ T . (41)

Here, for some vector γ̄ ∈ R
r and functions λ̄ : [a, ρ(b)]T → R

k, λ̄ ∈ Cprd,

and p̄ : [a, b]T → R
n, p̄ ∈ C1

prd, the coefficients Ã(t), B̃(t), P (t), Q(t),

R(t) are defined in a similar manner as the corresponding coefficients for

the problem (Cσ) in equation (34), but with the first and second order

partial derivatives of L and f evaluated at
(
t, x̄(t), ū(t)

)
instead of at(

t, x̄σ(t), ū(t)
)
, and with p̄σ(t) instead of p̄(t).

Under a corresponding M -controllability assumption on the linear sys-

tem (41), the weak maximum principle [28, Theorem 9.4] applied to the
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functional J ′′(x̄, ū; ·, ·) yields the existence of a quadruple λ0 = 1, ω ∈ R
r,

λ ∈ Cprd[a, ρ(b)]T, and q ∈ C1
prd[a, b]T (changing the sign of q(·)) such that

for t ∈ [a, ρ(b)]T

q∆(t) = −ÃT (t) qσ(t) + P (t) η(t) +Q(t) v(t), (42)

−B̃T (t) qσ(t) +QT (t) η(t) +R(t) v(t) +NT (t)λ(t) = 0, (43)

and satisfying the transversality condition (37). Similarly to the situation

in Subsection 4.1, if Y T (t)R(t)Y (t) is invertible on [a, ρ(b)]T, then we may

solve equation (43) for v(t), i.e.,

v(t) = Z(t) [B̃T (t) qσ(t)−QT (t) η(t)], (44)

where the matrix Z(t) is defined in (39). Upon inserting formula (44) into

equations (41) and (42), it follows that (η, q) satisfies the linear Hamiltonian

system

η∆ = A(t) η +B(t) qσ , q∆ = C(t) η −AT (t) qσ , (H)

where the coefficients are defined by

A(t) := Ã(t)− B̃(t)Z(t)QT (t), C(t) := P (t)−Q(t)Z(t)QT (t),

B(t) := B̃(t)Z(t) B̃T (t).
(45)

Then we can easily prove the following.

Proposition 4.2 (Hamiltonian to symplectic). Let A(t), B(t), and

C(t) be defined by the formulas in (45). Under the natural solvability as-

sumption that

I + µ(t)A(t) is invertible for all t ∈ [a, ρ(b)]T,

the linear Hamiltonian system (H) is a special case of the time scale sym-

plectic system (S) with

A(t) := µ(t)B(t)D(t)C(t) +A(t), C(t) := D(t)C(t),

B(t) := B(t)D(t), D(t) := −AT (t)D(t),
(46)

and where D(t) := [I + µ(t)AT (t)]−1
.

Proof. Using the formula µq∆ = qσ − q, we can solve the second equation

in (H) for qσ in terms of η and q. Putting this into both equations in (H)

yields the coefficients in (46). Then it is a straightforward calculation that

the corresponding matrix S(t) satisfies identity (3), thus defining a time

scale symplectic system.
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In conclusion, no matter whether the original time scale control problem

(and hence, also a time scale calculus of variations problem) contains the

shift in the state variable x or does not, the resulting Jacobi system is a time

scale symplectic system of the form (S). Note also that in the continuous

time case both linear Hamiltonian systems (Hσ) and (H), as well as the

system (S), reduce to the same differential system (Hc).

4.3. Euler-Lagrange system for functional F

Next we show that the system (S) is indeed the Euler-Lagrange (or Jacobi)

system for the quadratic functional F given in (1). Consider the variational

problem

minimize F(x, u) (VP)

subject to admissible (x, u) satisfying

M

(
x(a)

x(b)

)
= 0. (47)

We assume that M ∈ R
r×2n, r ≤ 2n, and that M has full rank r.

Remark 4.1. In (2) we considered the boundary conditions for F in terms

of a projection matrixM. Obviously, if rankM < 2n, then we may simply

disregard in (2) the linearly dependent equations and obtain the equivalent

constraint (47). On the other hand, starting with M as in (47), then we

can set M := MT (MMT )−1M , which is a projection with the property

that Mα = 0 if and only if Mα = 0. In this case we can also redefine the

matrix Γ to be (I −M) Γ (I −M), because for α ∈ KerM = KerM we

have αT Γα = αT (I −M) Γ (I −M)α.

Next we consider the boundary value problem

(S), M

(
x(a)

x(b)

)
= 0,

(
u(a)

−u(b)

)
= Γ

(
x(a)

x(b)

)
+MT γ, (BVP)

for some γ ∈ R
r, where the system (S) is defined in Section 1. The system

(S) is called M -normal if the only solution u(·) of

u∆ = D(t)u, B(t)u = 0, t ∈ [a, ρ(b)]T,

(
u(a)

−u(b)

)
= MT γ,

for some γ ∈ R
r, is the trivial solution u(·) ≡ 0. Equivalently, the M -

normality of the system (S) means that if (x, u) solves (BVP) with x(·) ≡ 0,

then also u(·) ≡ 0.
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In the formulation of the next result we need the first variation of the

functional F at an admissible pair (x, u) in the direction (ξ, w). By [28,

Section 9], the first variation takes the form

F ′(x, u; ξ, w) =

(
x(a)

x(b)

)T

Γ

(
ξ(a)

ξ(b)

)

+

∫ b

a

{
xT CT (I+µA) ξ+µxT CTBw+µuTBTC ξ+uT (I+µD)TBw

}
(t) ∆t

over admissible (ξ, w) satisfying

M

(
ξ(a)

ξ(b)

)
= 0. (48)

Again, the pair (ξ, w) is called admissible if ξ ∈ C1
prd[a, b]T, w ∈

Cprd[a, ρ(b)]T, and ξ∆(t) = A(t) ξ(t) + B(t)w(t) for t ∈ [a, ρ(b)]T.

The discrete version of the following result can be found in [19, Theo-

rem 4]. In particular, condition (ii) in the statement below says that the time

scale symplectic system (S) is the Euler-Lagrange system for the quadratic

functional F .

Proposition 4.3 (Euler-Lagrange system for (S)). The following

implications relate the variational problem (VP) and the boundary value

problem (BVP).

(i) Let (x̄, ū) solve (BVP) and let F ≥ 0 over (47). Then F ′(x̄, ū; ·, ·) = 0

and (x̄, ū) solves (VP).

(ii) Conversely, if (x̄, ū) solves (VP), then F ′(x̄, ū; ·, ·) = 0, F ≥ 0 over

(47), and there exist λ0 ≥ 0, γ ∈ R
r
, and p̄ ∈ C1

prd[a, b]T such that the

pair (λ0x̄, p̄) solves (BVP). In addition, if the system (S) is M -normal,

then λ0 = 1, and γ and p̄(·) are unique.

Proof. “(i)” Suppose that (x̄, ū) solves (BVP) and F ≥ 0. Then, by [28,

Theorem 9.6], F ′(x̄, ū; ξ, w) = 0 for any admissible (ξ, w) with (47). More-

over, for any admissible (x, u) the pair (ξ, w) := (x, u) − (x̄, ū) is also ad-

missible, it satisfies (48), and

F(x, u)−F(x̄, ū) = 2F ′(x̄, ū; ξ, w) +F(ξ, w) = F(ξ, w) ≥ 0.

Hence, (x̄, ū) solves (VP).

“(ii)” Conversely, let (x̄, ū) solve (VP), i.e., (x̄, ū) is admissible, (47)

holds, and for every other such pair (x, u) we have F(x̄, ū) ≤ F(x, u).

Then, by [28, Theorems 9.6 and 9.7], F ′(x̄, ū; ξ, w) = 0 and 2F(ξ, w) =
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F ′′(x̄, ū; ξ, w) ≥ 0 for any admissible (ξ, w) satisfying (48). Furthermore, by

the time scale weak maximum principle [28, Theorem 9.4], there is λ0 ≥ 0,

γ ∈ R
r, and p̄ ∈ C1

prd[a, b]T (changing the sign of p̄(·)) such that (suppressing

the argument t in the following calculations) on [a, ρ(b)]T

p̄∆ = −AT p̄σ + λ0

[
CT (I + µA) x̄+ µ CTBū

]
, (49)

−BT p̄σ + λ0

[
µBTCx̄+ (I + µDT )Bū

]
= 0, (50)(

p̄(a)

−p̄(b)

)
= λ0 Γ

(
x̄(a)

x̄(b)

)
+MT γ. (51)

The admissibility of (x̄, ū) yields from (49), via the first identity in (5), the

equation

p̄∆ = λ0 CT x̄σ −AT p̄σ on [a, ρ(b)]T, (52)

while from (50) it gives on [a, ρ(b)]T

λ0 (x̄∆ −Ax̄− Bū) + λ0

[
µBTCx̄+ (I + µDT )Bū

]
= BT p̄σ.

By using the first identity in (5) once more and by the third equation in

the coefficient identities (4), it follows that

λ0 x̄
∆ = λ0 (Ax̄− µBTCx̄− µDTBū) + BT p̄σ = −λ0DT x̄σ + BT p̄σ . (53)

Therefore, equations (52) and (53) show that the pair (λ0x̄, p̄) satisfies the

adjoint time scale symplectic system (7). Consequently, this pair satisfies

(S) and hence, with the transversality condition (51), the pair (λ0x̄, p̄)

solves (BVP). Finally, under the M -normality, λ0 = 1 and γ and p̄(·) are

unique, as it follows from the time scale weak maximum principle in [28,

Theorem 9.4].
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15. R. Hilscher, V. Růžičková, Perturbation of time scale quadratic functionals
with variable endpoints, Adv. Dyn. Syst. Appl. 2 (2007), no. 2, 207–224.
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In this paper we consider a two species population model based on the dis-
cretisation of the original Lotka-Volterra competition equations. We analyse
the global dynamic properties of the resulting two-dimensional noninvertible
dynamical system in the case where the interspecific competition is considered
to be “mixed”. The main results of this paper are derived from the study of
some global bifurcations that change the structure of the attractors and their
basins. These bifurcations are investigated using the method of Critical Curves.
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1. Introduction

In this paper we will show how the global dynamics of a biological model
can be analysed through a study of global bifurcations that cause qual-
itative changes in the attractors and their basins of attraction, as some
parameters of the model are varied. In particular, we consider a two-
dimensional quadratic map derived from the Lotka-Volterra competing
species population model which has very close analogies to the well-known
one-dimensional standard logistic map. A previous investigation of the dy-
namics of this map has been given for a range of parameter values which
show both characteristic one-dimensional and two-dimensional behaviours.1

However, this model has been largely ignored by other researchers due to
the charge of biological infeasibility. Once the population sizes grow beyond
a certain point then at the next time step at least one of the populations
becomes negative. This is biologically meaningless and thus represents the
main drawback of this model. However the model is extremely useful in
demonstrating the effects of global bifurcations. In this paper these bifurca-
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tions are analysed using the method of critical curves. This is a technique for
investigating the global properties of noninvertible two-dimensional maps2,3

and is used extensively in this paper when analysing the global properties
of the map. Using critical curves the map has previously been studied as a
particular model of Cournot duopoly, though for a restricted set of param-
eter values.4,5

The discrete-time model analysed in this paper can easily be deduced
from the Lotka-Volterra two species competition model which was originally
expressed as a system of differential equations.6 This model permits either
the coexistence of both species or the extinction of one or other of the
competing species. It is possible, by discretisation and rescaling, to derive
from the original Lotka-Volterra model a discrete time two-dimensional
quadratic map T : R

2
+ → R

2
+. Denoting the normalised populations of the

two species at time k by xk and yk respectively, the map determines the
time evolution of the two species according to (xk+1, yk+1) = T (xk, yk) or

xk+1 = axk(1 − xk − syk)
yk+1 = byk(1 − yk − txk),

(1)

where a and b are the intrinsic growth rates, and s and t the (interspe-
cific) competition parameters, of species x and y respectively. Per head
of species population, the size of the competition parameter determines
whether intraspecific competition is more important (parameter < 1) or
whether interspecific competition dominates (parameter > 1). This paper
deals with the case where one of the interspecific competition parameters is
greater than 1 and the other interspecific competition parameter is less than
1. This subcase shall be referred to as mixed competition. In this scenario
it is possible to exhibit permanence,7 bistability8 or dominance.9 Perma-
nence occurs when both species coexist whereas dominance is seen when of
one species always drives the other species to extinction. Bistability occurs
where only one of the species survives but unlike dominance which species
survives depends on the initial population densities.

2. General Properties of the Quadratic Map

The evolution of the dynamical system is obtained by the iteration of the
two-dimensional map T :

x′ = ax(1 − x − sy),
y′ = by(1 − y − tx),

(2)

where a and b are greater than 1, s and t are positive parameters and ′

denotes the unit-time advancement operator. Since this map (2) is basically
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a two-dimensional version of the standard logistic map with interactions
permitted, there are limitations on the values of the parameters to ensure
that the populations remain nonnegative.

The map (2) is defined only for nonnegative values of x and y that lie
below the lines 1 − x − sy = 0 and 1 − y − tx = 0. More specifically, the
Live Region(LR) of the map can be defined as follows:

LR = {(x, y); x ≥ 0, y ≥ 0, 1 − x − sy ≥ 0, 1 − y − tx ≥ 0}.
In the case of mixed competition only one of the lines 1 − x − sy = 0 and
1 − y − tx = 0 is active in forming the boundary of LR. Therefore, LR is
triangular in shape.

If (x, y) ∈ R
2
+\LR, then the next iterate will produce negative values for

at least one of the species, which is biologically meaningless. Furthermore, it
is important to realise, that under certain conditions an initial value whose
starting point lies in LR, may enter into the region R

2
+ \ LR after a finite

number of iterations of the map.10 We shall call a point (x0, y0) a feasible
point if its full trajectorya remains in LR. We will refer to such a trajectory
as a feasible trajectory.11 Finally, we denote by F the feasible set, defined
as the set of feasible points.

There are three axial fixed points of the map T :

Ex =
(

a − 1
a

, 0
)

, O = (0, 0), Ey =
(

0,
b − 1

b

)
.

The fixed points Ex and Ey are related to the non-zero fixed points of the
one-dimensional quadratic maps that govern the dynamics restricted to the
invariant axes. There is also another fixed point given by the solution of
the equations

a − ax − asy − 1 = 0,

b − by − btx − 1 = 0.

We will refer to this off-axis fixed point as E∗. We will concentrate on the
situation where O is always an unstable node (a, b > 1) as otherwise it will
be attracting to trajectories in its local neighbourhood.

The case of mixed competition can be split into two subcases; subcase
1 is when st < 1 and subcase 2 is when st > 1. In subcase 1, by fixing
the growth parameters between 1 and 3 the fixed points Ex and Ey will
both be saddle points and the off-axis fixed point E∗ will be stable. When
the growth parameters are increased beyond 3 the fixed points Ex and

aThe sequence (T k(x0, y0))k∈N of values calculated by iterating the map T .
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Ey become completely unstable and trajectories starting on the axes are
now attracted to the higher period stable points embedded in the axes.
For increased values of the parameters the off-axis fixed point, E∗, will be
replaced by higher period points. It should be noted too that it is possible
for the fixed point E∗ to be located outside of LR.10

In subcase 2, the fixed point E∗ is located outside of LR for most of
the choices of parameters and so all generic trajectories starting within LR

are attracted to one of the attractors on the coordinate axes. It is possible
to configure the map (2) so that the fixed point E∗ is located in LR. E∗
will be a saddle point in this case and its stable set acts as a separatrix
between the attractors embedded in the invariant coordinate axes. These
results are obtained through a standard study of the local stability of the
fixed points.10

2.1. Critical Curves

Map (2)b belongs to the class of noninvertible maps because solving for
(x, y) in terms of a given (x′, y′) in (2) will typically return no solution or
more than one solution. Noninvertible biological maps12,13 have previously
been studied using the method of critical curves.

As the point (x′, y′) varies in the plane R
2 the number of preimages of

(x′, y′), changes. Pairs of real preimages appear or disappear as the point
(x′, y′) crosses the boundaries separating regions whose points have a dif-
ferent number of preimages. Such boundaries are usually characterised by
the presence of two coincident or merging preimages. This leads to the def-
inition of the critical curves. The critical curve of rank-1, denoted by LC

(from Ligne Critique), is defined as the locus of points having two, or more,
coincident preimages, located on a set called LC−1 (the curve of merging
preimages). Arcs of LC separate the plane into regions characterised by a
different number of real preimages. A region of the plane is labelled “a Zn

region” when its points possess n distinct preimages.
For a continuously differentiable map T the curve of merging first rank

preimages LC−1 belongs to the set :

LC−1 ⊆ {
(x, y) ∈ R

2 | det (DT ) = 0
}

where DT is the Jacobian of T . Also note that LC is the rank-1 image of
LC−1 under T , i.e. LC = T (LC−1).

bThis map (2) has previously been analysed using the method of critical curves; In Bischi
and Naimzada (1999)4 for the parameter values st = 1/4 , and in Bischi et al. (1998)5

for s = t = 1/2 and a = b.
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LC
(a)
−1

LC
(b)
−1

(a)

Z4 Z2

Z0

LC(a)

LC(b)

(b)

Fig. 1. (a) Critical curve LC−1 in the case when st < 1. (b) Critical curve LC in the
case when st < 1.

In the case where st < 1, the locus of points for which det(DT ) = 0 is
given by the union of two branches of a hyperbola, denoted by LC

(a)
−1 and

LC
(b)
−1 in Fig. 1(a). Also LC is the union of two branches, denoted by LC(a)

= T(LC
(a)
−1 ) and LC(b) = T(LC

(b)
−1) (Fig. 1(b)): LC(a) separates the region

Z0, whose points have no preimages, from the region Z2, whose points have
two distinct rank-1 preimages, and LC(b) separates the region Z2 from Z4,
whose points have four distinct rank-1 preimages.

LC−1

(a)

LC

Z4

Z2

(b)

Fig. 2. (a) Critical curve LC−1 in the case when st > 1. (b) Critical curve LC in the

case when st > 1.

In the case where st > 1 LC−1 is represented by an ellipse (Fig. 2(a)). In
this case LC is represented by a closed curve presenting three-cusp points
as shown in Fig. 2(b). LC here bounds a region Z4 surrounded by an un-
bounded region Z2.
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3. Global Bifurcations

We know from Mira et al. (1996)3 that global bifurcations are characterised
by a contact between the boundary, denoted ∂F , of the feasible set and the
arcs of the critical curves LC.

In the case when st < 1 the possible biological outcomes from the sys-
tem are dominance and permanence. Dominance results in all feasible tra-
jectories being attracted to one of the coordinate axis whereas permanence
results in an attractor in the interior of LR which leads to more interesting
behaviour when analysing global bifurcations.14

Recall that if s > 1 then the line 1 − x − sy = 0 forms the internal
boundary of LR whereas if t > 1 the line 1−y−tx = 0 forms the boundary.
We shall look at this phenomenon for the case where s > 1 although similar
results can be found in the case where t > 1. Fix the parameters b, s and t

and vary the parameter a. As a is increased the critical curve branch, LC(a)

which separates Z0 from Z2 moves upward and outward (See Fig. 3(a) &
(b)). The exact value of a(= Φ) at which this contact bifurcation occurs is
found from the solution of the following expression,

(2s[
a

b
+ t] − [4 − a(1 − s)])2 = [4 − a(1 − s)]2 − 4s[4t + a(s − t)].

A detailed derivation of Φ can be found in Appendix C of.8

For a > Φ, immediately after the bifurcation, a segment of 1−x−sy = 0
enters the region Z2 so that the region R1, bounded completely by LC(a)

and 1 − x − sy = 0 now has two preimages (see Fig. 3(b)). These two
preimages merge along LC

(a)
−1 and form a hole (or lake) inside F .3 This

has the effect of changing the set F from simply connected to multiply
connected (or connected with holes).3 This can be seen clearly in Fig. 3(c),
where the hole H0 is the preimage of the region R1. H0 belongs to the set of
points that generate non-feasible trajectories because the points of H0 are
mapped into R1, outside of LR, and therefore go negative in x on their next
iteration. This is only the first of infinitely many preimages of R1 which
form a sequence of smaller and smaller holes within F .

As the parameter a is further increased (yet still remaining below 4),
LC(a) moves upwards and outward and the region R1 enlarges and, conse-
quently, all its preimages enlarge and become infinitely more pronounced.
When the parameter a is increased beyond 4, the critical curve LC(a) no
longer forms a closed region with the boundary of the feasible region F .
This adjustment has the effect of changing the structure of the boundary
of F from smooth to fractal (Fig. 3(d)). Thus it can be concluded that the
transformation of the region F from a simply connected set into a multiply
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LC(a)

Z0

Z2

(a)

LC(a)

Z0

Z2
R1

(b)

H0

(c)

H0

(d)

Fig. 3. (a) LC inside F prior to contact. (b) Crossing between LC and ∂F . (c) The
resulting hole H0 inside F . (d) The boundary of F is now fractal. The Basin of Infinity
is represented by the gray region.

connected set occurs because of a global (or non-classical) bifurcation due
to contact between ∂F and branches of the critical set LC.

The attractor, A, existing inside F changes its structure for increasing
values of the parameters a and b when st < 1. For values of a and b less than
3 the attractor is the stable fixed point E∗. As a and b increase above the
value 3, E∗ loses stability through a flip (or period doubling) bifurcation at
which point E∗ becomes a saddle point, and an attracting cycle of period
2 is created near it. If we now fix b at some value greater than 3, and
further increase a, the cycle of period 2 undergoes a flip bifurcation at
which point an attracting cycle of period 4 is created, which becomes the
unique attractor inside F . Almost all points inside F have trajectories that
converge to the 4-cycle attractor, so that F can be identified with the basin
of attraction of the attractor for all practical purposes.

These flip bifurcations are followed by a sequence of further period dou-
blings, which creates a sequence of attracting cycles of period 2n followed
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LC(a)

(a)

LC(a)

(b)

Fig. 4. (a) Chaotic attractor in the interior of F . (b) Just prior to the contact between
the attractor A and ∂F .

by the creation of chaotic attractors (Fig. 4(a)). The numerical simulations
show that the size of the chaotic attractor increases as a increases, and
with the parameter values that were used in Fig. 4(b) the chaotic set is
extremely close to a contact with the boundary of its basin. This contact
bifurcation, when it occurs, is known as the final bifurcation and causes the
destruction of the attractor A.3 After this type of contact bifurcation, any
initial point generates non-feasible trajectories, that is, the growth model
does not generate a stable feasible evolution of the population system.

In the case when st > 1 it is possible for the system to exhibit all three
biological outcomes. In the case of dominance there is no internal fixed
point in LR and all internal trajectories end up on one of the coordinate
axes. In the case of bistability the internal fixed point is a saddle and
again all internal trajectories are attracted to the coordinate axes. When
permanence occurs in the system in this case there is no internal fixed
point and all trajectories are attracted to a higher period stable point in
the interior of LR.14 We will now focus on the attractor embedded in the
y-axis to demonstrate some unusual behaviour in the case when st > 1.

Prior to the contact between 1 − x − sy = 0 and the segment of LC

in LR, the attractor on the y-axis exists completely below LC. When the
parameters are chosen so that sb > 4, LC intersects the y-axis at a value
greater than 1

s and hence a portion of the attractor embedded in the axis
now exists in the interval (1

s , 1] which is above the line 1 − x − sy = 0.
Trajectories will continue to be attracted to the axial attractor but in this
instance they will exit LR en route to the attractor. Although this is not
a typical contact bifurcation (change in the structure of the attractor or
holes within the basin of attraction) it does occur due to a contact between
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LC and the boundary of the feasible set. Even though the attractor still
exists after this “quasi-final bifurcation”, and for trajectories starting on
the axis is still viable, all points starting in the interior of LR that are
attracted to this attractor will now generate infeasible trajectories en route
to the attractor. Therefore for parameter values sb > 4 (y-axis) and ta > 4
(x-axis) a contact bifurcation occurs that results in infeasible trajectories
for points originating in the interior of LR.

4. Conclusions

In this paper, an investigation of the global properties of a two-dimensional
competing species model displaying mixed competition is made using the
method of critical curves. Critical curves allow us to thoroughly analyse
the changing structure of the system as the parameters vary. A general
study of the properties of the attractors and of their basins in the case
of mixed competition is carried out. The biological relevance of the differ-
ent cases is presented to highlight the significance of the analysis carried
out. In contrast to the two species continuous-time Lotka-Volterra model
with mixed competition which results in dominance by one species (e.g.15),
this discrete-time model is capable of exhibiting permanence, bi-stability
or dominance depending on the parameter values.
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namical systems to the richness of the underlying ordinal pattern distribution.
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1. Introduction

Ordinal time series analysis (see Bandt4 , Keller et al.7) is a new approach

to the investigation of long and complex time series. From the modelling

viewpoint, the time series considered are either realizations of stochastic

processes or orbits of dynamical systems. Here we concentrate to the second

case. The central subjects are ordinal patterns describing the up and down

in orbits.

Definition 1.1. For d ∈ N = {1, 2, 3, . . .} we call Id :=×d

l=1{0, 1, . . . , l}
the set of ordinal patterns of order d. Further, let X ⊆ R and let f : X ←↩.

By the ordinal pattern of order d ∈ N realized by x ∈ X we understand the

sequence id = id(x) = (i1, i2, . . . , id) ∈ Id defined by

il = #{r ∈ {0, 1, . . . , l − 1} | f◦(d−l)(x) ≥ f◦(d−r)(x)}

for l = 1, 2, . . . , d, where f◦n(x) with n ∈ N denotes the n-th iterate of a

point x ∈ X with respect to f .

If d ∈ N, x ∈ X and id+1(x) = (i1, i2, . . . , id, id+1), then obvi-

ously id(f(x)) = (i1, i2, . . . , id). The relationship between id+1(x) and
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id(x) = (i′1, i
′

2, . . . , i
′

d) is more complicated. As shown in Keller et al.,7

the i′1, i
′

2, . . . , i
′

d are recursively given by

i′l =

{
il+1 if

∑l+1
k=1 ik −

∑l−1
k=1 i′k ≤ l

il+1 − 1 else
. (1)

Here note that originally the ordinal pattern of order d realized by x ∈
X was defined as the permutation πd(x) = (r0, r1, . . . , rd) of the set

{0, 1, . . . , d} satisfying

f◦ (d−r0)(x) ≥ f◦ (d−r1)(x) ≥ . . . ≥ f◦ (d−rd−1)(x) ≥ f◦ (d−rd)(x) (2)

and

rl−1 > rl, if f◦ (d−rl−1)(x) = f◦ (d−rl)(x). (3)

(The determination of πd(x) from id(x) and vice versa is simple, but not

relevant here.) In the permutation language the ordinal pattern of order d

realized by x can be immediately seen from the ordinal pattern of order

d + k realized by x for k in N. Namely πd(x) is obtained from πd+k(x) =

(r0, r1, . . . , rd+k) by omitting the entries 0, 1, . . . , k in (r0, r1, . . . , rd+k) and

subtracting k from the remaining entries. In order to get πd(f
◦k(x)) from

πd+k(x) = (r0, r1, . . . , rd+k), one simply has to omit the entries d + 1, d +

2, . . . , d + k in (r0, r1, . . . , rd+k).

2. Ordinal patterns under iteration

Prerequisites and notions. Let X ⊆ R and let E be a σ-algebra on X .

We will consider measurable maps f : (X , E)←↩ with the property that

{x ∈ X |x < f◦n(x)} ∈ E for all n ∈ N. (4)

Clearly, this property is satisfied in the case E = B(X ), where B(X ) is

the Borel-σ-algebra on X . A probability measure κ on E is said to be f -

invariant if κ(f−1(E)) = κ(E) for all E ∈ E . Further, let for (il)
d
l=1 ∈ Id

with d ∈ N

E(il)d

l=1
= {x ∈ X |x realizes (il)

d
l=1}.

Property (4) ensures that E(il)d

l=1
∈ E . Finally, let N0 = {0, 1, 2, . . .}.

Infinite patterns and the backward map. Ordinal patterns of order

d realized by X classify orbits (x, f(x), . . . , f◦d−1(x), z = f◦d(x)) starting

at some point x ∈ X . From the viewpoint of prediction, for example, it is

however better to see them as determined from an orbit landing at z. The
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higher the order d of the ordinal pattern is, the more information on the

‘past’ of z is given, where higher order patterns are ‘extensions’ of lower or-

der ones. Therefore, it is natural to consider the set I∞ =×∞

l=1{0, 1, . . . , l}
of infinite ordinal patterns. There is a special dynamics on I∞ which we

describe now.

First of all, we equip I∞ with the topology generated by the set of

elementary cylinder sets

A(il)d

l=1
= {i1} × {i2} × . . .× {id} ×

∞

×
l=d+1

{0, 1, . . . , l}

given for (il)
d
l=1 ∈ Id with d ∈ N. Note that I∞ is compact with respect to

this topology. The backward map describes the intrinsic structure of ordinal

patterns of arbitrary order under iteration (compare text below Def. 1.1).

Definition 2.1. The map B∞ : I∞ ←↩ with B∞((il)
∞

l=1) = (i′l)
∞

l=1, where

i′1, i
′

2, . . . are recursively defined by

i′l =

{
il+1 if

∑l+1
k=1 ik −

∑l−1
k=1 i′k ≤ l

il+1 − 1 else
,

is called the backward map.

As shown in Keller et al.,7 the map B∞ : I∞ ←↩ is continuous, hence

Borel-measurable. Note that it plays a similar role as the shift-map on

{1, 2, . . . , n}∞ in symbolic dynamics for a symbolization decomposing the

state space into n pieces.

3. Distribution of ordinal patterns

Given a map f on a measurable space (X , E) with (4) and an invariant pro-

bability measure κ, we are interested in the distribution of ordinal patterns

realized by X , which is well-defined by the invariance of κ. This distribution

can be considered as the unique measure µ = µκ on the space (I∞, B(I∞))

of infinite ordinal patterns defined by

µ(A(il)d

l=1
) = κ(E(il)d

l=1
) for all d ∈ N and (il)

n
l=1 ∈ Id.

Note that the probability of (finite) ordinal patterns (il)
n
l=1 ∈ Id is here

directly addressed by the measure of the elementary cylinder sets A(il)d

l=1
.

One easily sees that µ is B∞-invariant (see Keller et al.7).

The richness of the ordinal pattern distribution µ characterizes somehow

the complexity of a dynamical system. Let us first describe the case that µ

is singular.
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Theorem 3.1. Let X ⊂ R, let E be a σ-algebra on X , and let f : (X , E)←↩

be a measurable map. Further, let κ be an f -invariant probability measure

on (X , E) satisfying (4). Then for µ = µκ the following statements are

equivalent:

(i) µ is singular.

(ii) There exist p ∈ N and i ∈ I∞ with µ({i}) > 0 and B◦p
∞

(i) = i.

(iii) There exists a set E ∈ E whose elements realize the same ordinal pat-

terns for each given order and some p ∈ N with f ◦p(E) ⊂ E and

κ(E) > 0.

Proof. (i) =⇒ (ii): If µ is singular, then fix some i ∈ I∞ with µ({i}) > 0.

Invariancy of µ implies µ({i}) = µ(B−1
∞

(i)) = µ(B−◦2
∞

(i)) = µ(B−◦3
∞

(i)) =

. . .. Since µ is finite, B−◦k
∞

(i)∩B−◦m
∞

(i) 6= ∅ for some k, m ∈ N0 with k < m,

thus i ∈ B−◦p
∞

({i}) for p = m− k. This shows (ii).

(ii) =⇒ (iii): Assuming that (ii) is satisfied with i = (il)
∞

l=1, let Ek for

k = 1, 2, . . . be the set of all x ∈ X realizing the ordinal pattern (il)
kp
l=1.

Then E1 ⊃ E2 ⊃ E3 ⊃ . . . and f◦p(Ek+1) ⊂ Ek for all k ∈ N. Therefore,

for E :=
⋂

∞

k=1 Ek one easily obtains f◦p(E) ⊂ E. By the construction of µ

it holds κ(E1) ≥ κ(E2) ≥ κ(E3) ≥ . . . ≥ µ({i}) > 0, hence κ(E) > 0. Since

the ordinal pattern of order kp realized by x ∈ E is equal to (il)
kp
l=1 for each

x ∈ E, the ordinal patterns realized in E coincide for any given order.

(iii) =⇒ (i): Given an E as described in (iii), let (i
(d)
1 , i

(d)
2 , . . . , i

(d)
d )

denote the ordinal pattern of order d ∈ N realized by E. Note that

(i
((k+1)p)
1 , i

((k+1)p)
2 , . . . , i

((k+1)p)
kp ) = (i

(kp)
1 , i

(kp)
2 , . . . , i

(kp)
kp ) for each k ∈ N.

Hence, there exists some i ∈ I∞ such that
⋂

∞

k=1 A
(i

(kp)
l

)kp

l=1

= i. Since

µ(A
(i

(kp)
l

)kp

l=1

) ≥ κ(E) > 0 for each k ∈ N, it follows that µ({i}) > 0,

that is, µ is singular.

Note the part ‘(i) =⇒ (ii) of Theorem 3.1 shows that the singular part

of µ = µκ is concentrated on a set of points being periodic with respect to

the map B∞.

If ordinal patterns are obtained from a real-valued stochastic process

with independent identically distributed continuous random variables, all

ordinal patterns of a given order have the same probability. The distribution

describing this case adequately is the probability measure Λ on (I∞, B(I∞))

- the equidistribution - defined by

Λ(A(il)d

l=1)
= 1

(d+1)! for all d ∈ N and (il)
n
l=1 ∈ Id.

Let us consider the ordinal pattern distributions relative to this equidistri-
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Fig. 1. Map realizing all ordinal patterns

bution. First of all, as shown in Keller et al.,7 Λ is B∞-invariant and B∞

is strongly mixing for Λ. The latter means that

lims→∞ Λ(B−◦s
∞

(A1) ∩ A2) = Λ(A1)Λ(A2) for all A1, A2 ∈ B(I∞),

with the consequence of ergodicity of B∞ for Λ, that is, Λ(B−1
∞

(A) ∆ A) = 0

for A ∈ B(I∞) implies Λ(A) = 0 or Λ(A) = 1 (compare Walters11).

The following statement related to ergodicity of B∞ for Λ and also

shown in Keller et al.7 roughly says that the distribution of ordinal patterns

is either very thin or very fat. The support C of a probability measure µ on

(I∞, B(I∞)) is the intersection of all closed sets D with µ(D) = 1. It holds

µ(C) = 1.

Theorem 3.2. If µ is a B∞-invariant measure on (I∞, B(I∞)), then for

the support C of µ either Λ(C) = 0 or Λ(C) = 1.

Let us give a continuous map f on the interval [0, 1] for which the

Lebesgue measure λ is f -invariant and µλ is concentrated on I∞.

Example 3.1. For all n ∈ N consider the map fn : [0, 1]←↩ defined by

fn(x) =





(2n + 1)x− k for x ∈ [ k
2n+1 , k+1

2n+1 [; k = 0, 2, . . . , 2n

1 + k − (2n + 1)x for x ∈ [ k
2n+1 , k+1

2n+1 [; k = 1, 3, . . . , 2n− 1

1 for x = 1

.
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We want to show that with respect to fn each ordinal pattern of order 2n

is realized by the points of a non-empty open subset of [0, 1]. Let Jk =

] k
2n+1 , k+1

2n+1 [ for k = 0, 1, 2, . . . , 2n. Given a permutation

π =

(
0 1 2 . . . 2n

π(0) π(1) π(2) . . . π(2n)

)

of {0, 1, . . . , 2n}, fix successively x2n ∈ Jπ−1(0), x2n−1 ∈ Jπ−1(1), x2n−2 ∈
Jπ−1(2), . . . , x0 ∈ Jπ−1(2n) with fn(xl−1) = xl for all l = 1, 2, . . . , 2n. This is

possible since each of the intervals Jk is mapped onto ]0, 1[. One easily sees

that x0 realizes the ordinal pattern π and that there exists a neighborhood

of x0 consisting of points realizing the same ordinal pattern.

Now for n ∈ N0 let an = 1 − 2−n. Then clearly [0, 1[ is the disjoint

union of the intervals In = [an−1, an[; n ∈ N having length 2−n. Let f :

X = [0, 1]←↩ be defined by

f(x) =

{
an−1 + 2−nfn(2n(x− an−1)) for x ∈ In

1 for x = 1 .

f is continuous and maps each of intervals [an−1, an] onto itself ‘like as small

copy of fn’ (see Fig. 3). This shows that f realizes each ordinal pattern of

arbitrary order on a non-empty open set. It can easily be seen that the

Lebesgue measure is f -invariant.

4. Permutation entropy and topological permutation

entropy

With the exception of a few number of extreme cases, the cardinality of

ordinal patterns of order d realized by a map f is increasing for d. The

rate of this increasing can be used for quantifying the complexity of a given

map. This more generally leads to the concepts of permutation entropy and

topological permutation entropy introduced by Bandt et al.:6

Definition 4.1. For X ⊆ R and f : X ←↩ let Xd be the set of points x

with different iterates x, f(x), f◦2(x), . . . , f◦d(x). Further, let

h∗

0,d = ln(#{i ∈ Id |Ei ∩ Xd 6= ∅}).

If E is a σ-algebra with (4), f is measurable and κ is an f -invariant measure

on (X , E), let

h∗

κ,d = −
∑

i∈Id

κ(Ei ∩ Xd) ln κ(Ei ∩ Xd).
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Then h∗

0 = lim supd→∞

h∗
0,d

d
and h∗

κ = lim supd→∞

h∗
κ,d

d
is called topological

permutation entropy of f and permutation entropy of f with respect to κ,

respectively.

Remark 4.1. Note that the exclusion of points with some coinciding iter-

ates in the definition of h∗

0,d and h∗

κ,d seems to be not substantial in the most

cases. Thus for the ‘normal’ cases h∗

κ = lim supd→∞

−

∑

i∈I
d

µ(Ai) ln µ(Ai)

d
for

µ = µκ, had been used to define permutation entropy. This definition would

extend to a quantity related to a B∞-invariant measure µ on (I∞, B(I∞)).

In the case that all ordinal patterns are realized by a map f as in Ex-

ample 3.1, the topological permutation entropy is infinite. Since according

to Stirling’s formulae limn→∞

ln n!
(n+ 1

2 ) ln n−n+ 1
2 ln(2π)

= 1, it holds

lim
d→∞

h∗

0,d/d

ln d
= 1,

in particular, the topological permutation entropy is infinite (see also Amigó

et al.3). Bandt et al.6 have shown the following interesting statement:

Theorem 4.1. Let f : I ←↩ be a piecewise monotone interval map, i.e. a

continuous map on a compact interval I decomposing into finitely many

subintervals where the map is monotone. Then the following holds:

(i) The topological entropy of f is equal to h∗

0.

(ii) For each f -invariant measure κ on (I, B(I) the Kolmogorov-Sinai en-

tropy of f is equal to h∗

κ.

Note that for piecewise monotone interval maps the permutation en-

tropy is determined by ordinal patterns in the periodic orbits (see Misi-

urewicz9). Since piecewise monotone interval maps have finite topological

entropy (see Misiurewicz and Szlenk,10 there must be non-realizable ordi-

nal patterns (see Keller et al.7 , Amigó et al.3), hence the following is valid

(Keller et al.7):

Corollary 4.1. If f : I ←↩ is a piecewise monotone interval map and κ

an f -invariant measure on (I, B(I)), then for the support C of µκ it holds

Λ(C) = 0.

By the above result, for ergodic piecewise monotone interval maps the

Kolmogorov-Sinai can principally be estimated using the empirical permu-

tation entropy of a part of an orbit. Unfortunately, there is not much known
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about for which maps (i) resp. (ii) of Theorem 4.1 is valid. In this connec-

tion, note that Misiurewicz9 has given an example of an interval map with

zero topological entropy but non-zero permutation entropy.

In order to generalize Theorem 4.1 in a certain sense, Amigó et al.1

and Amigó and M. B. Kennel2 have given relaxed definitions of permuta-

tion entropy and topological permutation entropy. Roughly speaking, they

mimic the Kolmogorov-Sinai entropy and topological entropy by consider-

ing permutation entropy and topological entropy of a coarse-graining and

then letting the diameter of pieces go to zero. For ergodic and expanding

interval maps they get (i) and (ii) of Theorem 4.1, repectively, for the re-

laxed definitions. Note that from the practical viewpoint, the definitions are

not too different from the original ones, because each computer uses finite

precision. It is an advantage of the approaches of Amigo and coauthors that

their approach also includes multidimensional interval maps.
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1. Introduction

The main goal of the article is to formulate an asymptotic estimate of

solution of the difference equation

xn+1 − xn = −ahxn + bh((1− rn)xbλnc + rnxbλnc+1) + hfn, (1)

where a > 0, b 6= 0, 0 < λ < 1 are reals, |b|/a < 1, rn := λn − bλnc,
n = 0, 1, 2, . . . , h > 0 is the stepsize and b∗c means the floor function of the

argument ∗. The term fn is a given sequence of reals. The investigation of

this difference equation was motivated in the connection to the numerical

discretization of

ẋ(t) = −ax(t) + bx(λt) + f(t), t ∈ I := [0,∞) (2)

via Euler method, where the term with the proportional delay is approx-

imated via linear interpolation. Really, if tn := nh and fn := f(tn), then

xn ≈ x(tn), n = 0, 1, 2, . . . . Equation (2) (in the vector form and without

the forcing term) is in the scientific literature referred to as a pantograph

equation. This name comes from an application on British railways,1 where

the motion of electric locomotive’s pantograph along a trolley wire has been
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studied. There was many publications dealing with the properties of pan-

tograph equation and its modifications. Let us recall e.g.2–6 The discrete

cases have been studied e.g. in7–10 and many others.

2. Preliminaries

In this section we mention asymptotic estimate of solution of Eq. (2) and

formulate some assumptions, which will be considered to derive the asymp-

totic estimate of solution in the discrete case (1).

In the continuous case, solutions of auxiliary functional equation

aψ(t) = |b|ψ(λt), (3)

are often utilized to derive the asymptotic estimate of solutions of the pan-

tograph equation. Dealing with the discrete case, instead of the above func-

tional equation (3) we similarly consider the functional inequalities

aρ(t) ≥ |b|ρ(bλt/hch), t ∈ I. (4)

and

aρ(t) ≥ |b| [(1− r(t))ρ(bλt/hch) + r(t)ρ((bλt/hc+ 1)h)] , t ∈ I, (5)

where r(t) = λt/h− bλt/hc.

Remark 2.1. We can easily verify that if |b|/a < 1, then ρ(t) = (t +

h/(1−λ))α, α = log(|b|/a)/ logλ−1 is a positive continuous and decreasing

solution of (4) such that ρ(t+ h̃)− ρ(t) is nondecreasing on I for arbitrary

real 0 < h̃ ≤ h. Moreover, the decreasing solution of (4) is also a solution

of (5) provided |b|/a < 1, as one can see from the relation

aρ(t) ≥ |b|ρ(
⌊

λt
h

⌋
h)

≥ |b|
(
(1− r(t))ρ(

⌊
λt
h

⌋
h) + r(t)ρ((

⌊
λt
h

⌋
+ 1)h)

)
, t ∈ I.

In the end of this section we recall the relevant asymptotic estimate for

the delay differential equation (2), which was derived in.11

Theorem 2.1. Let a > 0, f(t) ∈ C1([t0,∞)) and f(t) = O(tα), ḟ(t) =

O(tα−1) as t → ∞, where α = log(|b|/a)/ logλ−1
. Then the asymptotic

estimate

x(t) = O(tα log t) as t→∞ (6)

holds for any solution x(t) of (2).

The goal of the next section is to find conditions under which we obtain

the same asymptotic estimate also in the corresponding discrete case.
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3. Main result

Theorem 3.1. Let xn be a solution of equation (1), where 0 < ah < 1,

b 6= 0, |b|/a < 1 and let fn = O(nα), where α = log(|b|/a)/ log(λ−1). Then

xn = O(nα logn) as n→∞.

Proof. Let ã be such that ãh = 1−ah. Then we can rewrite the difference

equation (1) as

xn+1 = ãhxn + bh((1− rn)xbλnc + rnxbλnc+1) +hfn, n = 1, 2, 3, . . . . (7)

We introduce the substitution yn = xn/ρn in (7) to obtain

ρn+1yn+1 = ãhρnyn+bh((1−rn)ρbλncybλnc+rnρbλnc+1ybλnc+1)+hfn, (8)

where ρn = ρ(tn), n = 1, 2, 3. Function ρ(t) satisfies the inequality (5)

with the properties mentioned in Remark 2.1. Our aim is to show that the

estimate yn = O(logn) as n → ∞ holds for every solution yn of Eq. (8).

Multiplying Eq. (8) by 1/ãtn+1 we get

ρn+1yn+1

ãtn+1
=
ρnyn

ãtn

+
bh

ãtn+1
((1−rn)ρbλncybλnc +rnρbλnc+1ybλnc+1)+

hfn

ãtn+1
,

i.e.,

∆
(ρnyn

ãtn

)
=

bh

ãtn+1
((1− rn)ρbλncybλnc + rnρbλnc+1ybλnc+1) +

hfn

ãtn+1
. (9)

Now we construct a sequence of intervals Im,m = 0, 1, 2, . . . such that

∪∞m=0Im = I and the function λt is mapping Im+1 onto Im for all m =

1, 2, . . . : We put T−1 = 0 and Tm = λ−mh, m = 0, 1, 2, . . .. Then we set

Im := [Tm−1, Tm].

Let us take any tv ∈ Im+1, m = 1, 2, . . .. We define nonnegative integers

km(tv) := b(tv − Tm)/hc. Denote tu := tv − km(tv)h − h. Summing the

equation (9) from tu to tv−1, we get

yv =
ρuã

tv

ρvãtu

yu +
ãtv

ρv

v−1∑
s=u

h

ãts+1
(b((1−rs)ρbλscybλsc +rsρbλsc+1ybλsc+1)+fs).

Furthermore, we denote Mm := sup

{
|yi|, ti ∈

m⋃
j=0

Ij

}
. In accordance

with (5) and the assumption on fn we obtain

|yv| ≤
ρuã

tv

ρvãtu

Mm +
ãtv

ρv

v−1∑
s=u

(1− ãh)ρs

ãts+1
Mm +

ãtv

ρv

v−1∑
s=u

hKρs

ãts+1
,
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where K > 0 is a suitable real constant. Using the relation 1−ãh

ã
t
s+1

= ∆
(

1
ã

)ts

we get

|yv | ≤
ρuã

tv

ρv ãtu

Mm +

(
Mm +

hK

1− ãh

)
ãtv

ρv

v−1∑
s=u

∆

(
1

ã

)ts

ρs,

and summing by parts we obtain

|yv| ≤
ρuã

tv

ρvãtu

Mm +

(
Mm +

hK

1− ãh

)
ãtv

ρv

(
ρv

ãtv

− ρu

ãtu

−
v−1∑
s=u

(
1

ã

)ts+1

∆ρs

)

=

(
Mm +

hK

1− ãh

)(
1− ãtv

ρv

v−1∑
s=u

(
1

ã

)ts+1

∆ρs

)
− hK

1− ãh

ρuã
tv

ρvãtu

≤

≤
(
Mm +

hK

1− ãh

)(
1− ãtv

ρv

v−1∑
s=u

(
1

ã

)ts+1

∆ρs

)
. (10)

Now, we can take ρ = (t + h/(1 − λ))α, α =
log |b|

a

log λ−1 as a decreasing

solution of (5). Let us recall that ∆ρ is nondecreasing on I (see Remark

2.1). Then from (10) we obtain

|yv | ≤
(
Mm +

hK

1− ãh

){
1 +

ρu − ρu+1

ρv

v−1∑
s=u

(
ãtv

ãts+1

)}

≤
(
Mm +

hK

1− ãh

){
1 +

ρu − ρu+1

ρv

ξ

}

≤
(
Mm +

hK

1− ãh

){
1 + ξ

−∆ρ(Tm − h)
ρ(Tm+1)

}
,

where ξ := 1/(1− ãh). The repeated application of this procedure yields

|yv| ≤
(
M1 +

mhK

1− ãh

) m∏
j=1

(
1 + ξ

−∆ρ(Tj − h)
ρ(Tj+1)

)
,

i.e.,

Mm+1 ≤
(
M1 +

mhK

1− ãh

) m∏
j=1

(
1 + ξ

−∆ρ(Tj − h)
ρ(Tj+1)

)
. (11)

Substituting the solution ρ = (t + h/(1 − λ))α and utilizing the binomial

theorem it could be shown that
∞∑

j=1

ξ
−∆ρ(Tj−h)

ρ(Tj+1) is convergent as n → ∞.

Hence, the product in (11) converges as m → ∞ as well and Mm fulfills

the asymptotic estimate Mm ≤ O(m) as m → ∞. Since tv ∈ Im+1, we

have m ≤ log(tv/h)/ logλ−1 ≤ m + 1. Hence, the asymptotic estimate

yn = O(logn) as n→∞ holds.
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4. Examples and final remarks

Remark 4.1. The assumption on the stepsize h (h < 1/a) enables us to

preserve the correlation of asymptotic estimates of discrete and continuous

case. In other words, the estimates of solutions in the discrete case and

the continuous case are expressed via the same function, resp. sequence

(provided the stepsize h is sufficiently small).

Example 4.1. Consider the initial problem:

ẋ(t) = −9x(t) +
1

3
x(t/3) +

2

(t+ 1)3
, x(0) = 1, t ∈ [0,∞) . (12)

In accordance with (6) we get the asymptotic estimate

x(t) = O(t−3 log t) as t→∞.

In the corresponding discrete case we consider formula (1) in the form

xn+1 = (1− 9h)xn +
h

3
((1− rn)xbn/3c + rnxbn/3c+1) +

2h

(nh+ 1)3
, (13)

where x0 = 1, rn = n/3 − bn/3c. Then according to Theorem 3.1 we

get xn = O(n−3 logn) as n → ∞ provided h < 1/a. If we violate the

condition on stepsize, this asymptotic formula is not valid. Indeed, if we set

h = 1 > 1/a, then the corresponding discrete equation

xn+1 = −9xn +
1

3

(
(1− rn)xbn/3c + rnxbn/3c+1

)
+

2

(n+ 1)3

admits unbounded solutions as n→∞ (one can see that the relation |xn| ≤
|xn+1| holds for n = 0, 1, 2, . . . provided t0 = 0 and x0 = 1).

Remark 4.2. The above mentioned result follows the previous investiga-

tion in,12 where Eq. (2) was discretized via Euler method, but with a piece-

wise constant approximation of the delayed term. Although we have derived

the result only for |b|/a < 1, the same result can be derived also for the

case |b|/a ≥ 1 applying analogous proof technique.
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The classical theory of k-th order linear functional and difference equations

is obtained as a special case of the theory developed here for the k-th order

functional equation model which generalizes the first order model f ◦φ−Af =

B. The function φ belongs to a special space S of continuous strictly monotonic

functions equipped with a group multiplication ◦. The equation’s domain can

be a finite interval, a half-line or the real line.

Announced here are the main theorems on solution structure for k-th order

homogeneous linear functional equations in S.

Keywords: Linear functional equation, homogeneous structure, space of con-

tinuous strictly monotonic functions, group multiplication.

1. Introduction

Studied here is the general theory for generalized k-th order homogeneous

linear functional and difference equations in the space S of strictly mono-

tonic functions of the form

ak(x)
(
f ◦ φk

)
(x) + · · ·+ a1(x)

(
f ◦ φ1

)
(x) + a0(x)

(
f ◦ φ0

)
(x) = 0. (*)

Particular and general solutions of these equations are defined and funda-

mental theorems on solution structure are stated. Linearly dependent and

independent functions in S are introduced so the fundamental system of

solutions of equation (*) can be defined and used in the new theory, which

is analogous to the classical theory of functional and difference equations

[1-5].

Based on this general theory of linear functional and difference equations

are the results of the author’s papers [6-8], where also applications appear.

The first paper [6] uses the theory developed here to solve generalized Abel
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functional equations in S. The second paper [7] applies the theory to solve

equation (*) with constant coefficients using roots of the characteristic equa-

tion and a continuous solution of the associated Abel functional equation

(α ◦ φ) (x) = X(x + 1) ◦ α(x). In the third paper [8], iterative solution for-

mulas are given for the first order linear equation (f ◦ φ) (x) = Af(x) + B

to produce approximate values for the solution f(x) and for computer as-

sisted visualization of solutions. The two cases are considered there: when

A, B are constant and when A, B depend on x. Existence-uniqueness for

kth order equation (*) appears in [8], pages 114-116.

Preliminaries

Notation: Let J = (−∞,∞), Z the set of integers, R the set of real numbers,

R̄ = 〈−∞,∞〉 and C0(J ) the set of continuous functions on the interval J .

Definition 1.1. Let a, b ∈ R̄, a < b. The set of all functions f which satisfy

f ∈ C0(J ) and f maps one-to-one the interval J on the interval (a, b) will

be denoted by symbol S and called a space of strictly monotonic functions.

Definition 1.2. An arbitrarily chosen increasing function X ∈ S will be

called a canonical function in S. The inverse to the canonical function X

will be denoted by X∗.

Definition 1.3. Let α, β ∈ S. Let X∗ be the inverse to the canonical

function X ∈ S. The composite function

γ(x) = α(X∗(β(x)))

will be called a product of functions α, β ∈ S in the class S and we write

γ = α ◦ β. The product γ is defined on J .

Note. The set S, together with the operation ◦, forms a non-commutative

group [6]. The neutral element is X , the canonical function, and the inverse

of α is α̂(x) = X(α∗(X(x)), where α∗ is the inverse to function α.

Definition 1.4. Let X ∈ S be the canonical function. Let φ ∈ S. The

iterations of a function φ in S are functions in S defined by

φ0(x) = X(x),

φn+1(x) = (φ ◦ φn) (x), x ∈ J , n = 0, 1, 2, . . . ,

φn−1(x) =
(
φ−1 ◦ φn

)
(x), x ∈ J , n = 0,−1,−2, . . . ,
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where φ−1 = φ̂, defined by φ̂(x) = X(φ∗(X(x)), is the inverse element to

the element φ in S according to the multiplication ◦.

Definition 1.5. Let φ ∈ S. A continuous function p = p(x) on J satisfying

(p ◦ φ) (x) = p(x) for x ∈ J is called automorphic over φ.

An example is any 1-periodic continuous function p on J and φ(x) =

x + 1. For instance, define a 1-periodic function p by p(x) = sin(πx) on

0 ≤ x ≤ 1. Then p(x) = p(x + 1) = (p ◦ φ)(x) for all x. Constant functions

are automorphic over φ, for any φ.

Symbol Uφ denotes the set of all automorphic functions p over φ which

satisfy |p(x)| > 0 for x ∈ J , together with the zero function.

Assume hereafter φ ∈ S, X ∈ S is a canonical function, φ(x) >

X(x), x ∈ J . Let x0 ∈ J denote an arbitrary point of J and let X∗ be the

inverse to X . Define point iterates {xµ} and intervals {jµ} by

xµ = X∗(φµ(x0)), jµ = 〈xµ, xµ+1), µ ∈ Z.

2. Linear Functional Equations in S

Consider a linear homogeneous functional equation of the k-th order in S

of the form

ak(x)
(
f ◦ φk

)
(x) + · · ·+ a1(x)

(
f ◦ φ1

)
(x) + a0(x)

(
f ◦ φ0

)
(x) = 0, (1)

where ai ∈ C0(J ), i = 1, 2, . . . , k. We look for a solution f ∈ C0(J ) which

satisfies equation (1) identically on J . A function f which is a solution of

(1) is called a particular solution of (1). Assume hereafter ak ≡ 1.

Note. Difference equations can use φ(x) = x + 1, X(x) = x. For fixed x0,

solutions are just real sequences {f(xµ)}∞µ=0. See [8].

Theorem 2.1. If functions f1 and f2 are solutions of the given equation

(1), then also their sum f1 + f2 is a solution of equation (1).

Theorem 2.2. If a function f is a solution of (1) and c ∈ R an arbitrary

constant, then also the product cf is a solution of equation (1).

Theorem 2.3. If a function f is a solution of (1) and C ∈ Uφ an auto-

morphic function, then also C(x)f(x) is a solution of equation (1).

Proof. To prove the third result, substitute the product into (1):

ak(x)
(
C ◦ φk

)
(x)

(
f ◦ φk

)
(x) + · · ·+ a0(x)

(
C ◦ φ0

)
(x)

(
f ◦ φ0

)
(x)

= C(x)
[
ak(x)

(
f ◦ φk

)
(x) + · · ·+ a0(x)

(
f ◦ φ0

)
(x)

]
= 0,



September 9, 2010 13:45 WSPC - Proceedings Trim Size: 9in x 6in 25

316

because
(
C ◦ φi

)
(x) = C(x) for i = 1, 2, . . . , k.

Theorem 2.4. If functions f1, . . . , fk are particular solutions of equation

(1) and Ci ∈ Uφ are arbitrary automorphic functions, then also

C1(x)f1(x) + C2(x)f2(x) + · · ·+ Ck(x)fk(x) (2)

is a solution of equation (1) on J .

Proof. Apply Theorem 2.1 and Theorem 2.3.

Definition 2.1. Expression (2) is called a general solution of (1) if every

solution f of (1) is uniquely represented by (2). The trivial solution f = 0

is uniquely represented by C1 ≡ . . . ≡ Ck ≡ 0.

Definition 2.2. Let f = f(x) be a solution of equation (1). Functions

f0, f1, . . . , fk−1 defined by fi(x) = f(x), x ∈ ji, i = 0, 1, . . . , k−1, are called

initial conditions of the solution f .

3. Linear Dependence and Fundamental Solutions

Definition 3.1. Functions fi = fi(x), i = 1, . . . , k, x ∈ J are called lin-

early dependent over UΦ on J , if there are automorphic functions Ci ∈ UΦ,

i = 1, . . . , k, at least one of which is different from zero, such that for all

x ∈ J
C1(x)f1(x) + C2(x)f2(x) + · · ·+ Ck(x)fk(x) = 0. (3)

In particular, for some index i, |Ci(x)| > 0 for x ∈ J , because a function

in Uφ is either the zero function or else it never takes the value zero.

Linear independence over Uφ on J means that formula (3) holds for all

x ∈ J only if C1 ≡ C2 ≡ . . . ≡ Ck ≡ 0.

Definition 3.2. Let functions fi ∈ C0(J ), i = 1, . . . , k, be given. For x ∈
J , define D0 = det(F0) where F0 is the matrix

F0(x) =




(
f1 ◦ φ0

)
(x)

(
f2 ◦ φ0

)
(x) · · ·

(
fk ◦ φ0

)
(x)(

f1 ◦ φ1
)
(x)

(
f2 ◦ φ1

)
(x) · · ·

(
fk ◦ φ1

)
(x)

...
...

...(
f1 ◦ φk−1

)
(x)

(
f2 ◦ φk−1

)
(x) · · ·

(
fk ◦ φk−1

)
(x)


 .

Lemma 3.1. For x ∈ J we have the identity

(D0 ◦ φ) (x) = a0(x)D0(x).
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Proof. Replace each entry of the last row in determinant (D0 ◦ φ) (x)

by its equivalent expression obtained from the functional equation. A

simplification is made by adding combinations of the determinant rows

to the last row, until entry i in the last row consists of a single term

−a0(x)
(
fi ◦ φ0

)
(x). The common factor of the last row is then −a0(x).

Swapping the last row to the first row implies

(D0 ◦ φ) (x) = (−1)(−a0(x))D0(x).

The identity is verified.

Lemma 3.2. The inequality |D0(x)| > 0 holds for all x ∈ J if and only if

|a0(x)| > 0 for x ∈ J and |D0(x)| > 0 on j0.

Proof. Assume |D0(x)| > 0 on J . The previous lemma implies that

a0(x)D0(x) = (D0 ◦ φ) (x) is nonzero, therefore a0(x) 6= 0. Because j0 is

contained in J , then it follows that |D0(x)| > 0 on j0.

Assume |a0(x)| > 0 for x ∈ J and |D0(x)| > 0 for x ∈ j0. Then each

x ∈ j1 can be written x = X∗(φ(u)) for some u ∈ j0. The previous lemma

implies

|D0(x)| = | (D0 ◦ φ) (u)| = |a0(u)D0(u)| > 0.

The process can be repeated to show that |D0(x)| > 0 for x ∈ jµ, µ > 0.

Similarly, if x ∈ j−1, then u = X∗(φ(x)) belongs to j0. The previous lemma

implies

|a0(x)D0(x)| = |D0(u)| > 0.

The inequality implies |D0(x)| > 0 for all x ∈ j−1. The process can be

repeated to show that |D0(x)| > 0 for x ∈ jµ, µ < 0. Because J is the

union of all jµ, then |D0(x)| > 0 for x ∈ J .

Theorem 3.1. If functions fi, i = 1, . . . , k, are linearly dependent over Uφ

on J , then the determinant D0 is identically zero on J .

Proof. Let functions fi, i = 1, . . . , k, be linearly dependent over Uφ on J .

Then identity (3) holds, where Ci ∈ Uφ, i = 1, 2, . . . , k, and for some index

i, |Ci(x)| > 0 on J . Sample (3) at iterates x, φ(x), φ2(x), . . . , to obtain

a k × k linear homogeneous system of algebraic equations with coefficient

matrix F0(x) and variable list C1(x), . . . , Ck(x). Because the algebraic

equations have a nontrivial solution, then the determinant of coefficients

D0(x) must vanish, by standard linear algebra theorems.
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Definition 3.3. A system of k solutions fi ∈ C0(J ), i = 1, . . . , k of (1) is

called fundamental provided |D0| ≡ | det(F0)| > 0 on J . Such a system

is called a fundamental system of solutions and the matrix F0 is called

a fundamental matrix.

Theorem 3.2. If equation (1) has a fundamental system of solutions f1,

. . . , fk, then these solutions are linearly independent over Uφ on J .

Proof. Assume

C1(x)f1(x) + C2(x)f2(x) + · · ·+ Ck(x)fk(x) = 0.

Create k−1 more sampled equations by replacing x by iterates φ(x), φ2(x),

. . . , to obtain a k× k system in variables C1(x), . . . , Ck(x) with coefficient

matrix F0. Because F0 is invertible, then each Ci has to be zero on J .

Theorem 3.3. If equation (1) has a fundamental system of solutions f1,

. . . , fk, then a general solution of equation (1) is given by

f(x) = C1(x)f1(x) + C2(x)f2(x) + · · ·+ Ck(x)fk(x),

Ci ∈ Uφ, i = 1, 2, . . . , k.
(4)

Proof. Assume that besides solutions f1, . . . , fk we are given an additional

solution f . We will construct automorphic functions satisfying (4).

Sample k times the relation C1(x)f1(x) + · · · + Ck(x)fk(x) = f(x) at

iterates x, φ(x), φ2(x), . . . , to get a k × k nonhomogeneous system of

equations for the symbols C1(x), . . . , Ck(x). The coefficient matrix for this

system is the invertible matrix F0(x). On interval J , Cramer’s rule applies

to solve for the symbols Ci(x), as quotients of determinants. We must verify

that the functions Ci defined in this manner are indeed continuous on J
and that (Ci ◦ φ) (x) = Ci(x) holds on J .

To verify continuity of Ci, examine its determinant quotient to see that

both numerator and denominator are continuous and the denominator D0

never takes the value zero.

We verify now identity (Ci ◦ φ) (x) = Ci(x). The fraction (Ci ◦ φ) (x)

has denominator (D0 ◦ φ) (x). The numerator of Ci is a determinant D1 and

D1◦φ is the numerator of Ci◦φ. Proof details for (D0 ◦ φ) (x) = a0(x)D0(x)

apply to give the relation (D1 ◦ φ) (x) = a0(x)D1(x). A previous lemma im-

plies a0(x) 6= 0, therefore the common factor a0(x) cancels in the quotient,

giving the identity

(Ci ◦ φ) (x) = Ci(x).
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Then the Ci are automorphic on J and

C1(x)f1(x) + · · ·+ Ck(x)fk(x) = f(x) on J .

Because each solution f on J is expressed as a linear combination of the

fundamental system of solutions, with automorphic coefficients Ci, then (4)

is satisfied.

Theorem 3.4. Given a fundamental system of k solutions f1, . . . , fk of

equation (1) and any other solution fk+1, then the appended list f1, . . . , fk+1

is linearly dependent over Uφ.

Proof. By Theorem 3.3, fk+1 is a linear combination of f1, f2, . . . , fk with

coefficients in Uφ.

Theorem 3.5. If two homogeneous linear equations of k-th order(
f ◦ φk

)
(x) + pk−1(x)

(
f ◦ φk−1

)
(x) + · · ·+ p0(x)

(
f ◦ φ0

)
(x) = 0,(

f ◦ φk
)
(x) + qk−1(x)

(
f ◦ φk−1

)
(x) + · · ·+ q0(x)

(
f ◦ φ0

)
(x) = 0,

have the same fundamental system of solutions f1, . . . , fk, then the equa-

tions are identical, that is,

pi(x) = qi(x), i = 0, . . . , k − 1.

Proof. Re-write the functional equations for f1, . . . , fk as a system of

equations

pk−1(x)
(
f1 ◦ φk−1

)
(x) + · · · + p0(x)

(
f1 ◦ φ0

)
(x) = −

(
f1 ◦ φk

)
(x)

... · · ·
...

...

pk−1(x)
(
fk ◦ φk−1

)
(x) + · · · + p0(x)

(
fk ◦ φ0

)
(x) = −

(
fk ◦ φk

)
(x)

Solve for the variables p0(x), . . . , pk−1(x) with Cramer’s rule. This proves

uniqueness of the coefficients.

Theorem 3.6. Given a fundamental system of solutions f1, . . . , fk of

equation (1) on J , then the corresponding linear homogeneous functional

equation in S is∣∣∣∣∣∣∣∣∣

(
f1 ◦ φ0

)
(x) · · ·

(
fk ◦ φ0

)
(x)

(
f ◦ φ0

)
(x)(

f1 ◦ φ1
)
(x) · · ·

(
fk ◦ φ1

)
(x)

(
f ◦ φ1

)
(x)

.

.

.
.
.
.

.

.

.
.
.
.(

f1 ◦ φk
)
(x) · · ·

(
fk ◦ φk

)
(x)

(
f ◦ φk

)
(x)

∣∣∣∣∣∣∣∣∣
= 0, x ∈ J . (5)

Proof. First show that (5) defines a k-th order linear functional equation

(1) with fundamental set of solutions f1, . . . , fk. Then use Theorem 3.5.
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4. Linear Nonhomogeneous Functional Equation

Consider the nonhomogeneous equation

ak(x)
(
f ◦ φk

)
(x) + · · ·+ a0(x)

(
f ◦ φ0

)
(x) = Q(x) (6)

where assumptions replicate those for (1) and Q(x) is continuous. We state

without proof the basic result.

Theorem 4.1. Assume (1) has a fundamental set of solutions f1, . . . , fk

over Uφ on J . Each solution of linear nonhomogeneous functional equation

(6) is the sum of a particular solution f̄(x) of nonhomogeneous equation

(6) and the general solution of (1), that is, f(x) in (6) is given by

f(x) = f̄(x) + C1(x)f1(x) + C2(x)f2(x) + · · ·+ Ck(x)fk(x).
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The Marx model for the profit rate r depending on the exploitation rate e

and on the organic composition of the capital k is studied using a dynamical

approach. Supposing both e(t) and k(t) are continuous functions of time we

derive a law for r(t) in the long term. Depending upon the hypothesis set on

the growth of k(t) and e(t) in the long term, r(t) can fall to zero or remain

constant. This last case contradicts the classical hypothesis of Marx stating

that the profit rate must decrease in the long term. Introducing a discrete

dynamical system in the model and, supposing that both k and e depend on

the profit rate of the previous cycle, we get a discrete dynamical system for r,

rn+1 = fa(rn), which is a family of unimodal maps depending on the parameter

a. In this map we can have a fixed point when a is small and, when we increase

a, we get a cascade of period doubling bifurcations leading to chaos. When a is

very big, the system has again periodic stable orbits of period five and, finally,

period three.

Keywords: Marx Model, Profit rate, Exploitation rate, Organic composition of

the capital, Chaos, Topological entropy, Lyapunov exponent.

1. Introduction

We find in [8] a well known equation from economic theory. In this work we

will deduct the model and study it in terms of dynamical systems theory.

The equation quoted above describes the behaviour of the profit rate r,

with the exploitation rate e and with the organic composition of the capital

k, in the Marx model. The study of this equation in a dynamical system

perspective seems to be very interesting, because it relates the magnitudes

∗
This work is part of the first author’s Ph.D. dissertation.
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r, e and k by the equation

r =
e

1 + k
. (1)

Our main goal is to use this equation as the starting point of a study in

which we may model e (t), k (t) and r (t) as variables depending on t, using

the formalism of discrete dynamical systems, which we present in the final

section.

In the first section we present a pre-analysis considering that e (t) and

k (t) do not depend on one another and that they vary continuously with

time. This analysis leads us to conclude that, in this simple situation, the

profit rate can decrease or even increase with time and that we aren’t in

the presence of a mathematical indetermination. Something that has been

always motif of discussion in economic theory.

In the third section we approach the problem by making a study of

some concrete models for profit rates using several assumptions. We use an

asymptotic perspective. We conclude that we aren’t in the presence of any

indetermination. Thus we may infer the behaviour of the profit rate in the

long term.

In the fourth section we introduce in the model a iterative approach:

the organic composition of the capital and the exploitation rate are now

dependent on the same variable (profit rate) in the previous cycle. We

now have discrete variables and the system starts reacts to what happened

before. In this section we will also introduce a concrete model, that, like

many other possible models, may describe the dynamical situation in a

realistic way. We prove that, in certain cases, this approach may lead to

stability situations with well defined limits, may lead to periodic orbits

(where the profit rate repeats itself from p to p units of time) or may lead

to chaos where, in this case, it is impossible to predict the evolution of the

system. In this last case, the system becomes strongly dependent on the

initial conditions.

In the last section using a discrete dynamical system we study the profit

rate with the resources of dynamical system theory. We computed the Lya-

punov exponents and the topological entropy. We established the existence

of chaos when a is large.

In this work we prove that the Marx model is open to several mathemat-

ical approaches and, depending on which approach we use, the conclusion

may go from decrease, to stability, to periodicity and even to chaos of the

profit rate.

It’s wrong to say that this subject is closed by saying that it leads to
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an indetermination. Quite to the contrary, this model is still open and may

be treatable mathematically with profitable economic interpretations.

2. Study of the profit rate as a function of time

In this section we study the profit rate, considering that the variables do

not depend on the other variables. We also assume that all the variables

are continuous functions of the time t.

To get the relation (1) let’s remember that, according to Marx

profit rate =
obtained profit

invested capital
,

where

invested capital = constant capital + human capital.

We also know that

exploitation rate =
obtained profit

human capital

and

organic composition of the capital =
constant capital

human capital
.

Simplifying the relation for the profit rate we obtain

profit rate =
exploitation rate

1 + organic composition of the capital
.

To study the profit rate r, we suppose that this quantity varies with

the time t according to equation (1). Both e (t) and k (t) are positive and

continuous functions which depend on t,

e (t) ∈ C0
(
R

+
0

)
: R

+
0 7−→ R

+
0 and k (t) ∈ C0

(
R

+
0

)
: R

+
0 7−→ R

+
0 .

Our assumptions are simple: we suppose that the exploitation rate is a

limited function that may or may not be monotonous. We assume that the

organic composition of the capital increases unlimitedly, because it accounts

the technological innovation which, according to [8], is a magnitude that

will grow unbounded due to the never stopping invention and technological

innovation of mankind. The exploitation rate will always be limited by

physical factors that cannot be surpassed due to human limitation.

It’s easy to show that, if e (t) is a positive and bounded function, with

e (t) < A, A ∈ R
+, (2)
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and k (t) is a positive increasing and unbounded function, in other words,

∀B ∈ R
+∃t1 ∈ R

+ : t > t1 ⇒ k (t) > B, (3)

then the profit rate tends to zero,

lim
t→+∞

e (t)

1 + k (t)
< lim

t→+∞

A

1 + k (t)
= 0

because we can take k (t) as big as we want.

These assumptions are justified because there is no physical limit for

technological innovation, for invention and for investment. However there

exists a physical limitation for the exploitation rate inherent to the human

condition.

Example 1. Let e (t) = t
1+t

and k (t) =
√

t. We know that 0 ≤ t
1+t

=

1− 1
1+t

< 1 and lim
t→+∞

√
t = +∞. The profit rate decreases slowly to zero,

in long term, after an initial growth.

A similar idea leads to the same conclusions if the exploitation rate

grows but in an inferior rate when compared to the organic composition

of the capital. This means that the exploitation rate wouldn’t be bounded

by any human factors. Both this magnitudes would tend to infinity. In this

case the growth of the exploitation rate is slower than the growth of the

organic composition of the capital, which implies that the limit obtained is

also zero.

Example 2. Let α, δ > 0, e (t) = tα and k (t) = tα+δ. In this case the

growth of the exploitation rate and the growth of the organic composition

of the capital are unlimited, but the growth of the exploitation rate is

smaller than the growth of the organic composition of the capital, because

tα < tα+δ, ∀t ∈ R
+. Since r (t) = tα

1+tα+δ
= 1

tδ+ 1
t
α

−→
t→+∞

0, the profit rate

decreases to zero.

Example 3. Consider that the exploitation rate increases at the same rate

as the organic composition of the capital, i.e., e (t) = k (t) , ∀t ∈ R
+. The

model for the profit rate is now r (t) = 1
1+(e(t))−1 −→

t→+∞

1, for any e (t). In

other words, the profit rate tends to a constant value after a few cycles.

In an extreme situation, it’s easy to verify that if the exploitation rate

increases faster than the organic composition of the capital, then the profit

rate grows indefinitely, because e(t)
1+k(t) −→t→+∞

+∞.

From an economic point of view, the situations of the examples 1 and 2

make more sense, because the exploitation rate can not grow indefinitely.
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3. Study of concrete models for the profit rate

In this section we will make the analytic study of the variation of the profit

rate r as a function that depends on the exploitation rate e and on the

organic composition of the capital k.

3.1. e (t) and k (t) grow in a linear way

A first model, not necessarily realistic, but often used theoretically as a first

approach when the time scale is not very large, is the usual linear model.

We consider the hypothesis that e (t) and k (t) obey to a linear laws

e (t) = At + B and k (t) = Ct + d,

where t is the time and A, B, C, D ∈ R
+. When the system is in the initial

position, t = 0, we have the initial conditions

e (0) = e0 = B and k (0) = k0 = D.

The values of A and C are, respectively, the rate of change of e (t) and

k (t) which respect to t, that is, the derivatives of e (t) and k (t) which

respect to time are

e
′
(t) = A and k

′
(t) = C.

What happens in the asymptotic situation? We need to study

rfinal = lim
t→+∞

At + B

Ct + D + 1
=

A

B
6= 0.

We conclude that in the case of a linear growth of e (t) and k (t), the

value of r (t) tends to a constant value different from zero.

3.2. e (t) and k (t) grow with power model

A second possible model happens when we assume that the exploitation

rate and the organic composition of the capital obey a power law.

We consider the hypothesis that e (t) and k (t) obey

e (t) = Atα + B and k (t) = Ctβ + D,

where A, B, C, D, α, β ∈ R
+.

When the time t is in the initial instant, t = 0, we have the initial

conditions

e (0) = e0 = B and k (0) = k0 = D.
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The derivatives of e (t) and k (t) in order to t are given by

e
′
(t) = αAtα−1 and k

′
(t) = βCtβ−1.

In an asymptotic situation, when t grows to infinity, we have the limit

rfinal = lim
t→+∞

Atα + B

Ctβ + D + 1
.

We have three possibilities:

(1) If α > β, then rfinal = +∞ and the profit rate grows to infinity. This

situation seems to be unrealistic, because it means that the exploita-

tion rate would grow in a more accelerate rhythm than the organic

composition of the capital.

(2) If α = β, then rfinal = A
C

. Therefore if e (t) and k (t) both grow with

the same exponent, then the value of r (t) tends to a constant, different

from zero. This situation is identical, in terms of final result, to the

linear situation.

(3) If α < β, then rfinal = 0. We conclude that the profit rate would have

as limit the zero value. This situation seems to be the most realist,

because it means that the exploitation rate would grow at a pace less

accelerated than the organic composition of the capital.

4. A discrete dynamical system

In this section we will construct a discrete dynamical model for the profit

rate, considering that the profit rate for the current cycle is obtained using

the exploitation rate and the organic composition of the capital as functions

of the profit rate from the time unit immediately before.

4.1. General model

In the economic world of today, any decision, is conditioned by what hap-

pened immediately before, that is, we can suppose that the exploitation

rate and the organic composition of the capital depend on the profit rate

obtained in the time instant immediately before. The time unit in this case

can be, in general, a year. Therefore n + 1 represents the year after the

current year n. The variable in the year n + 1 will be a function of the

variable of the year n. It’s obvious that we can consider another time unit,

for example a month or a decade, depending of the rate of change in the

system.
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Therefore the magnitudes in the (n + 1)th iteration are functions that

depend on the nth iteration. We consider this functions continuous and

differentiable. We have

en+1 = E (rn) , kn+1 = K (rn) . (4)

In this case the profit rate depends also on the profit rate of the year

before. By replacing the relations (4) in (1), we obtain

rn+1 =
E (rn)

1 + K (rn)
. (5)

This equation represents a one-dimensional discrete system. If K depends

on rn in an increasing way and, E is a limited function of rn, then the

ideas presented in the early sections apply and the profit rate decreases

also to zero. We will have always a more complex situations when E and

K adjust themselves to the profit rate step by step. We believe that, this

situation will be very interesting in the medium term (ten, twenty, thirty

and more years). However the long term situation, from our point of view,

will always lead us to a growth of K and a limitation of E, which will

originate a decrease of the profit rate in the long term.

4.2. Model with a discrete dynamical system

We will now introduce an idealised dynamical system so we can understand

what happens, if we consider the economic universe as a whole. We are not

interested in considering a specific country or company.

The model that we propose is based on the following assumptions:

(1) We suppose that we haven’t had any losses, i.e., when we consider the

economy as a whole, we are supposing that a negative profit rate doesn’t

exist. In fact, we think that in all of the economic activity there exists

a positive balance (possibly zero) of the profits. On the other hand, the

profit rate can’t be unlimited because that contradicts the fact that the

total quantity of money in the planet is finite.

(2) When the profit rate is low, the exploitation tends to be high. In general,

when the companies are created or when they face financial difficulties

it is very common for the workers to make an extra effort to help the

company to obtain or regain satisfactory results. Consequently we will

consider that the exploitation rate is high when the profit is low.

On the other hand, when the profit rate is high, the pressure on workers

tends to decrease and therefore the exploitation rate tends to decrease.
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Fig. 1. In the left plot we represent the variation of the exploitation rate when a =

0.5, 1, 1.5 and 2 while in the right plot we represent an instance of the organic composition

of the capital with an increase of the profits.

We will consider here when the profit rate is very large the exploita-

tion rate is zero. So, we consider the following linear model for the

exploitation rate

E (rn) =

{
a (b− rn) if rn ∈ [0, b]

0 if rn > b
, (6)

based on what was mentioned above, where a is a positive real value

and b is an adaptable parameter that adjusts to the economic situation.

Therefore, for the study of a concrete model, let’s choose b = 1.7.

Having the previous assumptions in mind, we could have chosen another

value. It is clear that this value can be adaptable to the economic

information available. On the other hand, the real parameter a has

strongly influence in the exploitation rate when profits are low, but

when profits are high it will have a low influence. In Fig. 1 we can see

some examples.

(3) If the economic system has a low profit rate, the trend will be to in-

corporate more capital (invest) and, on the other hand, to decrease the

human capital, through dismissals, that will lead to an increase of the

organic composition of the capital. If the profit is very high, the trend

will be to reinvest in the capital: human capital (technical formation)

and constant capital (technological innovation). A model that describes

this reality is given by a capital function K depending on the profit rate

of the previous cycle, that is,

K (rn) =

{
0.05

(rn+0.001)(b−rn) if rn ∈ [0, b]

0 if rn > b
. (7)
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Fig. 2. In the left plot we represent the profit rate for a = 1.5. In the right plot we can

see the bifurcation diagram for the profit rate as a function of the parameter a.

The value of b in our model was considered equal to 1.7. The value

0.001 is used to give us a reasonable value for the capital when the

profit is low, and the value 0.05 will originate an equilibrium in the

organic composition of the capital, between low profit and high profit.

We emphasize the fact that when the profit is high, i.e., for values

near to 1.7, the organic composition of the capital as a function of

the profit, grows unlimitedly, which is acceptable because the profit is

always bounded. We can see in Fig. 1 a representation of the function

K (r).

By replacing the relations (6) and (7) in (5), we obtain for the profit

rate

rn+1 =

{
a(b−rn)2(rn+0.001)

(rn+0.001)(b−rn)+0.05 if rn ∈ [0, b]

0 if rn > b
(8)

In Fig. 2 we see an instance of the plot for the profit rate defined in 8.

For values 0 < a < 1.0690451 this iteration has a stable fixed point. For

example, for a = 0.75, the profit rate tends to 0.70004. When 1.0690451 <

a < 1.2267617 we do not have a stable fixed point, but oscillations be-

tween two points. For example for a = 1.1 the profit rate oscillates between

0.376535 and 1.32338. If the parameter increases more, we would have an

even more complex situation, with period doubling until the system turns

completely unpredictable. For 1.3204 < a < 1.37291, rn has orbits of period

five. When the parameter a grows even more, we have again the aperiodic

situation until we fall on a period three zone (for values of a greater than

1.44607), that is, the profit rate has a triennial repetition. In Fig. 2 we

represent the bifurcation diagram for the profit rate as a function of the

parameter a.
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5. Chaos on the profit rate

In this section we make a qualitative study of the profit rate using math-

ematical tools from dynamical system theory, such as the Lyapunov expo-

nents and topological entropy. We use these concepts to establish that there

is chaos in the profit rate when we increase the parameter a.

Let’s consider the function fa : R
+
0 7−→ R

+
0 discussed in section 4.2,

fa (r) =
a (1.7− r)2 (r + 0.001)

(r + 0.001) (1.7− r) + 0.05
(9)

and let al ≈ 1, 321. If al < a, then there exists a real interval J = ]x1, x2[

such that for all r ∈ J we have f (r) > 1.7.

In our model this means that if the profit rate rn in a specific year n

belongs to J then in the next year we have a null profit. For example, for

a = 1.35 we have x1 = 0.0687709 and x2 = 0.468683.

To calculate the critical point of the function, that we will represent by

c, it is necessary to solve the equation f ′

a (r) = 0. The derivative of the

function defined in (9) is

f ′

a (r) = −a
(r − 1.75779) (r − 1.7) (r − 0.191897) (r + 0.251688)

(r − 1.7289)2 (r + 0.0299033)2
. (10)

So c = 0.191897 is the only critical point of fa, for all a > 0. This means

that if in a specific year the profit rate is 0.191897, then in the next year

we will necessarily reach the maximum possible profit.

The fixed points of the function are determined through the relation

fa (x) = x, ∀x ∈ Dfa
. For example, for a = 1 we have f1 (0.821574) =

0.821574. The value of f 2
a (x) = fa (fa (x)) is called the second iterate of

x under fa (the first iterate of x under fa is fa (x) and f0
a (x) = x). More

generally, fk
a (x) = fa

(
fk−1

a (x)
)

is the kth iterate of x under f . So a point

x0 ∈ Df is said to be k periodic if, after k iterations under f , it returns to

the initial value x0. In other words, the period is the minimum k such that

fk
a (x0) = x0. The set

Ofa
(x0) =

{
x0, x1 = fa (x0) , x2 = f2

a (x0) , ..., xk−1 = fk−1
a (x0)

}

is called the forward periodic orbit of x0. When fk
a (x0) = x0 (with k

minimum) we say that the orbit is k periodic or a k-cycle. If the orbit

Ofa
(x0) = {x0, x1, x2, ..., xk , ...}

isn’t periodic, then # (Ofa
) =∞.
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It is easy to verify that 0.00586137 is a 3-cycle under the iteration f1.5,

because

f3
1.5 (0.00586137) = f1.5 (f1.5 (0.479346)) = f1.5 (1.68711) = 0.00586137.

The orbits can be stable or unstable. According to [2] a k-cycle is stable

if |
(
fk (x0)

)
′ | < 1 and is unstable when |

(
fk (x0)

)
′ | > 1. Note that by the

chain rule |
(
fk (x0)

)
′ | is equal to

|f ′

(x0) f
′

(x1) ...f
′

(xk−1) | =
k−1∏

n=0

|f ′ (xn) |.

In the 3-cycle determined above, we have f ′

1.5 (1.68711) = −0.769278,

f ′

1.5 (0.00586137) = 56.1711 and f ′

1.5 (0.479346) = −1.21476, so

|f ′

1.5 (1.68711)× f ′

1.5 (0.00586137)× f ′

1.5 (0.479346) | > 1,

and therefore the 3-cycle is unstable.

The number of orbits is not bounded, while the number of stable orbits

is bounded, as we will see.

The Schwarzian derivative, Sfa, of a function fa at x is defined

Sfa (x) =
f

′′′

a (x)

f ′

a (x)
− 3

2

(
f

′′

a (x)

f ′

a (x)

)2

.

According to Singer’s theorem [7] if fa is a C3 map in a closed interval

J = [x1, x2] ∈ Dfa
, such that fa (x1) = fa (x2) = x1, Sfa (x) < 0, ∀x ∈

J \{Pc} and if fa has n critical points in J , where {Pc} is a set of the critical

points of fa, then for ∀k ∈ Z
+, fa has at most n attracting periodic orbits

with k period. If we have fa (x1) > x1 and fa (x2) = x1 or fa (x1) = x1

and fa (x2) > x1 or yet fa (x1) = fa (x2) > x1, then we have at most

n + 1 attracting periodic orbits with k period (we include the orbit of

x1 or x2 according to the case). In the case of fa (x1) , fa (x2) > x1 and

fa (x1) 6= fa (x2), then we will have at most n+2 attracting periodic orbits

with k period (we include the orbits of x1 and x2).

In our example, we have fa ∈ C3 in J = [0, 1.7] and fa (0) =

0.0558994a > 0, a > 0 and fa (1.7) = 0. c = 0.191897 is the only criti-

cal point of fa in J . Once that Sfa (x) < 0, ∀x ∈ J\ {c}, then ∀k > 1, fa

has at most two attracting period orbits with k period.

The Lyapunov exponent is a mathematical indicator of the exponential

degree of the velocity at which two arbitrary nearby orbits split apart as the
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Fig. 3. In the left plot we represent the Lyapunov exponents λ of the function fa as a

function of the parameter a while in the right plot we have the curve of the topological

entropy ht.

number of iterations increases. The Lyapunov exponent λ (x0) for a point

x0 can be defined by the formula

λ (x0) = lim sup
n→+∞

(
1

n

n−1∑

k=0

log |f ′

(xk) |
)

(11)

where xk = fk
a (x0). To calculate with a numeric algorithm the value of the

exponent we use

λ (x0) = lim
n→+∞

(
1

n

n−1∑

k=0

log |f ′

(xk) |
)

(12)

that is equivalent to

λ (x0) = log

(
lim

n→+∞

n

√
| (fn (x0))

′ |
)

.

If the absolute value of f
′
(xk) is greater than one, then the Lyapunov

exponent is positive, which implies a sensitive dependence on the initial

conditions. In Fig. 3 we represent, in the (a, λ)-plane, the progress of the

Lyapunov exponents of the function fa.

Another important topological invariant is the topological entropy. To

introduce this concept we will use the kneading theory [5]. For this it is

necessary to define the growth number s for unimodal maps (a function

that has only one critical point). We use the concept of lap number l (fn
a ),
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i.e., the number of maximal intervals of monotonicity of fn
a (fn

a is piecewise-

monotone).

The growth number s can be obtained by the relation

s (fa) = lim
n→+∞

(l (fn
a ))

1
n . (13)

When the growth of the laps is small (polynomial growth with the number

of iterates) we do not have chaos. When the growth of the lap number

is exponential we have chaos. This happens when the growth number is

greater than 1.

For the turning point c = 0.191897, we will define the parity function

by

ε (x) =





1 if x < c

0 if x = c

−1 if x > c

(14)

The kneading determinant is a formal series in t given by

Z (t, a) = 1 +
∞∑

n=1




n∏

j=1

ε (fn
a (c)) tn


 (15)

In case of periodic orbits of c, Z (t, a) is a polynomial of degree (n− 1).

The inverse of the least root of Z (t, a) in [0, 1] is the growth number of fa

(Milnor-Thurston theorem [5]). The topological entropy ht is given by the

relation ht = log2 (s).

Our function is unimodal (more precisely, fa increases in [0, c] and de-

creases in [c, 1.7]). For a = 1.32, the first terms of the kneading determinant

are

1− t− t2 + t3 − t4 + t5 − t6 + t7 − t8 + t9 − t10 + t11 − t12 − t13 + ...

The smallest real root of this polynomial belongs to [0, 1] is approximately

equal to 0.580692. The topological entropy therefore is given by

ht = log2

(
0.580692−1

)
≈ 0.78415.

In Fig. 3 we see the evolution of the topological entropy values for our

model.

The fact that the topological entropy increases and is greater than zero

(associated to the fact that the Lyapunov exponent is positive) means that

the dynamical system becomes more complex when the parameter a in-

creases. For values of a > 1.32099 the model starts to exhibit chaos, some-

thing that results clearly in the bifurcation diagram at the end of the first
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classical duplication period process. We can see clearly in this diagram an

aperiodic band with no stability. From the economic point of view this sit-

uation would also result in a huge complexity and instability of the system.

This situation happens when the exploitation rate is very high and the

profit rate is very low. When a > 1.372 the ht starts to decreases. This

happens because some orbits fall outside the interval [0, b = 1.7] where the

profit rate is zero. So we have less complexity.

In this model, trying to correct low profit at the cost of high exploitation

rate leads inevitably to instability and chaos, both from the mathematical

point of view (mathematical definition of chaos) and from the common

sense point of view (economic chaos). For values of a > 1.32099 our model

stops being realistic, because in those circumstances, after a high profit, we

will have a null profit. If it was possible to introduce an exploitation rate so

high that we would be in this situation, that would mean that the system

would react by presenting a reasonable profit rate from five to five or three

to three units of time (values of a near to 1.35, in the first case, and higher

than 1.446, in the second case). This situation of apparent stability inside

chaos coexists with infinity unstable orbits of all periods (as is guaranteed

by the Sharkovsky theorem [6]).

In economy the exploitation rate must be kept below a certain critical

value, which in our model is a < 1.069. This maintains the stability of the

system in a constant profit rate along the economic cycles.

6. Conclusion

The problem of the decreasing of the profit rate with time has been the

subject of multiple discussions in the last 150 years.

In this purely mathematical study about this subject, we used the equa-

tion that arises from value theory, a purely static equation, that only gives

us the fixed relation between the profit rate, the exploitation rate and the

organic composition of the capital. That equation is our starting point for

a several dynamical considerations.

It’s obvious that we can’t infer conclusions about the profit rate evo-

lution if we regard this equation as a relation between constants. This is

what has been done in the past.

Our goal was to construct an evolutive model in time, that starts in this

equation and give it a dynamical interpretation.

In sections 2 and 3 we used fundamental assumptions the fact that the

exploitation rate can not grow indefinitely, duo to the limitations of all

the economic processes that always depends on human factors. In these
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sections we concluded that: either the profit rate always decreases or, at

least, it tends to a constant value. This happens if the profit rate and the

organic composition of the capital obey the same evolution law, which isn’t

absurd from the economic point of view because they are strongly related.

Although mathematically possible, that assumption which arises from

Marx’s time, that “the profit rate has a decreasing tendency” has not been

proved and it is not a theorem. As always in mathematics, everything de-

pends on the assumptions.

In the final sections we introduced a unidimensional dynamical system,

more realistic that blind previsions based only on immutable laws, or in

linear approaches, that are unreal, in the last case, in a long term.

In this model we obtain either stability or chaotic behaviour, but what-

ever the order of the magnitudes of a, when we use this last kind of discrete

dynamical modulation, the profit rate doesn’t necessarily fall to zero.
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Sometimes we obtain attractive results when associating facts to simple ele-

ments. The goal of this work is to introduce a possible alternative in the study

of the dynamics of rational maps. In this study we use the family of maps

f(x) =
x
2−a

x2−b
, making some associations with the matrix A =

(
1 −a

1 −b

)
of its

coefficients. Calculating the numerical range W (A), the numerical radii r(A)

and r̂(A), the boundary of the numerical range ∂W (A), powers and iterations,

we found relations very interesting, specially with the entropy of this maps.

1. Introduction

The main goal of this article is to present an alternative tool to study

the dynamics of a real rational function, using results from the Numerical

Range Theory, and has two main parts. The first, comprising Sections 2-3,

is concerned to the adequation of the Numerical Range Theory to the data

provided from rational maps. As described in Milnor [8], each map f , in

the space Rat2, can be expressed as a ratio

f(z) =
p(z)

q(z)
=

a0z
2 + a1z + a2

b0z2 + b1z + b2
,

where a0 and b0 are not both zero and p(z), q(z) have no common root.

Milnor [8] states that we can obtain a roughly description of the topology

of this space Rat2 that can be identified with the Zariski open subset of
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complex projective 5-space consisting of all points

(a0 : a1 : a2 : b0 : b1 : b2) ∈ CP 5,

for which the resultant

res(p, q) = det




a0 a1 a2 0

0 a0 a1 a2

b0 b1 b2 0

0 b0 b1 b2




is non-zero. Taking z = x+i0 and a0 = 1, b0 = 1, a2 = −a+i0, b2 = −b+i0,

a1 = 0, b1 = 0, with x, a, b real numbers, we obtain

B =




1 0 −a 0

0 1 0 −a

1 0 −b 0

0 1 0 −b


 ,

res(p, q) = det B. This matrix B is associated to the real rational map

f(x) =
(
x2 − a

)
/

(
x2 − b

)
. The map f will be the one that we will use in

our results associated to the matrix B.

The second part of this article, comprising Sections 4-5, shows how

can we apply the Numerical Range Theory to the dynamics of the map

f , establishing the relation between some partitions of an ellipse Ω, and

the symbolic space generated by the partition of the domain of f in real

intervals. Moreover, we launch a conjecture that could be a path to generate,

in the future, an extension of the usual symbolic space applied to rational

maps, allowing us to describe much better the dynamics of this maps.

2. Numerical Range Theory

The classical numerical range of a square matrix Mn, with complex num-

bers elements, is the set W (Mn) = {u∗Mnu, u ∈ S(Cn)} , with S(Cn) the

unit sphere, u is a vector in C
n and u∗ is the transpose conjugate of u.

The numerical range W (Mn) also can be defined as the the image of the

Rayleight quotient RMn
(u) = u∗Mnu/u∗u, u 6= 0. The set W (Mn) is closed

and limited, and it is also a subset of the Gaussian C plane. Toeplitz [10]

and Hausdorff [2] proved that W (Mn) is a convex region. From Kippenhahn

[5], the boundary of the numerical range, ∂W (Mn) is a piecewise algebraic

curve. In the particular case of a square matrix M2, with eigenvalues λ1,

λ2, W (M2) is a subset limited by an ellipse with foci in λ1 and λ2, result

known as Elliptical Range Theorem, see Li [6].
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Proposition 1. If HMn
= (Mn + M∗

n) /2 and SMn
= (Mn −M∗

n) /2

are the Hermitian and skew-Hermitian parts of Mn, respectively, then

Re(W (Mn)) = W (HMn
) and Im(W (Mn)) = W (SMn

).

Proof. The proof can be found in Melo [7].

Theorem 1. To every complex matrix Mn = HMn
+ SMn

through the

equation kMn
(α1, α2, α3) ≡ det(α1HMn

− iα2SMn
+α3In) = 0 is associated

a curve of class n in homogeneous line coordinates in the complex plane.

The convex hull of this curve is the numerical range of the matrix Mn.

Proof. Adapting the proof in Kippenhahn [5] we have the desired result.

3. Merging f(x) in W (Mn)

Hwa-Long Gau [1] states that we can obtain from a 4×4 matrix an elliptical

numerical range, thus we could use B as defined in section 1, but we can

simplify our results if we use a smaller matrix, A2, trough a result in linear

algebra. The new matrix A2 =
(

1 −a

1 −b

)
will produce equivalent results as

the obtained from B.

Lemma 1. The matrix B is unitary decomposable in

(
A2 O2

O2 A2

)

a block diagonal matrix.

Proof. In order to prove this result it is sufficient to find an unitary matrix

E such that

E∗BE =

(
A2 O2

O2 A2

)
.

With some computation we can see that

E =




1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1


 .

Proposition 2. W (A2) = W (B).
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Proof. By lemma 1 E∗BE = A2⊕A2 and using the properties of numerical

range we have

W (E∗BE) = convex hull{W (A2) ∪W (A2)} = convex hull{W (A2)}.

The convex hull of a convex set is itself, then W (E∗BE) = W (A2). But

the numerical range of B is invariant under unitary transformations, see

Kippenhahn [5], so W (B) = W (A2).

In our study we use f(x) = (x2−a)/(x2−b), with a > 0, b > 0 and a > b.

Such map takes all real axis with exceptions ±
√

b on (−∞, 1) ∪ [a
b
, +∞).

With Λ = R\{±
√

b}× (−∞, 1) ∪ [a
b
, +∞) we can define the graphic of f ,

graph(f), as the pair (x, f(x)) ∈ Λ and θ : R\{±
√

b} −→ Λ.

Definition 1. Let C =
{
v ∈ C

2 : v = (x, if(x)
}

and

Ψ =

{
z ∈ C : z =

v∗A2v

v∗v
, v 6= 0

}
.

We define V : Λ −→ C as (x, f(x)) 7−→ (x, if(x)) and Ξ : C −→ Ψ.

By definition 1 the image of (x, f(x)) is z = (v∗A2v) /v∗v by Ξ ◦ V .

Proposition 3. Ψ ⊂W (A2)

Proof. By the definition of Ψ and W (A2), using Rayleight quotient, the

result follows.

From proposition 3 we know that Ψ is a subset of W (A2) ⊂ C, and

using definition 1, we can calculate the elements z ∈ Ψ, and as they were

defined, they will become a function of x. After some calculations we have

z(x) =
−a2b + (2a + b) bx2 − 3bx4 + x6 + i (a + 1)

(
−abx + (b + a)x3 − x5

)

a2 + (b2 − 2a)x2 + (1− 2b)x4 + x6
.

So, the z ∈ Ψ is a function such that z(x) = g(x)+ ih(x), with x ∈ R. Some

elementary calculus show us that g(x) and h(x) are real rational continuous

functions in R, therefore z(x) is continuous in C. We call some attention to

the fact that z(±
√

b) and z(∞) exists and are well defined in C.

Observation 1. We have z(x + 1) = z(x) for

x =
1

2

(
−1±

√
1 + 6a− 2b± 2

√
4a + 9a2 − 10ab + b2

)
.
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Let x2 and x12 be the values where f(x) = 0. If we calculate z(0, a/b);

z(x2, 0); z(x12, 0); z(x, x); z(x,−x) we obtain four different points of Ψ.

With some elementary algebra we calculated the ellipse that contain this

four points. This ellipse is

Ω =

{(
x− 1−b

2

)2

(
1+b
2

)2 +
y2

(
1+a
2

)2 = 1, (x, y) ∈ R
2, a > b, a > 0, b > 0

}
,

with 1 + b and 1 + a the minor and major axis length of Ω, respectively.

Moreover, when we use all points (x, f(x)) they will fall in Ω under

transformation by z.

Lemma 2. Let z(x) = g(x) + ih(x), then the pair (Re(z), Im(z)) satisfies

Ω.

Proof. We obtain this result replacing in the equation of Ω, x by Re(z)

and y by =(z).

Proposition 4. If Si ∈ Ψ there are, at least one xi such that z(xi) = Si.

Proof. Since z(x) = g(x) + ih(x) is a continuous function in C and by the

lemma 2 the result follows.

Then we conclude that Ψ can be represented by the ellipse with equation

Ω.

Since Ω is constructed in the space R
2 and this space is isomorphic to

C, when we refer to an element z ∈ Ω it can understood has a vector in R
2

or a complex number in the plane C.

There are relations between the functions f and g that we can observe,

described in the following lemmas. The proofs are omitted because they

result from straight calculus.

Lemma 3. If x0 is a zero of f(x), then g(x0) is a relative maximum of

g(x).

Lemma 4. If x0 is a relative minimum of f(x) or x0 is a discontinuity

value of f(x), then g(x0) is a relative minimum of g(x).

There are similar relations between h(x) and f(x).

Follows some results relating f(x) to Ω.

Lemma 5. Let f(x0) = ±x0, then Ξ ◦ V (x0, f(x0)) is vertex of Ω.



September 9, 2010 14:1 WSPC - Proceedings Trim Size: 9in x 6in 27

341

Proof. If f(x0) = x0, by V we have (x0, ix0). So

Ξ((x0, ix0)) =

(
x0 −ix0

) (
1 −a

1 −b

) (
x0

ix0

)

(
x0 −ix0

) (
x0

ix0

) =
1− b

2
− i

1 + a

2

And if we look at the equation of Ω, we see that
(

1−b
2 ,− 1+a

2

)
is a vertex

of Ω.

If f(x0) = −x0 we obtain another vertex of Ω in a similar way, which is(
1−b
2 , 1+a

2

)
.

Lemma 6. The discontinuities of f(x) and the values where f(x) has a

minimum are transformed by Ξ ◦ V ◦ θ in the vertex (−b, 0) of Ω, and the

roots of f(x) and the ∞ are transformed by Ξ ◦ V ◦ θ in the vertex (1, 0) of

Ω.

Proof. Since z(x) = g(x) + ih(x) = v∗A2v/v∗v, v = (x, if(x)) is a contin-

uous function in C, we have z(±
√

b) = −b and z(∞) = 1.

4. Partitions of Ω

Let x1, x2, x5, x6, x7, x8, x9, x12, x13 be the solutions of g′(x) = 0. By

lemma 4, and lemma 3, and considering the order of real axis, we will have

x2 and x12 as zeros of f(x); x5 and x9 as the discontinuities of f(x) and

x7 = 0. All this values have image from z(x), lemma 2, including the infinity,

being related by z(x2) = z(x12) = z(∞) and equal to vertex (1, 0) in Ω, see

lemma 6, z(x5) = z(x9) = z(0) and equal to vertex (−b, 0) in Ω. Related to

the real axis, z(x1) is symmetric to z(x13) and z(x6) is symmetric to z(x8)

in Ω. Where are the missing x3, x4, x10, x11 ? They will be the values such

that z(x1) = z(x11), z(x6) = z(x10), z(x8) = z(x4) and z(x13) = z(x3).

Using this special values xi, i = 1, .., 13, with order xi < xi+1, we can

define a partition function pa, as

pa(x) =
x∈R





I1, if x < x1

Ii, if xi−1 < x < xi with 2 ≤ i ≤ 13

I14, if x > x13

.

Now we will create partitions in Ω using the images z(xi), i = 1, .., 13

in Ω. Here, we ask attention for one particular aspect of z, see proposition

4. Some intervals Ii will be transformed in the same arc of Ω. The only
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thing that will distinguish them is the orientation and the origin of its end

points.

Definition 2. Let Si = z(xi), we define arc(Si, Si+1) as the arc of Ω

starting at Si and ending at Si+1, with counterclockwise orientation.

We define paΩ, a partition function, as:

paΩ(w) =
w∈C





J1, if w ∈ arc(z(∞), z(x1))

Ji, if w ∈ arc(z(xi−1), z(xi)) with 2 ≤ i ≤ 13

J14, if w ∈ arc(z(x14), z(∞))

.

The functions pa(x) and paΩ(w) are related by

z(Ii) =





J1 if i = 1

−Ji if 2 ≤ i ≤ 6

Ji if i = 7 or i = 8

−Ji if 9 ≤ i ≤ 13

J14 if i = 14

,

thus we can build a matrix T14 of the transformation paΩ(z(pa)),

T14 =

[
N7 O7

O7 N7

]
,

with

N7 =




1 0 0 0 0 0 0

0 −1 0 0 0 0 0

0 0 −1 0 0 0 0

0 0 0 −1 0 0 0

0 0 0 0 −1 0 0

0 0 0 0 0 −1 0

0 0 0 0 0 0 1




.

It is easy to see that T14.T14 = I14, det(T14) = 1, and it is an involutary

matrix.

5. Dynamics of f(x)

Now we have a new tool to study the dynamics of f using a symbolic space.

Using Ω to study the behavior of f we will have the same advantages that

we would have when studying the behavior of second degree polynomials

functions in the unit circle.
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If we define a symbolic space using the partitions created by the function

pa in the real axis we will have the problem of dealing with the disconti-

nuities of the function f and the infinity itself. So, profiting that z is a

continuous complex function in C ∪ {∞} this problem will vanish.

We can build two distinct symbolic spaces. The first will be the classical

association between the intervals produced by pa in the real axis, see Milnor

[8] for further reference, using the domain of the function f , and considering

an alphabet A with designations Ii for each interval, we will have a symbolic

space Σc = AN. The second will be constructed as we consider the alphabet

B = {J1, ..., J14}, and the set Σ = BN of symbolic sequences on the elements

of B, introducing the map spa : R ∪ {∞} −→ B.

Conjecture 1. The symbolic dynamics of f does not change if we use Σ

instead of Σc.

Both spaces are connected by the transformation matrix T14 and doing

some calculus in matrix algebra, since this matrix is an involutary matrix,

we could get the result. All computations in our work points in that direc-

tion. But we are still working in a suitable proof of this result. Moreover,

Σ will work as an extension of Σc.

It means that we can identify the periodic orbits in the same values of a

and b as we use both spaces Σ and Σc. For example for the values a = 4.01

and b = 2.5 the critical orbit of f is periodic in both spaces, such as all the

others values of periodicity found in our research. But they are many new

sequences in Σ that needs more work to full understood slightly changes

caused by the obliteration of ∞. We are in the way.

This work, when finished, will imply a sequential work in the kneading

theory and further study of the entropy of rational real maps.
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We consider the difference equations of the form

∆(xn − pnxn−τ ) = ±qnf(xn−σ , xn+1−σ , . . . , xn).

We classify the set of possible nonoscillatory solutions of the above equations

according to their asymptotic behavior. Some oscillation results for equation

with maximum function are also obtained.

Keywords: Neutral type difference equation, asymptotic behavior, nonoscilla-

tion, oscillation.

1. Introduction

In this paper we consider the nonlinear difference equations of neutral type

of the form

∆(xn − pnxn−τ ) = δqnf(xn−σ , xn+1−σ , . . . , xn) (Eδ)

where n ∈ N(n0), N(n0) = {n0, n0 + 1, . . . }, n0 is fixed in N = {1, 2, . . .},
δ = ±1, τ is a positive integer, σ is nonnegative integer, p, q : N(n0) −→
R+, f : Rσ+1 → R. We assume that f is a nondecreasing function and

if u1, u2, . . . , uσ+1 are positive (negative), then f(u1, u2, . . . , uσ+1) is also

positive (negative).

By a solution of equation (Eδ) we mean a real sequence (xn) which

satisfies equation (Eδ) for all sufficiently large n. A solution is said to be

nonoscillatory if it is eventually positive or eventually negative. Otherwise

it is said to be oscillatory.
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In section 2, we classify the set of possible nonoscillatory solutions of

equations (Eδ) according to their asymptotic behavior. In section 3, we

study the following neutral type difference equation

∆(xn − pnxn−τ ) = −qn max
s∈[n−σ,n]

xs, n = 0, 1, . . . (e)

which is a special case of equation (E−). We obtain, under the hypothe-

sis
∞∑

j=1

qj = ∞, sufficient conditions for the oscillation of all solutions of

equation (e). The unstable difference equation

∆(xn − pnxn−τ ) = qn max
s∈[n−σ,n]

xs, n = 0, 1, . . .

has been studied in [7]. Functional equations involving the maximum func-

tion are important since they are often met in the applications, for in-

stance in the theory of automatic control [8]. Some qualitative properties

of these equations can be found in [2-5], [7], [9]. The higher order difference

equations of type (e) have been studied in [5]. The authors obtained in

that paper some oscillatory and asymptotic behaviors under the hypothesis
∞∑

j=1

qj <∞.

2. Classifications of Nonoscillatory Solutions

We begin by analysing the asymptotic behavior of possible nonoscillatory

solutions of equations (Eδ). Let (xn) be a nonoscillatory solution of (Eδ).

Put

zn = xn − pnxn−τ . (1)

Then, by (Eδ), (∆zn) is eventually of one sign, so (zn) is eventually of

constant sign, also. Therefore, either

xnzn > 0 (2)

or

xnzn < 0 (3)

for all sufficiently large n. Let us denote by N+ [or N−] the set of all

nonoscillatory solutions x of equation (Eδ) such that (2) [or (3)] is satisfied.
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Let us introduce the following sets:

N+
0 = {x ∈ N+ : lim

n−→∞

zn = 0},

N+
c = {x ∈ N+ : lim

n−→∞

|zn| ∈ (0,∞)},

N+
∞

= {x ∈ N+ : lim
n−→∞

|zn| =∞},

N−

0 = {x ∈ N− : lim
n−→∞

zn = 0},

N−

c = {x ∈ N− : lim
n−→∞

|zn| ∈ (0,∞)},

N−

∞
= {x ∈ N− : lim

n−→∞

|zn| =∞}.

From (2) and (E+) it follows that the sequence (zn) is positive and in-

creasing for large n or it is negative and decreasing, eventually. Hence, for

equation (E+) we have N+
0 = ∅. Similarly, from (3) we get N−

∞
= ∅ for

equation (E+).

Analogously for equation (E−) we have N+
∞

= ∅ and N−

0 = ∅. There-

fore we have the following decomposition of the set N of all nonoscillatory

solutions of equations (Eδ):

N = N+
c ∪ N+

0 ∪ N−

c ∪N−

∞
for δ = −1

N = N+
∞
∪ N+

c ∪ N−

0 ∪N−

c for δ = 1.
(4)

We will consider the following two cases:

(I) 0 < pn ≤ 1, for n ≥ n0;

(II) 1 ≤ pn ≤ λ <∞, for n ≥ n0.

For simplicity, the equation (Eδ) subject to the case (I) [case (II)] will be

referred to as equation (Eδ, I) [(Eδ, II)]. The simple lemma below indicate

that restrictions upon (pn) may force some of the classes appearing in (4)

to be empty.

Lemma 1. (see [6]) Suppose

0 < pn ≤ 1 for n ≥ n0.

Let x be a nonoscillatory solution of the inequality

xn(xn − pnxn−τ ) < 0

for sufficiently large n. Then x is bounded. If, moreover,

0 < pn ≤ λ < 1, for n ≥ n0

for some positive constant λ, then lim
n−→∞

xn = 0.
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From Lemma 1 it follows that

N−

∞
= ∅ for (E−, I).

By imposing suitable restrictions on (qn) we show that some other solution

classes appearing in (4) are empty.

Lemma 2. Suppose that

∞∑
j=n0

qj =∞. (5)

Then the inequality

(∆un + qnf(un−σ, ..., un)) sgn un ≤ 0

has no nonoscillatory solution (un) such that lim inf
n−→∞

|un| > 0,

and the inequality

(∆un − qnf(un−σ, ..., un)) sgn un ≥ 0

has no nonoscillatory solution (un)such that lim sup
n−→∞

|un| <∞.

The proof of Lemma 2 is similar to the proof of Lemma 3 in [6] and will be

omitted.

Lemma 3.

(a) If x ∈ N+
for (E+) then the sequence z defined by (1) satisfies

(∆zn − qnf(zn−σ, ..., zn)) sgn zn ≥ 0 for all large n.

(b) If x ∈ N−
for (E+,I) then the sequence yn = −zn with z given by (1)

satisfies

(∆yn + qnf(yn+τ−σ, ..., yn+τ )) sgn yn ≤ 0 for all large n.

(c) If x ∈ N−
for (E+,II) then the sequence wn = − zn

λ
with z given by (1)

satisfies (
∆wn +

1

λ
qnf(wn+τ−σ, ..., wn+τ )

)
sgn wn ≤ 0

for all large n.

(d) If x ∈ N+
for (E−) then the sequence z satisfies

(∆zn + qnf(zn−σ, ..., zn)) sgn zn ≤ 0 for all large n.
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(e) If x ∈ N−
for (E−, I) then yn = −zn with z given by (1) satisfies

(∆yn − qnf(yn+τ−σ, ..., yn+τ )) sgn yn ≥ 0 for all large n.

(f) If x ∈ N−
for (E−, II) then wn = − zn

λ
with z given by (1) satisfies

(
∆wn −

1

λ
qnf(wn+τ−σ, ..., wn+τ )

)
sgn wn ≥ 0

for all large n.

The proof of Lemma 3 is similar to that of Proposition 1 in [6] and will

be omitted. From the above lemmas we get that if
∞∑

j=n0

qj =∞ is satisfied

then

N+
c = ∅ and N−

c = ∅ for (Eδ).

Furthermore, the condition
∞∑

j=n0

qj = ∞ also ensures that N+
0 =

∅ for (E−, II).

Summarizing the above observations we conclude that under the con-

dition
∞∑

j=n0

qj = ∞ the classification (4) of the set N of all nonoscillatory

solutions of equations (Eδ) is as follows:

N = N+
∞
∪ N−

0 for (E+, I)

N = N+
∞
∪ N−

0 for (E+, II)

and

N = N+
0 for (E−, I)

N = N−

∞
for (E−, II).

3. Oscillation Results

Our aim in this section is to establish conditions for the oscillation of all

solutions of equation (e). We will need the following lemmas.

Lemma 4. Assume (qn) is a positive real sequence and k is a positive

integer. If

lim inf
n−→∞

n−1∑
i=n−k

qi >

(
k

k + 1

)k+1

,

then



September 9, 2010 14:6 WSPC - Proceedings Trim Size: 9in x 6in 28

350

(i) the difference inequality

∆xn + qnxn−k ≤ 0

has no eventually positive solution;

(ii) the difference inequality

∆xn + qnxn−k ≥ 0

has no eventually negative solution.

This lemma follows from Theorem 7.6.1 in [1].

Lemma 5. Assume (qn) is a positive real sequence and l is a positive

integer. If

lim inf
n−→∞

n+l−1∑
i=n+1

qi >

(
l

l + 1

)l+1

,

then

(i) the difference inequality

∆xn − qnxn+l ≥ 0

has no eventually positive solution;

(ii) the difference inequality

∆xn − qnxn+l ≤ 0

has no eventually negative solution.

The above lemma one can obtain by modification of Theorem 7.5.2 in [1].

From Section 2 we know, that the only possible nonoscillatory solutions

of equation (e) are of the type

N = N+
0 for 0 < pn ≤ 1

N = N−

∞
for pn ≥ 1.

Therefore we get the following result.

Lemma 6. Let

∞∑
j=n0

qj =∞. Then we have:

(i) if 0 < pn ≤ 1 and (xn) is an eventually positive solution of (e),

then the sequence (zn) is eventually decreasing, zn > 0 eventually and

lim
n−→∞

zn = 0;
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(ii) if 0 < pn ≤ 1 and (xn) is an eventually negative solution of (e),

then the sequence (zn) is eventually increasing, zn < 0 eventually and

lim
n−→∞

zn = 0;

(iii) if 1 ≤ pn ≤ λ < ∞ and (xn) is an eventually positive solution of (e),

then the sequence (zn) is eventually decreasing, zn < 0 eventually and

lim
n−→∞

z(n) = −∞;

(iv) if 1 ≤ pn ≤ λ < ∞ and (xn) is an eventually negative solution of (e),

then the sequence (zn) is eventually increasing, zn > 0 eventually and

lim
n−→∞

zn =∞.

As an immediate corollary of Lemma 6 we get the following theorem.

Theorem 1. Let

∞∑
j=n0

qj =∞ and pn ≡ 1. Then every solution of equation

(e) is oscillatory.

Theorem 2. Let

∞∑
j=n0

qj =∞, 0 < pn ≤ 1, σ > τ and

lim inf
n−→∞

n−1∑
i=n−τ

qi

(
min

s∈[i−σ,i]
ps

)
>

(
τ

τ + 1

)τ+1

. (6)

Then every solution of equation (e) is oscillatory.

Proof. Assume, for the sake of contradiction, that equation (e) has a

nonoscillatory solution (xn). Let xn > 0 eventually. From Lemma 6 (i) it

follows that the sequence (zn) is eventually decreasing and positive. Then,

by (1) we have zn < xn and

max
s∈[n−σ,n]

zs < max
s∈[n−σ,n]

xs.

Therefore from (e) we obtain

∆zn + qn max
s∈[n−σ,n]

zs < 0.

Since (zn) is eventually decreasing, for sufficiently large n, we have

zn−τ ≤ zn−σ = max
s∈[n−σ,n]

zs.

Hence

∆zn + qnzn−τ ≤ 0.

But from (6) and Lemma 4 it follows that the above inequality has no

eventually positive solution which is a contradiction.
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Now, let xn < 0 eventually. From Lemma 6 (ii) it follows that the sequence

(zn) is eventually increasing and negative. Then, from (1) we have

xn < pnxn−τ < pnzn−τ

and

max
s∈[n−σ,n]

xs < max
s∈[n−σ,n]

(pszs−τ ) .

As (zn) is increasing it is zs−τ ≤ zn−τ for every s ∈ [n− σ, n]. Since all ps

are positive then pszs−τ ≤ pszn−τ for every s ∈ [n− σ, n]. Therefore

max
s∈[n−σ,n]

xs ≤ max
s∈[n−σ,n]

(pszs−τ ) ≤ max
s∈[n−σ,n]

(pszn−τ ) .

As zn−τ is negative and ps are positive then

max
s∈[n−σ,n]

(pszn−τ ) ≤
(

min
s∈[n−σ,n]

ps

)
zn−τ.

Hence, by (e) we get

0 = ∆zn + qn max
s∈[n−σ,n]

xs ≤ ∆zn + qn

(
min

s∈[n−σ,n]
ps

)
zn−τ .

But from (6) and Lemma 4 it follows that the above inequality has no

eventually negative solution which is a contradiction. This completes the

proof.

Theorem 3. Let

∞∑
j=n0

qj =∞, 1 ≤ pn ≤ λ <∞, τ > σ and

lim inf
n−→∞

n+τ−σ−1∑
i=n+1

qi

max
s∈[i−σ,i]

ps+τ

>

(
τ − σ

τ − σ + 1

)τ−σ+1

. (7)

Then every solution of equation (e) is oscillatory.

Proof. Assume, for the sake of contradiction, that equation (e) has a

nonoscillatory solution (xn). Let xn > 0 eventually. From Lemma 6 (iii)

it follows that the sequence (zn) is eventually decreasing and negative. In

view of (1) we have

zn > −pnxn−τ ,

xn > − zn+τ

pn+τ
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and hence

max
s∈[n−σ,n]

xs ≥ max
s∈[n−σ,n]

(
− zs+τ

ps+τ

)
. (8)

Since the sequence (zn) is eventually decreasing, then for sufficiently large

n we have

min
s∈[n−σ,n]

(−zs+τ ) = −zn+τ−σ. (9)

Note that for every s ∈ [n− σ, n](
− zs+τ

ps+τ

)
≥

(
−zn+τ−σ

ps+τ

)
≥ − zn+τ−σ

max
s∈[n−σ,n]

ps+τ

.

Then, consequently, for every s ∈ [n− σ, n] we have

xs > − zn+τ−σ

max
s∈[n−σ,n]

ps+τ

and

0 = ∆zn + qn max
s∈[n−σ,n]

xs ≥ ∆zn −
qn

max
s∈[n−σ,n]

ps+τ

zn+τ−σ.

But from (7) and Lemma 5 it follows that the last inequality has no even-

tually negative solution which is a contradiction.

In the case where (xn) is an eventually negative solution of (e) one arrives

similarly to the inequality

0 = ∆zn + qn max
s∈[n−σ,n]

xs ≤ ∆zn −
qn

max
s∈[n−σ,n]

ps+τ

zn+τ−σ.

From (7) and Lemma 5 it follows that the above inequality has no eventually

positive solution which is a contradiction. Hence each solution of (e) is

oscillatory. This completes the proof.

Acknowledgments

The authors thank the referee for valuable comments.

References

1. I. Gyori, G. Ladas, Oscillation theory of delay differential equations with
applications, Clarendon, Oxford, New York, 1991.

2. D. Bainov, V. Petrov and V. Proicheva, Oscillation of neutral differential equa-
tions with “maxima”, Revista Math., 8(1)(1995), 171-180.



September 9, 2010 14:6 WSPC - Proceedings Trim Size: 9in x 6in 28

354

3. Y. Gao, G. Zhang, Oscillation of nonlinear first order neutral difference equa-
tions, Appl. Math. E-notes 1(2001), 5-10.

4. X. Luo, D. Bainov, Oscillatory and asymptotic behavior of second-order
neutral difference equations with ”maxima”, Int. Journal of Math. Analysis

1(2007), 791-804.
5. X. Li, X. Zhou, Oscillation and nonoscillation of higher order neutral difference

equations with maxima, Int. Journal of Math. Analysis 1(2007), 791-804.
6. M. Migda, J. Migda, A class of first-order nonlinear difference equations of

neutral type, Mathematical and Computer Modelling 40 (2004) 297-306.
7. M. Migda, G. Zhang, On unstable neutral difference equations with “maxima”,

Math. Slovaca, 56 (2006), no. 4, 451-463.
8. E. P. Popov, Automatic regulation and control, Nauka, Moskwa, 1966.
9. B. G. Zhang, G. Zhang, Qualitative properties of functional differential equa-

tions with “maxima”, Rocky Mountain J. Math. 29 (1999), 357-367.



September 9, 2010 14:12 WSPC - Proceedings Trim Size: 9in x 6in 29

355

Oscillatory Mixed Differential Difference Equations
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In this work is studied the oscillatory behavior of the delay differential differ-

ence equation of mixed type

x′
(t) =

`∑
i=1

pix (t − ri) +

m∑
j=1

qjx (t + τj)

(ri > 0, i = 1, ..., `; τj > 0, j = 1, ...,m)

Some criteria are obtained in order to guarantee that all solutions of this equa-

tion are oscillatory. Some conditions for having nonoscillations are also given.

1. Introduction

The aim of this work is to study the oscillatory behavior of the differential

difference equation of mixed type

x′ (t) =
∑̀

i=1

pix (t− ri) +

m
∑

j=1

qjx (t + τj) (1)

where x (t) ∈ R, 0 < r1 < r2 < ... < r`, 0 < τ1 < τ2 < ... < τm and the

coefficients pi, qj are real numbers.

As usual, we will say that a solution x (t) of (1) oscillates if it has

arbitrary large zeros. When all solutions oscillate (1) will be said oscillatory.

According to Krisztin [1, 2], the oscillatory behavior of (1) can be stud-

ied, as for delay equations, through the analysis of the zeros of the charac-

teristic equation

λ =
∑̀

i=1

pi exp (−λri) +
m
∑

j=1

qj exp (λτj) . (2)

In fact, assuming that qm 6= 0, through [1, Corollary 5] one can conclude

that the equation (1) is oscillatory if and only if the characteristic equation

(2) has no real roots.
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Therefore considering the function

N (λ) =
∑̀

i=1

pi exp (−λri) +

m
∑

j=1

qj exp (λτj) , (3)

and noticing that N (λ) → ∞, as λ → ∞, faster then λ, one can say that

equation (1) is oscillatory if, for every real λ, either

N (λ) > λ (4)

or

N (λ) < λ. (5)

2. Oscillations

With respect to condition (4) we obtain the following theorem.

Theorem 2.1. If pi, qj ≥ 0, for i = 1, ..., ` and j = 1, ...m− 1, qm > 0 and

e

m
∑

j=1

τjqj > 1 (6)

then the equation (1) is oscillatory.

Proof. For λ ≤ 0 one has clearly

N (λ) =
∑̀

i=1

pi exp (−λri) +

m
∑

j=1

qj exp (λτj) > 0 (7)

and consequently N (λ) > λ.

If λ > 0 then

N (λ)

λ
=
∑̀

i=1

exp (−λri)

λ
pi +

m
∑

j=1

exp (λτj)

λ
qj

≥
m
∑

j=1

exp (λτj)

λ
qj

≥ e

m
∑

j=1

τjqj > 1

and, in view of (6), N (λ) > λ.

Thus N (λ) > λ for every real λ.
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Example 2.1. The equation

x′ (t) =
∑̀

i=1

pix (t− ri) + x

(

t +
1

8

)

+ x

(

t +
1

7

)

+
1

3
x

(

t +
1

3

)

where pi > 0, for i = 1, ..., ` and 0 < r1 < r2 < ... < r`, is oscillatory since

e

(

1

9
+

1

8
+

1

7

)

≈ 1.0301.

A few simpler conditions that imply (6) can be used to obtain the os-

cillatory behavior (1). This is shown in the following corollary.

Corollary 2.1. If pi, qj > 0, for i = 1, ..., ` and j = 1, ...m − 1, qm > 0

and one of the following conditions holds

i) eτ1

∑m

j=1 qj > 1,

ii) eq
∑m

j=1 τj > 1, q = min {qj : j = 1, ...m} ,
iii) eτ1qm > 1, q = min {qj : j = 1, ...m} ,

then the equation (1) is oscillatory.

Remark 2.1. Notice that the condition iii) of the Corollary 2.1 implies i)

and ii) of the same corollary.

Remark 2.2. Notice that the Corollary 2.1 cannot to be applied to the

equation of Example 2.1, since

eτ1

m
∑

j=1

qj = e
1

8

(

2 +
1

3

)

≈ 0.79283,

eq

m
∑

j=1

τj = e
1

3

(

1

3
+

1

8
+

1

7

)

≈ 0.54474,

eqτ1m = 3e
1

3

1

8
≈ 0.33979.

Example 2.2. Using the condition i) of the Corollary 2.1, the equation

x′ (t) =
∑̀

i=1

pix (t− ri) +
1

2
x

(

t +
1

4

)

+ x

(

t +
1

2

)

+
1

9
x

(

t +
3

4

)

where pi > 0, for i = 1, ..., ` and 0 < r1 < r2 < ... < r`, is oscillatory since

eτ1

m
∑

j=1

qj = e
1

4

(

1

2
+ 1 +

1

9

)

≈ 1.0949 > 1.
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Notice that the condition ii) of the Corollary 2.1 cannot be used in this case

since

eq

m
∑

j=1

τj = e
1

9

(

1

4
+

1

2
+

3

4

)

≈ 0.45305.

Example 2.3. Using the condition ii) of the Corollary 2.1, the equation

x′ (t) =
∑̀

i=1

pix (t− ri) +
1

2
x

(

t +
1

5

)

+
3

4
x

(

t +
1

4

)

+
5

9
x

(

t +
1

3

)

where pi > 0, for i = 1, ..., ` and 0 < r1 < r2 < ... < r`, is oscillatory since

eq
m
∑

j=1

τj =
e

2

(

1

5
+

1

4
+

1

3

)

= 1.0647 > 1.

Condition i) doesn’t work for this equation since

eτ

m
∑

j=1

qj =
e

5

(

1

2
+

3

4
+

5

9

)

≈ 0.9816.

Example 2.4. Using the condition iii) of the Corollary 2.1, the equation

x′ (t) =
∑̀

i=1

pix (t− ri) + x

(

t +
1

4

)

+
5

4
x

(

t +
1

2

)

+
1

2
x (t + 1)

where pi > 0, for i = 1, ..., ` and 0 < r1 < r2 < ... < r`, is oscillatory since

eqτ1m = 3
1

2

1

4
e = 1.0194 > 1.

The Theorem 2.1 expresses a larger relevance of the advanced part of the

equation in order that (1) be oscillatory. A symmetric situation is obtained

when the condition (5) is used to get oscillatory criteria. This is shown in

the following theorem similar to [3, Theorem 2.2.1].

Theorem 2.2. If pi, qj 6 0, for i = 1, ..., ` and j = 1, ...m− 1, qm < 0 and

e
∑̀

i=1

ripi < −1 (8)

then the equation (1) is oscillatory.

Proof. If λ > 0 then

N (λ) =
∑̀

i=1

pi exp (−λri) +

m
∑

j=1

qj exp (λτj) < 0 (9)

and consequently N (λ) < λ.
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For λ < 0 then

N (λ)

λ
=
∑̀

i=1

exp (−λri)

λ
pi +

m
∑

j=1

exp (λτj)

λ
qj

> −e
∑̀

i=1

ripi > 1

and consequently N (λ) < λ.

Thus for every real λ, one has N (λ) < λ.

Example 2.5. The equation

x′ (t) = −x

(

t− 1

7

)

− 1

2
x

(

t− 1

4

)

− 1

3
x

(

t− 1

3

)

+

m
∑

j=1

qjx (t + τj)

where qj < 0, for j = 1, ..., m and 0 < τ1 < τ2 < ... < τm, is oscillatory

since

e
∑̀

i=1

ripi = e

(

−1

9
− 1

8
− 1

7

)

≈ −1.0301.

Analogously to Corollary 2.1 one can state the following corollary.

Corollary 2.2. If pi, qj 6 0, for i = 1, ..., ` and j = 1, ...m − 1, qm < 0

and

iv) er1

∑`

i=1 pi < −1,

v) ep
∑`

i=1 ri < −1, p = max {pi, i = 1, ..., `} ,
vi) er1p` < −1, p = max {pi, i = 1, ..., `} ,

then the equation (1) is oscillatory.

Remark 2.3. In this case, as in Corollary 2.1, the condition vi) of Corollary

2.2 implies iv) or v) of the same corollary.

Remark 2.4. Notice that the Corollary 2.2 cannot to be applied to the

equation of Example 2.5, since

er1

∑̀

i=1

pi = e
1

7

(

−1

3
− 1

2
− 1

)

≈ −0.7119,

ep
∑̀

i=1

ri = −e
1

3

(

1

3
+

1

4
+

1

7

)

≈ −0.658,

er1p` = −3e
1

7

1

3
≈ −0.38833.
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Example 2.6. Using the condition iv) of the Corollary 2.2, one can con-

clude that the equation

x′ (t) = −1

4
x

(

t− 1

4

)

− x

(

t− 1

3

)

− x

(

t− 1

2

)

+
m
∑

j=1

qjx (t + τj)

is oscillatory for any qj < 0, for j = 1, ..., m, and 0 < τ1 < τ2 < ... < τm,

taking into account that

er1

∑̀

i=1

pi = e
1

4

(

−2− 1

4

)

≈ −1.529 < −1.

Condition v) of the Corollary 2.2 doesn’t work in this case

ep
∑̀

i=1

ri = −e
1

4

(

1

2
+

1

4
+

1

3

)

≈ −0.7362.

Example 2.7. Through v) of the Corollary 2.2, the equation

x′ (t) = −1

2
x

(

t− 1

10

)

− 3

4
x

(

t− 1

2

)

− 4

5
x

(

t− 2

3

)

+

m
∑

j=1

qjx (t + τj)

is oscillatory for every qj < 0, for j = 1, ..., m and 0 < τ1 < τ2 < ... < τm,

since

ep
∑̀

i=1

ri = −e
1

2

(

1

10
+

1

2
+

2

3

)

≈ −1.7216.

In this case one cannot use condition iv) taking into account that

er1

∑̀

i=1

pi = e
1

10

(

−1

2
− 3

4
− 4

5

)

≈ −0.55725.

Example 2.8. The condition vi) of the Corollary 2.2, is illustrated by the

the equation

x′ (t) = −1

2
x

(

t− 1

2

)

− x (t− 1)− 1

4
x

(

t− 3

2

)

+

m
∑

j=1

qjx (t + τj)

where qj < 0, for j = 1, ..., m and 0 < τ1 < τ2 < ... < τm. As

er1p` = −3e
1

4

1

2
≈ −1.0194,

one concludes that the equation is oscillatory.
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3. Nonoscillations

With 0 < r1 < r2 < ... < r`, 0 < τ1 < τ2 < ... < τm and pi, qj such that

qm 6= 0, we recall that (1) is nonoscillatory if and only if there exists a

λ0 ∈ R such that

N (λ0)− λ0 = 0.

In the regard of obtaining (1) oscillatory, all the results of the preceding

section envolve specifically either delays or advances. In fact, the Theorem

2.1 and Corollary 2.1 state that (1) is oscillatory independently of the delays

and the Theorem 2.2 and Corollary 2.2 state that (1) is oscillatory indepen-

dently of the advances. Assumptions as the obtained in [4, Corollary 1] for

delay equations, which imply the oscillatory behavior of (1) independently

of the delays and advances are here no longer valid. That is, equation (1)

cannot be oscillatory globally in the delays and advances simultaneously.

However that is possible in view of the existence of nonoscillations as is

shown in the following theorem.

Theorem 3.1. If p`qm < 0 then the equation (1) is nonoscillatory inde-

pendently of the delays and advances.

Proof. Assume for example that p` > 0 and qm < 0. Then for every family

of delays and advances one has, as λ→ +∞,

N (λ)− λ =
∑̀

i=1

pi exp (−λri) +

m
∑

j=1

qj exp (λτj)− λ→ −∞

and as λ→ −∞,

N (λ)− λ =
∑̀

i=1

pi exp (−λri) +

m
∑

j=1

qj exp (λτj)− λ→ +∞.

Then by continuity there exists at least a λ0 ∈ R such that N (λ0)−λ0 = 0.

The case p` < 0 and qm > 0 can be obtained in a similar way.

In the meantime (1) can be nonoscillatory in others situations, as the

stated in the following theorem.

Theorem 3.2. If pi, qj > 0, for i = 1, ..., ` and j = 1, ...m, and

∑̀

i=1

pi +
1

τm

+
1

τm

ln



τm

m
∑

j=1

qj



 < 0 (10)

then the equation (1) is nonoscillatory.
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Proof. If λ ≤ 0 then, by (7), N (λ)− λ > 0.

Let λ > 0. Notice that

N (λ) − λ =
∑̀

i=1

pi exp (−λri) +

m
∑

j=1

qj exp (λτj)− λ

<
∑̀

i=1

pi + exp (λτm)

m
∑

j=1

qj − λ.

The function

f (λ) =
∑̀

i=1

pi + exp (λτm)

m
∑

j=1

qj − λ

has a minimum at

λ1 = − 1

τm

ln



τm

m
∑

j=1

qj





and

f (λ1) =
∑̀

i=1

pi +
1

τm

+
1

τm

ln



τm

m
∑

j=1

qj



 .

Consequently, by (10), we have f (λ1) = N (λ1)− λ1 < 0.

Again by continuity we conclude the existence of a λ0 ∈ R such that

N (λ0)− λ0 = 0.

Example 3.1. The equation

x′ (t) =
1

9
x (t− r1)+

1

4
x (t− r2)+

1

5
x

(

t +
1

5

)

+
1

10
x

(

t +
1

4

)

+
1

2
x

(

t +
1

3

)

with r1 < r2, is nonoscillatory. In fact as
(

1

9
+

1

4

)

+ 3 + 3 ln

[

1

3

(

1

5
+

1

10
+

1

2

)]

≈ −0.60416.

(10) is satisfied.

In the Theorem 3.2 one can see that nonoscillations occur independently

of the delays, Analogously, one can obtain nonoscillations independently of

the advances.

Theorem 3.3. If pi, qj < 0, for i = 1, ..., ` and j = 1, ...m, and

m
∑

j=1

qj −
1

r1
− 1

r1
ln

(

r1

∑̀

i=1

|pi|
)

> 0 (11)

then the equation (1) is nonoscillatory.
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Proof. If λ ≥ 0 then by (9) we have N (λ)− λ < 0.

Letting λ < 0 we obtain

N (λ)− λ =
∑̀

i=1

pi exp (−λri) +

m
∑

j=1

qj exp (λτj)− λ

> exp (−λr1)
∑̀

i=1

pi +

m
∑

j=1

qj − λ

The function

g (λ) = exp (−λr1)
∑̀

i=1

pi +

m
∑

j=1

qj − λ

has a maximum at

λ2 =
1

r1
ln

(

−r1

∑̀

i=1

pi

)

and

g (λ2) =
m
∑

j=1

qj −
1

r1
− 1

r1
ln

(

−r1

∑̀

i=1

pi

)

.

Consequently, by (11), we have g (λ2) = N (λ2) − λ2 > 0 and also by

continuity one has N (λ0)− λ0 = 0, for some λ0 ∈ R.

Example 3.2. The equation

x′ (t) = −1

8
x

(

t− 1

6

)

−2

5
x

(

t− 1

5

)

−1

6
x

(

t− 1

4

)

−1

4
x (t + τ1)−

1

10
x (t + τ2)

with τ1 < τ2, is nonoscillatory. Since
(

−1

4
− 1

10

)

− 6− 6 ln

[

1

6

(

1

8
+

2

5
+

1

6

)]

≈ 6.6125,

condition (11) is verified.
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The dynamic contact problem in linear viscoelasticity will be discretized with
finite element method and finite difference method. The concept of the a priori
stability estimation for dynamic frictional contact will be analyzed by using
the local split of the Coulomb model. The split will be implemented such that
the global balance of energy will be preserved in the case of perfect stick, while
in the case of slip an algorithmically consistent approximation will be produced
pointwise on the contact interface.

Keywords: Variational inequalities, finite element method; dynamic contact
problems with friction, Newmark algorithm, Newton-Raphson method.

1. Introduction

In this paper we will study a mathematical model of the dynamic process of
a frictional contact problem between a deformable body and a foundation,
under the consideration that the body is assumed to be viscoelastic with a
linear elasticity operator, a nonlinear viscoelasticity operator.

This paper makes an approximation of this mathematical model with a
sequence of variational inequalities that model the contact condition with
the penalty method and the undifferentiable friction functional with a con-
vex function.

Finite element methods, together with numerical schemes of finite dif-
ferences for solving associated systems of nonlinear ordinary differential
equations, are capable of modeling stick-slip motion, dynamic sliding, fric-
tion damping and related phenomena in a significant range of practical
problems.

∗Work partially supported by CEEX Grant No. 2-CEEX-06-11-96/19.09.2006 and par-
tially supported by Grant No. 31/1.10.2007, PN-II-RU-MC-2007-1.
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2. Variational formulation of the problem

Let us consider a linear viscoelastic body at a given time t = 0 situated
in a domain Ω ⊂ R

d, where d = 2 or d = 3, with Lipschitz boundary
∂Ω = Γ̄U ∪ Γ̄N ∪ Γ̄C that is divided into three mutually disjoint measurable
parts ΓU , ΓN , ΓC with meas(ΓU ) > 0, see Figure 1. We set Q = Ω × (0, T )
for T > 0. The body is fixed on ΓU , so the normal displacement field
vanishes there, and the friction between ΓC and the foundation is given by
Coulomb law. Volume forces of density f act in Ω and surface tractions of
density h are applied on ΓN .

We denote by u = (u1, . . . , ud) the displacement vector, by σ = {σij}
the stress tensor, by ε(u) = {εij(u)} the linearized strain tensor, where
i, j = 1, . . . , d , by σN , σT and by uN , uT , the normal and tangential
components of stress tensor and of the displacement vector, respectively.
We assume the Kelvin-Voigt viscoelastic constitutive relation

σij ≡ σij(u, u̇) = c
(1)
ijklεkl(u̇) + c

(2)
ijklεkl(u)

where c
(1)
ijkl and c

(2)
ijkl with i, j, k, l = 1, . . . , d are the viscoelastic and elastic

components tensors, respectively. Denoting by u0 and u1 the initial dis-
placement and the initial velocity, respectively, we suppose that the mass
density is constant, conveniently set equal to one. Then the classical formu-
lation of the dynamic contact problem with friction in linear viscoelasticity,
see [1] and [2], is: find a displacement field u : Q → R

d , such that:

ü − divσ = f in Q (1a)
σij(u, u̇) = c

(1)
ijklεkl(u̇) + c

(2)
ijklεkl(u) in Q (1b)

u = 0 on ΓU × (0, T ) (1c)
σ · n = h on ΓN × (0, T ) (1d)
u̇N ≤ 0, σN ≤ 0, u̇N · σN = 0 on ΓC × (0, T ) (1e)
u̇T = 0, ⇒ |σT | ≤ F (0) · |σN | on ΓC × (0, T ) (1f)

u̇T �= 0, ⇒ σT = −F (u̇T ) · |σN | · u̇T

|u̇T |
on ΓC × (0, T ) (1g)

u(x, 0) = u0, u̇(x, 0) = u1 in Ω (1h)

where n is the outward normal unit vector on ∂Ω and F is the coefficient
of friction, f is body force, h is surface traction. The relation (1a) is the
equililibrium equation, (1c) and (1d) are the boundary conditions, (1e) is
the contact condition, (1f) and (1g) represent the Coulomb friction law
and (1h) are the initial conditions.

In order to obtain the variational form, (see [2]), of the problem (1), we
need the following notations: I ⊂ R an interval, W a Banach space and
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�C �U

�N

�

Fig. 1. The contact of a body with a foundation.

B0(I, W ) the set of the bounded functions, with the norm:

‖u‖2
L2(I,W ) :=

∫
I

‖u(t)‖2
W dt

and the set of admissible functions:

K = {v ∈ L2(I, H1(Ω,d ))/v = 0 on ΓU × (0, T ), vN ≤ 0 on ΓC × (0, T )}

The variational form is the following variational inequality: find u̇ ∈ K ∩
B0(I, L2(Ω,d )) with u(x, 0) = u0, u̇(x, 0) = u1 such that for every v ∈ K∫

Q

{ü(v − u̇) + a(u, v − u̇)}dxdt +
∫

SC

F (u̇T ) |σN (u̇, u)| (|vT | − |u̇T |) dsdt

≥
∫

Q

f(v − u̇)dxdt (2)

where SC = ΓC × (0, T ) and a bilinear form

a(u, v) = c
(1)
ijklεij(u̇)εkl(v) + c

(2)
ijklεij(u)εkl(v).

The first step in the sequence of the approximations is the penalty
method for replacing the unilateral contact conditions by a nonlinear
boundary condition dependent on the small parameter δ > 0, σN (u̇, u) =
1/δ [u̇N ]+ . The second step is the regularization method for the approxi-
mation of the module function | · |, with a convex function Ψε(·) , that fulfils
the following conditions: |Ψε(v) − |v|| ≤ ε and |gradΨε(v)| ≤ 1 . Finally,
we have to transform the variational inequality into a variational equality
that will approximate the problem (1), using a test function v = u̇ + λw

and after dividing by λ, when λ tends to zero, we obtain: find u with
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ü ∈ (u+V )∩B0(I, L2(Ω,d )) and u(x, 0) = u0, u̇(x, 0) = u1 s.t. for any
v ∈ V ∫

SC

{F (u̇T )1/δ [u̇N ]+ gradΨε(u̇T )vT + 1/δ [u̇N ]+ vN}dsdt

+
∫

Q

{üv + a(u, v) − fv} = 0 (3)

where the space is

V = {v ∈ L2(I, H1(Ω,d ))/v = 0 on ΓU × (0, T )}

2.1. Finite element approximations of the dynamic contact

problems with friction

Using standard finite element procedures, the approximation of the vari-
ational equation (3) can be constructed in finite-dimensional subspaces
Vh(⊂ V ⊂ V ′) . For certain (h) the approximations of displacements, ve-
locities and accelerations at each time t ∈ (0, T ) are elements of Vh, dh (t),
vh (t), ah (t) ∈ Vh, where d = u, v = u̇ and a = ü. Within each element
Ωe

h(e = 1, . . . , Nh) the components of the displacements, velocities and ac-
celerations are expressed in the form:

dh
k(t, x) =

Ne∑
I

dI
k(t)NI(x),

vh
k (t, x) =

Ne∑
I

vI
k(t)NI(x)

ah
k(t, x) =

Ne∑
I

aI
k(t)NI(x) (4)

where k = 2 or 3, Ne =the element’s number of node, dI
k(t), vI

k(t), aI
k(t)

are the nodal values of the displacements, velocities and accelerations, at
the time t and NI is the element shape function associated with the nodal
point I. If is the number of the nodes of the finite element mesh from Ω,
then this problem is equivalent to the following matrix problem:

Problem Pεh. Find the function d : [0, T ] → R
d×NΩ

k , s.t.

Ma(t) + Kd(t) − P (d(t)) + J(d(t), v(t)) = F (t) (5)

with the initial conditions

d(0) = u0, v(0) = u1 (6)
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Here we have introduced the following matrix notations: d(t), v(t), a(t):
the column vectors of nodal displacements, velocities and accelerations,
respectively; M : standard mass matrix; K: standard stiffness matrix; F (t):
consistent nodal exterior forces vector; P (d(t)): vector of consistent nodal
forces on ΓC ; J (d(t), v(t)) : vector of consistent nodal friction forces on ΓC ;
u0, u1: initial nodal displacement, velocity.

The components of the element vector (e)P have the form: (e)P =
− ∫

(e)ΓC
σN · n · NIds and the components of the element vector (e)J have

the form: (e)J = − ∫
(e)ΓC

σT · n · NIds. In order to obtain the components
of the element vector P and J it is used a contact finite element, see [7], [8].

2.2. Solution strategies for spatially discrete system and

time steppining procedures

The algorithms that we shall use for solving the discrete dynamical system
involve variants of standard schemes used in nonlinear structural dynamics
calculations: the Newmark-type algorithm or the central-difference scheme.

Let us consider a partition of the time interval I =
N⋃

k=1

[tk−1, tk] with 0 =

t0 < t1 < . . . < tN = T , we denote ∆t = tk − tk−1 for the length of the
sub-interval [tk−1, tk]. In the dynamic case, the inertial terms are restored
and issues associated with temporal accuracy and stability come to the
fore (must analysis). If we denote in an ordinary differential equation (5)
KN ≡ K − P + J (where the matrices P and J are nonlinear), and (5)
becomes:

Ma(t) + KN (d(t)) = F (t) (7)

In dynamic case inertial terms cannot be neglected and the variable t in
this case does have the interpretation of real time. We have to find ap-
proximations dk+1, vk+1, ak+1 at time tk+1 from equation (7), with given
displacement vector dk, velocity vk and acceleration ak at time tk

Mak+1 + KN (dk+α) = F (tk+α) (8)

dk+α = αdk+1 + (1 − α)dk

dk+1 = dk + ∆tvk +
∆t2

2
[(1 − 2β) ak + 2βak+1]

vk+1 = vk + ∆t [(1 − γ) ak + γak+1]
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where α, β and γ are algorithmic parameters that define the stability and
accuracy characteristics of the method. In particular, when α = 1, the
algorithm reduces to the classical Newmark algorithm. A wide range of
algorithms exists corresponding to the different available choices of these
parameters, we illustrate the implicit methods.

2.3. Implicit methods

To introduce the concept of an implicit method we examine the trapezoidal
rule, which is simply a member of the Newmark family obtained by setting
α = 1, β = 1/4 and γ = 1/2. The substitution of these values into (8)
yields:




Mak+1 + KN (dk+1) = F (tk+1) ,

dk+1 = dk + ∆tvk + ∆t2

4 [ak + ak+1]
vk+1 = vk + ∆t

2 [ak + ak+1] .

, (9)

Combining the first two equations in (9) and solving it for dk+1, gives us

4
∆t2

Mdk+1 + KN (dk+1) = F (tk+1) + M

(
ak + ∆tvk +

4
∆t2

dk

)
, (10)

ak+1 =
4

∆t2
(dk+1 − dk) − 4

∆t
vk − ak

vk+1 = vk +
∆t

2
[ak + ak+1]

This method is the most expensive procedure involved in updating the
solution from tk to tk+1. First equation is not only fully coupled, but is also
highly nonlinear, in general, due to interval force vector. We could write the
first equation of (10) in terms of a dynamic incremental residual R (dk+1)
via

R (dk+1) := F (tk+1) − KN (dk+1) −
4

∆t2
Mdk+1

+M

(
ak + ∆tvk +

4
∆t2

dk

)
= 0 (11)

This system suggests that the same sorts of nonlinear solution are needed
for implicit dynamic calculations as are needed in quasistatic.
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2.4. Stability solution for the implicit methods

In this case, the integrator is second order accurate and unconditionally
stable for linear problems, meaning that the spectral radii of the integrator
remains less than 1 in modulus, for any time step ∆t.

A criterion for stability (computation of critical points), in solving the
contact problems, is that the second derivative of potential energy becomes
zero (see [1]). In the iterative and incremental solving of the contact prob-
lems with penalty method the stability, consists in the kind of changes in
the active set of contact nodes. For the gap or penetration g ≤ 0, the con-
tact nod becomes active, otherwise is inactive. The strategy for the choice
of the active set may be a constant verification and reorganization of the
active set after each iterative step, or a change of the active set only after
convergence has been achieved. The iteration process might become more
stabile by the second approach as changes in active set occur less frequently.
The critical situations arise in transitions from sliding to adhesion of the
contact nodes.

2.5. Nonlinear equation solving with Newton-Raphson

iterative method

The implicit and explicit methods are valid only for linear or linearized
problems. In this section we give a general framework for solving the non-
linear discrete equations associated with computation of an unknown state
at step tk+1, in either context of a dynamic contact problem formulation
as in (11). In either case, the equation to be solved takes the form

R (dk+1) = 0 (12)

with R, a nonlinear function of the solution vector dk1 , is considered.
The general concept of a Newton-Raphson iterative solution technique

for (12) (identical with (10) and with (11)) is defined in iteration j by

R
(
dj

k+1

)
+

[
∂R

∂d

]
dj

k+1

∆dj
k = 0 (13)

following by the update

dj+1
k+1 = dj

k+1 + ∆dj
k (14)

Iteration on j typically continue until the Euclidian norm
∥∥∥∆dj

k

∥∥∥ is smaller
than some tolerance.
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The residual at iteration j , from (11) is of the form

R
(
dj

k+1

)
≡ F (tk+1) − KN

(
dj

k+1

)
− 4

∆t2
Mdj

k+1

+M

(
ak + ∆tvk +

4
∆t2

dj
k

)
= 0 (15)

with (13), equation (15) to take the form[
4

∆t
M + KL

(
dj

k+1

)]
∆dk

j = R
(
dj

k+1

)
(16)

where the stiffness matrix KL

(
dj

k+1

)
is given as

KL

(
dj

k+1

)
=

(
∂KN

∂d

)
dj

k+!

(17)

We note that a variety of iterative procedures exist as alternatives to the
Newton-Raphson nonlinear solution procedure (quasi-Newton, secant meth-
ods etc.). The scheme of solving the linearized dynamic contact problems
is the following:

(1) initialization the set of the iterative count tk = 0 ∆t = 0, k = 0, j = 0,
dk

j = 0;
(2) compute the mass matrix M , the standard stiffness matrix K and a

dynamic residual R;
(3) compute the contact nodal forces P and the contact friction forces J ;

(a) compute the normal gap gj
N ;

(b) check for contact finite element status:
IF gj

N > TOL then out of contact
ELSE in contact. Check for frictional stick or slip

contact status
ENDIF.

(c) compute total matrix KL and residual R, this involves to compute
the vectors

{
aj

k+1, v
j
k+1, d

j
k+1

}
from k = 0 to N(k = N => tk+1 =

T );

(4) check for convergence
IF

∣∣∣∆dj
k+1 − ∆dj+1

k+1

∣∣∣ < TOL1 then converge and exit
ELSE go to step (6)

(5) update the displacement field dj+1
k+1 = dj

k+1 + ∆dj
k;

(6) set j = j + 1 and go back to (2).
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3. Numerical example and concluding remarks

This example [11] is often studied for validation of computer codes, and
has the advantage of being elementary and that of giving different contact
areas and coefficient of friction, see Figure 2. Thus, we have an open contact
area AB, a sliding area BC and a sticking area CD. The contact area was
modeled with the contact finite element with three nodes, see [1].

Fig. 2. Contact between a 2D elastic slab and a rigid plate.

(1) It is known that the matrix KN is wrong conditioned, if we split the
normal and tangential stress from the contact boundary, in diagonal
blocks matrices, these matrices blocks contain coefficients of the same
order size, and with this procedure we will obtain a better conditioned
matrix.

(2) The discontinuity of the Coulomb’s friction law at zero sliding velocity is
a major source of computational difficulties in friction problems. Even
though, in the algorithms described in this section and the previous
one, a regularized form of that law is used; those difficulties cannot
be completely avoided. The situation which may arise when using the
methods described here with a constant step is the following one: in
unloading situations (passage from sliding to adhesion) the Newton-
Raphson iterative techniques may fail to converge if ? is very small and
the step too large. For small values of ? the radius of converge of the
iterative scheme used is very small due to the step change in Ψε on the
interval [−ε, ε].

(3) The critical situations arise in transitions from sliding to adhesion be-
cause it is then that the most important change in the solution occurs.
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One simple remedy for these difficulties is to decrease the time step
until two successive solutions are not too far apart.
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1. Introduction

We consider the half-linear dynamic equation

(Φ(y∆))∆ − p(t)Φ(yσ) = 0 (1)

on an unbounded time scale interval Ia = [a,∞), a > 0, where p is a

positive rd-continuous function, and Φ(u) = |u|α−1 sgnu with α > 1. The

aim of this contribution is to provide precise information on asymptotic

behavior of positive decreasing solutions of (1), which always exist. We will

show that all these solutions are normalized regularly varying if and only

if the coefficient p satisfies certain integral condition. Moreover, the index

of regular variation will be shown to be related to the limit behavior of the

coefficient p. Our results unify and extend those from [7–9,11]. In addition

∗
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to the extension of linear results from [11], we also satisfactorily solve the

problem of “normalized behavior” of solutions of (1).

In the next section we recall basic concepts which are useful for this

work. The main results are contained in the third section.

2. Preliminaries

We assume that the reader is familiar with the notion of time scales. Thus

note just that T, σ, fσ, µ, f∆,
∫ b
a
f∆(s) ∆s, and ef (t, a) stand for time scale,

forward jump operator, f ◦σ, graininess, delta derivative of f , delta integral

of f from a to b, and generalized exponential function, respectively. See [6],

which is the initiating paper of the time scale theory, and the monograph

[3] containing a lot of information on time scale calculus.

Basic properties of equation (1) can be found in [10. In particular, the

solution space of (1) is homogeneous, the initial value problem involving (1)

is uniquely solvable on the entire interval Ia, and under the condition p(t) >

0, any (nontrivial) solution of (1) is eventually of one sign. Moreover, see

[1], the class of positive decreasing solutions of (1) is always nonempty. Note

that equation (1) covers half-linear differential equations, see e.g. [5], half-

linear difference equations, see e.g. [?Chapter 8]book], and linear dynamic

equations, see e.g. [3].

In [11], a regularly varying function f : T → R of index ϑ, ϑ ∈ R, is

defined as a positive function on Ia satisfying f(t) ∼ Cg(t) where C is a

positive constant and g is such that limt→∞ tg∆(t)/g(t) = ϑ. If ϑ = 0, then

f is said to be slowly varying. We always assume that the functions dis-

cussed here are of a sufficient smoothness. The totality of regularly varying

functions of index ϑ is denoted by RV(ϑ). The totality of slowly varying

functions is denoted by SV . Further, it is shown in [11] that f ∈ RV(ϑ) iff it

has the representation f(t) = ϕ(t)eδ(t, a), where limt→∞ ϕ(t) = const > 0

and δ is a positively regressive function satisfying limt→∞ tδ(t) = ϑ. In [12],

another representation is derived under the condition µ(t) = o(t) when

ϑ 6= 0 or µ(t) = O(t) when ϑ = 0: f ∈ RV(ϑ) iff f(t) = tϑϕ(t)eψ(t, a),

where limt→∞ ϕ(t) = const > 0 and ψ satisfies limt→∞ tψ(t) = 0. A posi-

tive function f is said to be normalized regularly varying of index ϑ, ϑ ∈ R,

if it satisfies limt→∞ tf∆(t)/f(t) = ϑ. If ϑ = 0, then f is said to be normal-

ized slowly varying. The totality of normalized regularly varying functions

of index ϑ is denoted byNRV(ϑ). The totality of normalized slowly varying

functions is denoted by NSV . Normalized functions have the representa-

tions as above, where the function ϕ(t) is replaced by a positive constant.

It holds that f ∈ (N )RV(ϑ) iff f(t) = tϑL(t), where L ∈ (N )SV . In [12],
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many other properties of regularly varying functions on time scales are de-

rived. It is also shown there that µ(t) = O(t) when ϑ = 0 and µ(t) = o(t)

when ϑ 6= 0 are somehow natural conditions in the theory and cannot be

omitted. These conditions also occur in the main result of this paper which

concerns regularly varying behavior of solutions of (1). For the theory of

regular variation on a time scale with a “larger graininess”, in particular

on T = qN0 , see [13]. Note that that theory is different in some important

aspects.

Some basic references on the theory of regularly varying functions of real

variable are [2,14], a reference on their relation to differential equations is

[8], and a basic reference on the theory of regularly varying sequences is [4].

The following lemma is new and gives simple sufficient conditions for a

regularly varying function to be normalized.

Lemma 2.1. Let f ∈ RV(ϑ), ϑ ∈ R. Assume that µ(t) = o(t) provided ϑ 6=
0 and µ(t) = O(t) provided ϑ = 0. If f∆(t) ≤ 0 and f∆(t) is nondecreasing

for large t, then f ∈ NRV(ϑ).

Proof. Let f ∈ RV(ϑ). Then

lim
t→∞

f(τ(λt))

f(t)
= λϑ for all λ > 0 (2)

by [12], where τ : R → T is defined as τ(t) = max{s ∈ T : s ≤ t}.
Let λ ∈ (0, 1). Since −f∆ is nonnegative and nonincreasing, we have

−f(t)+f(τ(λt)) = −
∫ t
τ(λt) f

∆(s) ∆s ≥ −f∆(t)[t−τ(λt)] ≥ −f∆(t)(1−λ)t
for large t. This estimation and (2) imply lim supt→∞

−tf∆(t)/f(t) ≤
lim supt→∞

(f(τ(λt))/f(t)− 1) (1 − λ) = (λϑ − 1)/(1 − λ). This estima-

tion holds for every λ ∈ (0, 1). Taking now the limit as λ→ 1−, we obtain

lim sup
t→∞

−tf∆(t)

f(t)
≤ lim

λ→1−

λϑ − 1

1− λ = −ϑ. (3)

In view of (3) for f ∈ SV , we may now restrict ourselves to ϑ 6= 0. We

have −f(t) + f(τ(λt)) = −
∫ t
τ(λt) f

∆(s) ∆s ≤ −f∆(τ(λt))(t − τ(λt)) This

estimation, (2), and λ ∈ (0, 1) imply

λϑ lim inf
t→∞

−tf∆(t)

f(t)
= lim inf

t→∞

f(τ(λt))

f(t)
· −τ(λt)f

∆(τ(λt))

f(τ(λt))

≤ lim inf
t→∞

τ(λt)

t− τ(λt)

(
f(τ(λt))

f(t)
− 1

)
.

(4)

Since for x ∈ R, τ(x) ≥ a, τ(x) ≤ x ≤ σ(τ(x)) = τ(x) + µ(τ(x)), we have

1 ≤ x/τ(x) ≤ 1 + µ(τ(x))/τ(x), and so limx→∞ x/τ(x) = 1. Consequently,
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in view of (2) and (4),

λϑ lim inf
t→∞

−tf∆(t)

f(t)
≥ lim inf

t→∞

λ

λt/τ(λt) − λ

(
f(τ(λt))

f(t)
− 1

)
=

λ

1− λ (λϑ−1)

for every λ ∈ (0, 1). Hence, lim inf t→∞−tf∆(t)/f(t) ≥ limλ→1−(λϑ −
1)/(λϑ−1 − λϑ) = −ϑ. From (3) and the latter estimate, we obtain

limt→∞ tf∆(t)/f(t) = ϑ, ϑ ∈ R, which implies f ∈ NRV(ϑ).

3. Main Results

Along with (1), consider the generalized Riccati dynamic equation

w∆(t)− p(t) + S(t) = 0, (5)

where

S(t) = lim
γ(t)→µ(t)

w(t)

γ(t)

(
1− 1

Φ[1 + γ(t) Φ−1(w(t))]

)
, (6)

Φ−1 being the inverse of Φ. The relation between (1) and (5), which will

be utilized later, is following: y(t) is a nonoscillatory solution of (1) having

no generalized zero on Ia, i.e., y(t)yσ(t) > 0 for t ∈ Ia if and only if

w(t) = Φ(y∆(t)/y(t)) satisfies (5) on Ia with 1 +µ(t) Φ−1(w(t)) > 0 on Ia,
see, for example, [10].

Theorem 3.1. Let y be any positive decreasing solution of (1) on Ia.

(i) Assume µ(t) = O(t). Then y ∈ SV if and only if

lim
t→∞

tα−1

∫
∞

t

p(s)∆s = 0. (7)

Moreover, y ∈ NSV.

(ii) Assume µ(t) = o(t). Then y ∈ RV(Φ−1(λ0)) if and only if

lim
t→∞

tα−1

∫
∞

t

p(s)∆s = A > 0, (8)

where λ0 is the negative root of the algebraic equation

|λ|β − λ−A = 0, (9)

β is the conjugate number to α, i.e., 1/α+ 1/β = 1.

Moreover, y ∈ NRV(Φ−1(λ0)).
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Proof. (i) “Only if”: Let y(t) be a slowly varying positive decreasing

solution of (1) on Ia. Then y∆(t) is negative and nondecreasing for

large t. Hence, y ∈ NSV by Lemma 2.1. Let w(t) = Φ(y∆(t)/y(t)).

Then w(t) < 0 and satisfies (5) with 1 + µ(t) Φ−1(w(t)) > 0 for

t ∈ Ia. Since y ∈ NSV , we have limt→∞ ty∆(t)/y(t) = 0, hence

limt→∞ tΦ−1(w(t)) = 0, or limt→∞ tα−1w(t) = 0 (and also limt→∞ w(t) =

0). Thus, limt→∞NtΦ−1(w(t)) = 0 for any N > 0. Let N be so large that

µ(t)/t ≤ N for t ∈ Ia, thus µ(t) ≤ Nt for t ∈ Ia, which is possible in view

of µ(t) = O(t). Therefore we obtain limt→∞ µ(t) Φ−1(w(t)) = 0. Note that

S(t) defined by (6) is positive for t ∈ Ia, see [10]. Applying the Lagrange

mean value theorem, S(t) can be alternatively written as

S(t) =
(α− 1)|w(t)|βξα−2(t)

[1 + µ(t) Φ−1(w(t))]α−1
, (10)

where 0 < 1 + µ(t) Φ−1(w(t)) ≤ ξ(t) ≤ 1. We show that
∫
∞

t
S(s)∆s < ∞.

Since limt→∞ µ(t) Φ−1(w(t)) = 0, ξ(t) → 1 as t→ ∞, and we have S(t) ≤
2(α−1)|w(t)|β for large t. Further, since limt→∞ tα−1w(t) = 0, there exists

M > 0 such that |w(t)| ≤ Mt1−α for large t. Hence, for large t, with the

use of the relation
(
Mt1−α

)β
= Mβt−α,

∫
∞

t

S(s)∆s ≤ 2(α−1)

∫
∞

t

|w(s)|β∆s ≤ 2(α−1)Mβ

∫
∞

t

1

sα
∆s <∞. (11)

Note that the integral
∫
∞

t
(1/sα)∆s is indeed convergent since µ(t) = O(t).

Integration of (5) from t to ∞ and multiplication by tα−1 yield

−tα−1w(t) + tα−1

∫
∞

t

S(s)∆s = tα−1

∫
∞

t

p(s)∆s. (12)

Equality (10) and the time scale L’Hospital rule give

lim
t→∞

tα−1

∫
∞

t

S(s)∆s = lim
t→∞

−(α− 1)|w(t)|βξα−2(t)

[1 + µ(t) Φ−1(w(t))]α−1 (t1−α)
∆
.

Now differentiating t1−α and applying the Lagrange mean value theorem

on this term with t ≤ η(t) ≤ σ(t), we have, with the use of the relations

limt→∞ ξ(t) = 1 and η(t)/t ≤ 1 + µ(t)/t ≤ 1 +N ,

lim
t→∞

tα−1

∫
∞

t

S(s)∆s = lim
t→∞

−(α− 1)|w(t)|βξα−2(t)

(1− α)η−α(t)[1 + µ(t) Φ−1(w(t))]α−1

≤ (1 +N)α lim
t→∞

∣∣tα−1w(t)
∣∣β = 0.

Hence, from (12), we get limt→∞ tα−1
∫
∞

t
p(s)∆s = 0.
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“If”: Let y > 0 be a decreasing solution of (1) on Ia, then

limt→∞ y∆(t) = 0. Indeed, if not, then there is K > 0 such that

y∆(t) ≤ −K for t ∈ Ia, and so y(t) ≤ y(a) − (t − a)K. Let-

ting t → ∞ we have limt→∞ y(t) = −∞, a contradiction with

y > 0. Therefore, integration of (1) from t to ∞ yields Φ(y∆(t)) =

−
∫
∞

t
p(s)Φ(yσ(s))∆s. Multiplying this equality by −tα−1/Φ(y(t)) we

obtain −tα−1Φ(y∆(t))/Φ(y(t)) = tα−1
∫
∞

t
p(s)Φ(yσ(s))∆s/Φ(y(t)) ≤

tα−1
∫
∞

t
p(s)∆s. Hence 0 < −tα−1Φ(y∆(t)/y(t)) → 0, or 0 <

−ty∆(t)/y(t)→ 0 as t→∞, in view of (7). Thus y ∈ NSV .

(ii) “Only if”: Here we use the arguments similar to those in the

proof of the part (i) “only if”. Note just that, with w = Φ(y∆/y),

limt→∞ tα−1w(t) = λ0 and limt→∞ µ(t)Φ−1(w(t)) = 0 by µ(t) = o(t).

“If”: Assume that (8) holds. Let y be a positive decreasing solution of (1)

on Ia. Let v(t) = tα−1Φ(y∆(t)/y(t)). Similarly as in the case “if” of part

(i), we have limt→∞ y∆(t) = 0 and 0 < −v(t) ≤ tα−1
∫
∞

t
p(s)∆s. Hence

and due to (8), v(t) is bounded. We will show that limt→∞ v(t) = λ0, which

implies y ∈ NRV(Φ−1(λ0)). First observe that v(t) satisfies the modified

Riccati equation
(
v(t)

tα−1

)∆

− p(t) + F (t) = 0, (13)

where

F (t) = lim
γ(t)→µ(t)

v(t)

tα−1 γ(t)

(
1− 1

Φ[1 + γ(t) Φ−1(v(t)/tα−1)]

)
,

with 1 + µ(t) Φ−1(v(t)/tα−1) > 0 for t ∈ Ia. Since limt→∞(v(t)/tα−1) = 0,

integration of (13) from t to ∞ yields

− v(t)
tα−1

=

∫
∞

t

p(s)∆s−
∫

∞

t

F (s)∆s. (14)

If we write (8) as tα−1
∫
∞

t
p(s)∆s = A+ ε1(t) = |λ0|β − λ0 + ε1(t), where

ε1(t) is some function satisfying limt→∞ ε1(t) = 0, then multiplying (14)

by tα−1 we obtain

−v(t) = |λ0|β − λ0 − tα−1

∫
∞

t

F (s)∆s+ ε1(t). (15)

Applying the Lagrange mean value theorem, F (t) can be written as

F (t) = (α− 1)|v(t)/tα−1|βζα−2(t)[1 + µ(t) Φ−1(v(t)/tα−1)]1−α, where 0 <

1 + µ(t) Φ−1(v(t)/tα−1) ≤ ζ(t) ≤ 1. We show that we may write

tα−1

∫
∞

t

F (s)∆s = tα−1

∫
∞

t

[
−

(
s1−α

)∆
]
|v(s)|β∆s+ ε2(t), (16)
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limt→∞ ε2(t) = 0. Denote Q(t) = ζ2−α(t)[1 + µ(t) Φ−1(v(t)/tα−1)]1−α.

Since v is bounded and µ(t) = o(t), limt→∞ µ(t)Φ−1(v(t)/tα−1) = 0, hence

limt→∞ ζ(t) = 1, and so limt→∞Q(t) = 1. We have tα−1
∫
∞

t
F (s)∆s =

tα−1
∫
∞

t

[
−

(
s1−α

)∆
]
|v(s)|β∆s + tα−1

∫
∞

t
H(s)∆s, where H(t) = F (t) −[

−
(
t1−α

)∆
]
|v(t)|β = (α− 1)|v(t)|βQ(t)/(tα−1)β − (α − 1)|v(t)|β/ια(t),

with t ≤ ι(t) ≤ σ(t). Using the time scale L’Hospital rule, and with

t ≤ ω(t) ≤ σ(t), we get

lim
t→∞

tα−1

∫
∞

t

H(s)∆s = lim
t→∞

−(α− 1)|v(t)|β (Q(t)/tα − 1/ια(t))

(1− α)/ωα(t)

= lim
t→∞

|v(t)|β
(
ι(t)ω(t)/t2

)α − (
t ω(t)/t2

)α
(t ι(t)/t2)α

= 0,

where we use the fact that limt→∞ ι(t)/t = 1 and limt→∞ ω(t)/t = 1 fol-

lowing from µ(t) = o(t). Hence, tα−1
∫
∞

t
H(s)∆s = ε2(t), with some ε2(t),

where limt→∞ ε2(t) = 0, and so (16) holds. In view of (16), from (15) we get

−v(t) = |λ0|β − λ0 − tα−1
∫
∞

t

[
−

(
s1−α

)∆
]
|v(s)|β∆s + ε(t), where ε(t) =

ε1(t)− ε2(t). Hence, −v(t) = |λ0|β − λ0 − tα−1G(t)
∫
∞

t

[
−

(
s1−α

)∆
]
∆s+

ε(t), where m(t) ≤ G(t) ≤ M(t) with m(t) = infs≥t|v(s)|β , M(t) =

sups≥t|v(s)|β , or

G(t)− v(t) = |λ0|β − λ0 + ε(t). (17)

We show that limt→∞ v(t) = λ0. Recall that −v(t) > 0 is bounded from

above. First assume that there exists limt→∞(−v(t)) = L ≥ 0. Then from

(17) we get Lβ+L = |λ0|β−λ0. If L > −λ0, then |λ0|β = Lβ+L+λ0 > Lβ ,

contradiction. Similarly we get contradiction if L < −λ0. Now assume that

lim inft→∞(−v(t)) = L∗ < L∗ = lim supt→∞
(−v(t)). Let L1 be defined

by lim inft→∞G(t) = Lβ1 and L2 be defined by lim supt→∞
G(t) = Lβ2 .

In general, L∗ ≤ L1 ≤ L2 ≤ L∗ are nonnegative reals. Assuming that at

least one inequality is strict, which implies that at least on of the values is

different from −λ0, we come to a contradiction, arguing similarly as in the

case when L existed. All these observations prove that the limit limt→∞ v(t)

exists and is equal to λ0.

Remark 3.1. (i) The statements (i) and (ii) in the main theorem could

be unified, assuming A ≥ 0 and λ0 ≤ 0.

(ii) The conditions µ(t) = O(t) and µ(t) = o(t), which are assumed in

the theorem, are quite natural, and correspond with the general theory of

regular variation, see also [12,13].
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(iii) Observe that the condition y is decreasing does not need to be

explicitly assumed. Moreover, note that we are actually dealing with all SV
or RV(Φ−1(λ0)) solutions. Indeed, (1) possesses just eventually decreasing

and increasing solutions which are convex. If a solution y ∈ RV(ϑ), ϑ ≤ 0,

were increasing, then there is M > 0 such that y∆(t) ≥M or there is N > 0

such that y(t) ≥ Nt for large t. This however contradicts to the fact that

for any y ∈ RV(ϑ) it holds limt→∞ y(t)/tν = 0 provided ϑ < ν, see [12].

References

1. E. Akın-Bohner, Positive decreasing solutions of quasilinear dynamic equa-
tions, Math. Comput. Modelling 43 (2006), 283–293.

2. N.H. Bingham, C.M. Goldie, J.L. Teugels, Regular Variation, Encyclopedia
of Mathematics and its Applications, Vol. 27, Cambridge Univ. Press, 1987.

3. M. Bohner, A.C. Peterson. Dynamic Equations on Time Scales: An Intro-

duction with Applications. Birkhäuser, Boston, 2001.
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13. P. Řehák, J. V́ıtovec, q-regular variation and q-difference equations,

submitted.
14. E. Seneta, Regularly Varying Functions, Lecture Notes in Mathematics 508,

Springer-Verlag, Berlin-Heidelberg-New York, 1976.



September 9, 2010 14:56 WSPC - Proceedings Trim Size: 9in x 6in 32

383

Some Considerations on Fuzzy Dynamical Systems
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1. Introduction

We consider fuzzy differential equations, i.e., differential equations in the

space of fuzzy numbers E1, which contains the functions u : R −→ [0, 1]

satisfying that:

i) u is normal: there exists x0 ∈ R with u(x0) = 1.

ii) u is fuzzy convex: ∀x, y ∈ R, λ ∈ [0, 1], u(λx + (1 − λ)y) ≥
min{u(x), u(y)}.

iii) u is upper-semicontinuous.

iv) The support of u, [u]0 = {x ∈ R : u(x) > 0} is a compact set.

E1 is a complete metric space considering the distance d∞ defined, for

u, v ∈ E1, by d∞(u, v) = supα∈[0,1] dH ([u]α, [v]α) , where dH denotes the

Hausdorff distance between nonempty compact convex subsets of R and

[u]α = {x ∈ R : u(x) ≥ α}, α ∈ (0, 1], [u]0 = {x ∈ R : u(x) > 0}

are the level sets of the fuzzy number u.

The addition and the multiplication by a non-zero scalar is extended to

fuzzy numbers by the Zadeh’s Extension Principle,1 obtaining [u + v]a =
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[u]a + [v]a, [λu]a = λ[u]a, for all a ∈ [0, 1], u, v ∈ E1, and λ ∈ R. On the

other hand, if z1, z2 ∈ E1, we call w ∈ E1 the Hukuhara difference of z1
and z2, w = z1 −H z2, if z1 = z2 + w. The Hukuhara difference of z1 and

z2 is unique, provided it exists.

The integral of f : [t0, T ] −→ E1 in [t0, T ] (T > t0) is defined levelwise as

[
∫
[t0,T ]

f(t) dt]α = {
∫
[t0,T ]

g(t) dt | g : [t0, T ] −→ R measurable selection for

fα}, for α ∈ (0, 1], where fα(t) = [f(t)]α. A fuzzy function f is integrable

over [t0, T ] if
∫
[t0,T ]

f(t) dt ∈ E1. Obviously, every continuous function is

integrable.

We consider differentiability of a fuzzy function in the sense of

Hukuhara, that is, f : [t0, T ] → E1 is differentiable at t ∈ [t0, T ] if, for

some ε0 > 0, the Hukuhara differences f(t+ h)−H f(t), f(t)−H f(t− h)

exist in E1, for 0 < h ≤ ε0 with t ± h ∈ [t0, T ] and there exists

f ′(t) ∈ E1, the derivative in the sense of Hukuhara of f at t, such that

limh→0+
f(t+h)−Hf(t)

h , limh→0+
f(t)−Hf(t−h)

h exist and are equal to f ′(t).

In the ordinary case, if I is a real interval, M ∈ R, and σ : I → R,

equations u′(t) +Mu(t) = σ(t), and u′(t) = −Mu(t) + σ(t) are equivalent

and have the same solution. However, in the fuzzy case, the effect produced

on the level sets by the multiplication by a negative number −1[u]a =

[−uar,−ual], for a ∈ [0, 1], is the reason for the differences between the

solutions to u′(t) + 3u(t) = σ(t) and u′(t)− 3u(t) = σ(t), provided both so-

lutions exist. Solvability of the initial value problem for ‘linear’ fuzzy differ-

ential equations u′(t) +Mu(t) = σ(t), t ∈ I, u′(t) = −Mu(t) + σ(t), t ∈ I,
u′(t) = Mu(t) + σ(t), t ∈ I, u′(t) −Mu(t) = σ(t), t ∈ I, where M ∈ R,

M > 0, as well as the expression of each solution2 have been studied. Also

in the cited reference, the expressions of the solutions to the previous prob-

lems are compared in terms of the midpoint3 and the diameter of the level

sets, mp([u]a) = 1
2 (ual + uar), diam([u]a) = uar − ual. For σ(t) = χ{0}, the

solution was calculated1,4,5 for a particular value of M . Initial value prob-

lems relative to the previous ‘linear’ equations with the derivative isolated

have a unique solution by fuzzy Picard-Lipschitz Theorem.1 However, the

existence of solutions for the other equations depends on the validity of

certain compatibility conditions2 on data.

For modeling of ecological systems which are subject to imprecise

factors6,7 fuzzy differential equations are used, and a fuzzy analog of

the logistic difference equation8 has also been studied. Parametric LU-

representation of fuzzy numbers9 is used for simulation of fuzzy dynamical

systems and continuous logistic model10 has been studied from the fuzzy

approach.
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2. Comparison of the solutions to different linear fuzzy

differential equations

In this section, we analyze the behavior of the solutions for initial value

problems associated to ‘linear’ fuzzy differential equations, and compare

the different expressions obtained for problems which has similar solutions

in the classical case.

We recall some results2 which provide the expressions of the solution for

the i.v.p. relative to the different types of ‘linear’ f.d.e., specifying sufficient

conditions for the existence of solution there where it is not guaranteed a

priori.

We choose certain values for M > 0 and the independent term σ(t) ∈
C(I, E1). By means of the various examples, we analyze the behavior of the

solutions of the different problems. We calculate the diameter and the mid-

point of the level sets of the solution, this study allows a better comparison

of the qualitative properties of the solutions, providing a useful informa-

tion which can be taken into account in the process of defuzzification of a

fuzzy solution in order to obtain a real solution for a problem influenced

by uncertainty effects. The behavior of the solutions will suggest which is

the best choice of ‘linear’ fuzzy problem to modelize a certain real process

with uncertainty.

In the following, we consider M > 0, I a real interval I = [0, T ] with

T > 0 or I = [0,+∞), σ ∈ C(I, E1), and u0 ∈ E1.

2.1. u′(t) +Mu(t) = σ(t), t ∈ I, M > 0.

Consider the ‘linear’ fuzzy initial value problem

u′(t) +Mu(t) = σ(t), t ∈ I, u(0) = u0. (1)

Theorem 2.1. Problem (1) has a unique solution in I, given by

u(t) = u0χ{e−Mt} +

∫ t

0

σ(s)χ{eM(s−t)} ds, t ∈ I, (2)

if, for each t ∈ I, there exists β > 0 such that the Hukuhara differences

u(t+ h)−H u(t) and u(t)−H u(t− h) exist, for all 0 < h < β.

Example 2.1. Take the particular case of problem (1)

u′(t) + 3u(t) = χ[0,1], t ∈ I, u(0) = u0 = χ{1}. (3)

Applying Theorem 2.1, we obtain the solution to (3) as u(t) =

χ
[e−3t, 2e

−3t+1
3 ]

, t ∈ I. Note that the solution is given at each instant t by the
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characteristic function of a real interval, hence the endpoints of the level

sets of the solution are independent of the level a ∈ [0, 1]. The reason is

that function σ and the initial condition u0 are also given by characteristic

functions. See Fig. 1.

0

0,2

0,4

0,6

0,8

1

1,2

0 1 2 3

u(t)al

u(t)ar

Fig. 1. Endpoints of the a-level set of the solution to problem (3).

On the other hand, the midpoint and the diameter of the level sets of the

solution are mp([u(t)]a) = 1
6 (5e−3t + 1), diam([u(t)]a) = 1

3 (1− e−3t), ∀a ∈
[0, 1], t ∈ I. These values are again independent of the level a ∈ [0, 1], due

to the choice of σ and u0. See Fig. 2.
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Fig. 2. Midpoint and diameter of the level sets of the solution to (3).

For a fuzzy function u differentiable in the sense of Hukuhara, the diameter

of the a-level sets is a nondecreasing function in the variable t, for each

a fixed. Thus, an interesting problem is the boundedness of the diameter

of the level sets of the solutions of fuzzy differential equations (which are

differentiable in the sense of Hukuhara) in order to control the fuzziness of
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the solutions by keeping the diameter of the level sets bounded by a certain

degree of fuzziness. In this example, the solution has a very interesting

behavior since the diameter of the a-level set of the solution stays bounded

as t increases. On the other hand, note that, once the fuzzy solution has

been obtained, one can choose the midpoint of the 1-level set of u(t) as

a real number which represents the fuzzy solution with a certain degree

of accuracy, that is, in the process of defuzzification, we can select v(t) =

mp([u(t)]1), for each t, and we get a real function which represents the fuzzy

solution u. In the example presented, the midpoint of each level set tends

to a fixed number ( 1
6 ) as t tends to +∞, independently of a ∈ [0, 1].

2.2. u′(t) = −Mu(t) + σ(t), t ∈ I, M > 0.

Next, consider the problem

u′(t) = −Mu(t) + σ(t), t ∈ I, u(0) = u0. (4)

Theorem 2.2. Problem (4) has a unique solution on I, given by

u(t)al = −e
Mt

2
U1(t, a) +

e−Mt

2
U2(t, a), a ∈ [0, 1], t ∈ I, (5)

u(t)ar =
eMt

2
U1(t, a) +

e−Mt

2
U2(t, a), a ∈ [0, 1], t ∈ I, (6)

where

U1(t, a) = diam([u0]a) +
∫ t
0
diam([σ(s)]a)e−Ms ds,

U2(t, a) = (u0)al + (u0)ar +
∫ t
0

(σ(s)al + σ(s)ar) e
Ms ds.

Example 2.2. Consider the particular case of (4)

u′(t) = −3u(t) + χ[0,1], t ∈ I, u(0) = u0 = χ{1}, (7)

whose solution (see Fig. 3) is given, using Theorem 2.2, by the expression

[u(t)]a =

[
2− e3t + 5e−3t

6
,
e3t + 5e−3t

6

]
, a ∈ [0, 1], t ∈ I.

The midpoint and the diameter of the level sets of u are mp([u(t)]a) =
1
6 (5e−3t + 1), diam([u(t)]a) = 1

3 (e3t − 1), a ∈ [0, 1], t ∈ I (see Fig. 4). Note

that the diameter of the level sets tends to +∞, situation not desirable

from the point of view of applications, but the midpoint tends to 1
6 as t

tends to +∞. In fact, the expression of the midpoint of [u(t)]a is the same

of problem (3). As expected,2 the expression of the diameter of the level

sets of u can be derived from the expression of the diameter of the level

sets of the solution to (3), replacing M by −M .
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Fig. 3. Endpoints of the a-level set of the solution to problem (7).
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Fig. 4. Midpoint and diameter of the level sets of the solution to (7).

2.3. u′(t) = Mu(t) + σ(t), t ∈ I, M > 0

Let us study the problem

u′(t) = Mu(t) + σ(t), t ∈ I, u(0) = u0. (8)

Theorem 2.3. Problem (8) has a unique solution on I, given by

u(t) = u0χ{eMt} +

∫ t

0

σ(s)χ{eM(t−s)} ds, t ∈ I. (9)

Example 2.3. Next, we analyze the behavior of the solutions to problem

u′(t) = 3u(t) + χ[0,1], t ∈ I, u(0) = u0 = χ{1}. (10)

According to Theorem 2.3, the solution to (10) is given by u(t) =

χ
[e3t, 4e

3t−1
3 ]

, t ∈ I, (see Fig. 5). The midpoint and the diameter of the

level sets of the solution are mp([u(t)]a) = 1
6 (7e3t − 1), diam([u(t)]a) =

1
3 (e3t − 1), a ∈ [0, 1], t ∈ I (see Fig. 6).
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Fig. 5. Endpoints of the level sets of the solution to problem (10).
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Fig. 6. Midpoint and diameter of the level sets of the solution to (10).

2.4. u′(t)−Mu(t) = σ(t), t ∈ I, M > 0

Finally, consider the problem

u′(t)−Mu(t) = σ(t), t ∈ I, u(0) = u0. (11)

Theorem 2.4. Define

W1(t, a) = diam([u0]a) +
∫ t
0
diam([σ(s)]a)eMs ds,

W2(t, a) = (u0)al + (u0)ar +
∫ t
0

(σ(s)al + σ(s)ar) e
−Ms ds.

Expressions

u(t)al = −e
−Mt

2
W1(t, a) +

eMt

2
W2(t, a), (12)

u(t)ar =
e−Mt

2
W1(t, a) +

eMt

2
W2(t, a), (13)
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for t ∈ I, a ∈ [0, 1], represent the unique solution to problem (11) in I,

if they define a fuzzy number, that is, if u(t)al is nondecreasing, u(t)ar is

nonincreasing in a, and for every t ∈ I, there exists β > 0 such that the

Hukuhara differences u(t+h)−H u(t), u(t)−H u(t−h) exist for 0 < h < β.

Example 2.4. The level sets of the solution of the following problem

u′(t)− 3u(t) = χ[0,1], t ∈ I, u(0) = u0 = χ{1}, (14)

whose endpoints are given by expressions (12) and (13), are

[u(t)]a =

[
7e3t + e−3t − 2

6
,

7e3t − e−3t

6

]
, a ∈ [0, 1], t ∈ I.

See Fig. 7. The midpoint and the diameter of the level sets of the solution

0
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20

25

0 1

u(t)al

u(t)ar

Fig. 7. Endpoints of the level sets of the solution to problem (14).

are

mp([u(t)]a) =
1

6
(7e3t − 1), diam([u(t)]a) =

1

3
(1− e−3t), a ∈ [0, 1], t ∈ I,

whose graphs are shown in Fig. 8. In this example, the diameter of the level

sets is increasing and bounded by its limit as t tends to +∞, which is 1
3 ,

thus the solution does not get very fuzzy as t increases.

In these examples we can observe the properties of invariance of mid-

point (or diameter) of the level sets under certain changes in the equations.

Note that2 the change from u′(t)+3u(t) = σ(t) to u′(t) = −3u(t)+σ(t), or

from u′(t) = 3u(t)+σ(t) to u′(t)−3u(t) = σ(t) preserves the midpoint of the

level sets of the solution, while the diameter changes (replacing M by −M).

On the other hand, passing from u′(t)+3u(t) = σ(t) to u′(t)−3u(t) = σ(t),

or from u′(t) = −3u(t) + σ(t) to u′(t) = 3u(t) + σ(t), the diameter of the
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Fig. 8. Midpoint and diameter of the level sets of the solution to (14).

level sets remains invariant, while the expression of the midpoint changes

(replacing M by −M). Both changes have to be made (in the midpoint

and the diameter of the level sets) if we pass from u′(t) + 3u(t) = σ(t) to

u′(t) = 3u(t) + σ(t), or from u′(t) = −3u(t) + σ(t) to u′(t)− 3u(t) = σ(t).
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	 íkó�öfû��fíkö�û¼ëeë�íkîzï¸ð#ñ�ðTò�ó
N

÷¼ò�êkö�ë�ò�ïeë�í#ò±ï�ò2ë"öfüCðTö�ï�î�

ë�î���ò�î�êaë�ò��fò�ó�ï � R ë�í#ò¸ï�ò2ë¾öfüRó�ò�ñ�ø¼êNûký��Rò�ó�ï � R+

ë�íkò"ï�ò�ëÍö�üTðRöaï�î�ë�î��fò¸ó�ò�ñ�øNêNûký��Rò�ó�ï ����=ñÇï�öfø�û¼ë�î�ö�ê=öfü þ�ÿ���� ô�ò�ý`òEñ�ê ñÇï�òEúaûkò�ê#õ�ò
(yn)

ô"í#î�õ�í ï�ñ$ë�îzï��#ò�ï¸òEú�ûRñ$ë�î�öfê þ
ÿ��üdö�ó�ï�û��/õ�î�ò�ê�ë�ø��=ø�ñfó���ò
n �
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8�9�8

	 íkî�ó�÷ öfó�÷¼ò�ó±÷¼î�ùTò�ó�ò�ê#õ2ò`òEú�ûRñ$ë�î�öfêRï¿ô"î�ë�í úaû#ñ�ï�îz÷¼î�ùTò�ó�ò�ê#õ2òEï¿ô¸ñfï�õ2ö�ê#ï�î�÷¼ò�ó�òE÷ � üdöfóò��kñ�ý`ðkø�ò � � ����ê#÷¼ó�û#õ�í�
 � ö �kî��döJñfê#÷�� î���÷#ñ	� 
�� ��
 ö���ø�ñ=ñ�ê#÷��Vö ����ñ�� � 
���� ��� ó�ñ�ò�üñ�ê#÷ 	 í#ñ�ê#÷#ñ�ð#ñfêkî������ � �Vö ����ñ�� ÿ�� � � � î���÷kñ � � õ�íký`ò�îz÷¼ò�ø"ñ�êR÷ 
 ó�ö���÷¼ö$ô"îzõ��	� ÿ�� � �
	 í#ñ�êR÷kñ�ð#ñfêkîWñfê#÷ �hñ�í#ñfø�î�ê
�añ�ý!� ÿ 
"� � �¸ñ�õ$# ��ó�ö�ûkê#÷Jö�üÍ÷¼î�ùTò�ó�ò�ê#õ2ò|òEú�ûRñ$ë�î�öfêìë�íkò�

öfó �/õ�ñfê �Tò±üdöfûkêR÷=î�ê%� ÿ 
 � � � � &��Wñfê#÷'� ("� �
)jç+* O#FHZ Q$Ka<EY5XdB�<
, ò �Tò ��î�êìô"î�ë�íìë�íkò±üdö�ø�ø�ö$ô"î�ê
�`ò��¼î�ï�ë�ò�ê#õ2ò�ë�íkò�ö�ó�ò�ý �
[\M5KaDRQ$KN? )jç1æRç.-0/$/2143+57698�:�6

∞∑

i=1

1

pi

∞∑

j=i

1

rj

∞∑

k=j

|ak| <∞, þ;� �
:�<>=

∞∑

i=1

1

pi

∞∑

j=i

1

rj

∞∑

k=j

|f(k, α)| <∞, þ 
 �
? 8�5A@B5 α C /7:+<�D�<4E�5�@BDF@G5G:"HJI$D�<�/26�:�<K6L:�<>=M6�8N5PO$14<�IA6 C D�< f C /QI$D�<K6 C <K1ND�1R/QD"<	698�5/A5GI$D"<�=F:�@TSU143M5A<N6�VXW>8�5A<0O�D"@�5AYZ5A@2[\<>D�<RE�5A@BD\I$D"<�/26]:"<N6

c ^ 698�5A@B5Q5B_ C /26T/`:./AD�H�146 C D�<
(yn)

DaO\5$bA1N:�6 C D�< þ
ÿ�� /21NIG8 6�8N:�6 lim
n→∞

yn = c.

c Q$D
DRS ç �Vï�ï�û#ýLò ë�í#ñ$ë þT� � ñ�ê#÷ þ 
 � íkö�ø�÷ ô"î�ë�í
c > 0 �_þ é�ü c < 0ë�íkò_ðkó�öNöfüìîzïAï�î�ý`î�ø�ñfó � ��d ò�ë n0

�Tò_ï�ö øzñ�ó �fò ë�í#ñ$ë ∞∑
i=n0

1
pi

∞∑
j=i

1
rj

∞∑
k=j

|ak| ≤

1
4

ñ�êR÷ ∞∑
i=n0

1
pi

∞∑
j=i

1
rj

∞∑
k=j

|f(k, c)| ≤ c
2 . � ò�ë l∞

�Rò ë�íkò �¸ñ�ê#ñ�õ�í
ï�ðRñfõ2ò ö�ü ñ�ø�ø_ó�ò�ñfø �TöfûkêR÷¼ò�÷ ï�ò�úaûkò�ê#õ2òEï ô"î�ë�ífe

sup
e êkö�ó�ý �gd ò2ë S =

{y ∈ l∞ : |yn| ≤ 2c
üdöfó

n ≥ n0} .
é�ëÍîzï¾êkö�ëÁ÷kî��/õ2û#ø.ë¾ë�ö\ï�ò�òeë�í#ñ$ë

S
îzï�êköfêkò�ý`ð¼ë �

õ2ö�ê ��ò���ñfê#÷`õ2ø�ö�ï�ò�÷`ï�û��#ï�ò�ëÍö�ü
l∞ � ,ÖòV÷¼ò �#êkò�ñ±ýÇñ�ð#ðkî�ê��

T : S → l∞
ñ�ï�üdöfø�ø�ö$ô�ï

Tyn = c−
∞∑

i=n

1

pi

∞∑

j=i

1

rj

∞∑

k=j

(akyk+1 + f(k, yk)) ,
üdö�ó

n ∈ N.

h�ò�ê#õ2ò |Tyn| ≤ c + c
2 + c

2 = 2c � üdö�ó n ≥ n0 �
	 íNû#ï � T ýÇñ�ð#ï
S

î�êaë�ö î�ë�ï�ò�ø�ü � é�ë"î�ï
ò�ñ�ï��`ë�öLï�ò�ò�ë�íRñ$ë

T
îzï"õ2öfêaë�î�êNûkö�û#ï¸ñ�ê#÷

T (S)
ûkêkî�üdöfó�ý`ø��ji�ñfû#õ�í � ��	 íkò�ó�ò�üdöfó�ò � �

� õ�í#ñfû#÷¼ò�ó�k ï �N�NòE÷ìðRö�î�êaë"ë�í#ò�öfó�ò�ý ë�íkò�ó�ò±ò��¼îzï
ë�ï
y ∈ S

ï�û#õ�í=ë�í#ñ�ë
Tyn = yn � , ò

ýÇñ�� �fò�ó�î�ü �|ë�íRñ$ë
(yn)

î�ïÁñ|ï�ö�ø�û¼ë�î�ö�ê öfüTòEúaû#ñ$ë�î�ö�ê þ�ÿ���� �kûkó�ë�í#ò�ó�ýLö�ó�ò
lim

n→∞

yn = c �
	 íkîzï"õ2öfý`ðkø�ò2ë�ò�ï¸ë�íkò±ðkó�öaöfü �
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8�9��
�#ó�ö�ý êkö$ô � ñfï�ï�ûký`ò=ë�í#ñ�ë

pn ≡ 1
î�êAë�íkò«ò�úaû#ñ�ë�î�öfê þ�ÿ���� 	 íkò�ê ë�íkîzï`ò�úaû#ñ�ë�î�öfê

ë�ñ"#fòEï�ë�íkò±üdö�ø�ø�ö$ô"î�ê
��üdö�ó�ý
∆(rn∆2yn) = anyn+1 + f(n, yn). þ � �

	 íkò±üdö�ø�ø�ö$ô"î�ê
� ø�ò�ý`ýÇñfï¸ô"î�ø�ø��Rò|ûRï�òE÷ �
� Ka? ?AO )
çHæTç�W>8�5F= C � 5�@B5A<�I$5M5$b�1N:"6 C D"<

∆(rn∆2zn) = anzn+1, n ∈ N, þ�� �
? 8N5�@B5 a : N → R ^ r : N → R C / :	<�D"<N6;@ C Y C :"H /A5$b�1N5A<�I$5 ? 8 C I$8%8�:Z/ H C <�5$:�@2H�[
C <>=U5���5A<�=�5�<K6 /AD�H 146 C D"<�/ u, v, w : N→ R

/21NI$8j698�:�6

Wn =

un vn wn

∆un ∆vn ∆wn

∆2un ∆2vn ∆2wn

= −1,
O�D�@\:�H�H

n ∈ N.

c Q$D
DTS ç 	 íkò|ð#ó�öNö�ü5î�ï¸ö � �aî�öfûRï�ñfê#÷ìô"î�ø�ø �Tò|öfý`î.ë�ë�òE÷ �
	 íkò|ê#ò��Në d ò�ýLýÇñLô¸ñfï�ðkó�ö �fò�÷ � � � î���÷kñLî�ê'� ÿfÿ � �
� Ka? ?AO )jç�)jç	�J5A6

(un) ^ (vn)
:�<�=

(wn)
:"@B5jH C <�5$:"@2H�[ C <>=U5���5A<�=�5�<K6Q/�D"H�146 C D�<�/D O.698�5F= C � 5A@B5A<�I$5M5GbA1N:�6 C D�< þ
� � :�<�= H 5A6 Mi,k(n)

:"@B5 3 C <>D�@$/\DaO\6�8N5��X:Z/AD"@B:�6 C�
 /3+:�6;@ C _MDaO 698�5�/�5`/AD�H�146 C D�<N/AV W>8�5A< ∆M2,k(n) = M1,k(n),
O�D�@

k = 1, 2, 3, n ∈
N
:"<�=

∆M3,k(n) = M2,k(n + 1),
O�D�@

k = 1, 2, 3, n ∈ N.

,Öò|î�êaë�ó�ö¼÷¼û#õ�ò�ë�íkò±üdö�ø�ø�ö$ô"î�ê��LûRï�ò�üdûkøW÷¼ò �#êkî�ë�î�öfê �
b K��5Z5FdBEFHDTZ )
çHæTç 	 íkòÍüdûkê#õ�ë�î�ö�ê

B : N×R→ R+
�Tò�ø�öfê���ïÉë�ö¸ë�íkòÁï�ò2ë

BF (B ∈
BF )

ô"íkò�ê
• B(n, x1) ≤ B(n, x2)

üdöfó
0 ≤ x1 ≤ x2 �

• B(n, kx) ≤ F (k)B(n, x)
üdö�ó

x > 0
ñ�êR÷Jò��fò�ó �

k ∈ R �
ô"íkò�ó�ò

F : R→ R
î�ï�ñ�õ2öfêaë�î�êNûkö�û#ï � êkö�ê#÷¼ò�õ�ó�òEñfï�î�ê���üdûkê#õ2ë�î�öfê � ï�û#õ�í\ë�í#ñ$ë

F (x) 6=
0
üdöfó

x 6= 0 �
[\M5KND#Q$KN? )
ç )
çQ-Q/$/$143+57698�:"6

rn : N→< ε,∞), ? 8N5�@G5 ε > 0, þ � �
C < 5$b�1N:"6 C D"< þ � �$^ :�<>=	/A5$bA1N5�<>IG5�/ (un) ^ (vn)

:�<�=
(wn)

=U5A<�D�6�5j698R@B5$5jH C <>5G:"@2H�[
C <>=U5���5A<�=�5�<K6 /AD�H 146 C D"<�/\DaO7698 C /\5$bA1N:�6 C D�<�V -Q/$/$143+5\:"H /AD 698�:"6

|f(n, x)| ≤ B(n, |x|), O�D"@\:�H�H x ∈ R
:"<�=�� _R5$=

n ∈ N, þ � �
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8�9��
? 8�5A@B5LO$14<�IA6 C D"< B ∈ BF ^ :"<�= O$14<�IA6 C D"<�/ F

O$14H �XH 698�5FI$D�<>= C 6 C D�<
∞∫

ε

ds

F (s)
=∞, þ & �

:�<>=+698�5A@B5 5G_ C /26 /.: �NDZ/ C 6 C YZ5MI$D�<N/$6�:�<K6 C 698�:"6

|f(n, x)| > C|∆rn|,
O�D"@\5�Y�5A@2[

n ∈ N
:�<>=

x > ε. þ ( �
�J5A6 1R/.=U5A<�D"6]5

Uj = max
k=1,2,3

{|uj |, |vj |, |wj |, |M2,k(j + 1)|, |M3,k(j + 1)|} , þ
ÿ�� �
O�D�@\5AYZ5A@2[

j ∈ N
V��9O

∞∑

j=1

UjB(j, Uj) <∞, þ
ÿ�ÿ��
:�<>=+IGD"<�= C 6 C D"<�/ þT� � :"<�= þ 
 � 8�D�H =M6�8N5�< 698�5A@B5.5G_ C /$6T/0: /AD�H 146 C D"<�D O75GbA1N:�6 C D�< þ � �/21NIG8 698�:�6

yn = αn
un

rn

+βn
vn

rn

+ γn
wn

rn

, ? 8�5A@B5 lim
n→∞

αn = α ^ lim
n→∞

βn = β
:"<�=

lim
n→∞

γn = γ � α ^ β ^ γ � I$D�<N/26]:"<N6T/��UV

c Q$D
DRS ç �kó�öfý d ò�ý`ýÇñ ÿ ë�íkò�ó�ò=òA�¼î�ï�ë�ïLë�íkó�ò�ò«ø�î�êkò�ñfó�ø�� î�ê#÷¼ò�ðTò�êR÷¼ò�êaëJï�öfø�û¼ë�î�öfê#ï
(un) � (vn)

ñ�êR÷
(wn)

ö�üCòEúaû#ñ$ë�î�ö�ê þ
� � ï�û#õ�íJë�í#ñ$ë

Wn =

un vn wn

∆un ∆vn ∆wn

∆2un ∆2vn ∆2wn

= −1. þ
ÿZ� �
�5î�ó�ï
ë � ô�ò\ñfï�ï�ûký`ò±ë�í#ñ$ë þ�ÿ�� � íköføz÷kï � ��ò�õ�ñfû#ï�ò±ñ�ï�ï�ûký`ð¼ë�î�ö�ê#ï"ö�ü 	 íkò�öfó�ò�ý ÿ í#öføz÷
ë�íkò�êìë�íkò�ó�ò±ò��¼îzï
ë�ï"ñÇõ2ö�ê ��ò�ó �fò�ê�ë¸ï�ö�ø�ûkë�î�öfêìö�üCòEúaû#ñ$ë�î�ö�ê þ � � �Kd ò2ë�ûRï"÷¼ò�êköfë�ò

An = −M1,1(n)rnyn + M2,1(n)rn∆yn −M3,1(n)rn∆2yn

Bn = M1,2(n)rnyn −M2,2(n)rn∆yn + M3,2(n)rn∆2yn

Cn = −M1,3(n)rnyn + M2,3(n)rn∆yn −M3,3(n)rn∆2yn,

þ�ÿ 
 �
ô"íkò�ó�ò

yn

îzï�ñ`ï�û#õ�íìõ�öfê �fò�ó���ò�êaë�ï�öfø�û¼ë�î�ö�êìöfüCòEú�ûRñ$ë�î�öfê þ � � ��	 í#ò�êìôeò|ö �¼ë�ñfî�ê
unAn + vnBn + wnCn

= [−unM1,1(n) + vnM1,2(n)− wnM1,3(n)] rnyn+

+ [unM2,1(n)− vnM2,2(n) + wnM2,3(n)] rn∆yn+

+ [−unM3,1(n) + vnM3,2(n)− wnM3,3(n)] rn∆2yn.

þ�ÿ � �

é�ë î�ï«òEñfï�� ë�ö õ�íkò�õ$# ë�í#ñ$ë
unM2,1(n) − vnM2,2(n) + wnM2,3(n) = 0

ñ�ê#÷
−unM3,1(n)+vnM3,2(n)−wnM3,3(n) = 0.

�#ó�ö�ý ë�íkòVñ �Rö ��ò¸òEúaû#ñ�ø�î.ë�î�òEï �Tþ
ÿ � �
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8�9��
ñfê#÷ þ
ÿZ� � � ô�ò\ö �¼ë�ñ�î�ê

unAn + vnBn + wnCn = [−unM1,1(n) + vnM1,2(n) −
wnM1,3(n)]rnyn = −Wnrnyn = rnyn. 	 íNû#ï¸ô�ò ��ò2ë

yn =
un

rn

An +
vn

rn

Bn +
wn

rn

Cn. þ
ÿ � �
�Vðkðkø��aî�ê
�Çö�ðRò�ó�ñ�ë�öfó

∆
üdö�ó þ
ÿ 
 � � ñ�ê#÷Jüdó�ö�ý d ò�ý`ý`ñ � ô�ò±ö �¼ë�ñ�î�ê

∆An = M2,1(n + 1)∆rn∆yn+1 −M3,1(n + 1)f(n, yn)

∆Bn = −M2,2(n + 1)∆rn∆yn+1 + M3,2(n + 1)f(n, yn)

∆Cn = M2,3(n + 1)∆rn∆yn+1 −M3,3(n + 1)f(n, yn).

� û#ýLý`î�ê
� �Tö�ë�í ï�î�÷kò�ï¸ö�ü5ë�í#ò\ñ �Tö �fò�ò�úaû#ñ$ë�î�ö�ê#ï¸ö �fò�ó
n � ôeò �fò�ë





An = A1 +
n−1∑
j=1

M2,1(j + 1)∆rj∆yj+1 −
n−1∑
j=1

M3,1(j + 1)f(j, yj)

Bn = B1 +
n−1∑
j=1

M2,2(j + 1)∆rj∆yj+1 +
n−1∑
j=1

M3,2(j + 1)f(j, yj)

Cn = C1 +
n−1∑
j=1

M2,3(j + 1)∆rj∆yj+1 −
n−1∑
j=1

M3,3(j + 1)f(j, yj).

þ
ÿ � �

hVò�ê#õ�ò � ô�ò±í#ñ��fò
|An|+ |Bn|+ |Cn| ≤ |A1|+ |B1|+ |C1|

+
n−1∑
j=1

(|M2,1(j + 1)|+ |M2,2(j + 1)|+ |M2,3(j + 1)|) |∆rj ||∆yj+1|

+
n−1∑
j=1

(|M3,1(j + 1)|+ |M3,2(j + 1)|+ |M3,3(j + 1)|) |f(j, yj)|.

þ
ÿ � �

d ò2ë�û#ï"÷¼ò�êkö�ë�ò
hn = |An|+ |Bn|+ |Cn|, n ∈ N þ
ÿ & �

�#ó�ö�ý þ
ÿ � � �Cþ � ���
þ
ÿ�� � ñ�êR÷ þ�ÿ & ��� ôeò±ö �¼ë�ñfî�ê

yj =
1

rj

|ujAj + vjBj + wjCj | ≤
1

ε
Uj(|Aj |+ |Bj |+ |Cj |) =

1

ε
Ujhj . þ
ÿ ( �

�#ó�ö�ý þ
ÿ � � �Cþ
ÿ & � ñ�ê#÷ þ
ÿ�� � � ô�ò �fò�ë

hn ≤ h1 + 3

n−1∑

j=1

Uj |∆rj ||∆yj+1|+ 3

n−1∑

j=1

Uj |f(j, yj)|. þT�U� �
�#ó�ö�ý 	 íkò�ö�ó�ò�ý ÿ � ë�íkò�ó�ò±ò��¼îzï
ë�ï�ñ`õ2ö�ê#ï
ë�ñ�êaë

C1 > 0
ë�íRñ$ë |yj | ≤ C1

2 � üdöfó j ∈ N �
	 íkò�ê |∆yj+1| = |yj+2 − yj+1| ≤ |yj+2| + |yj+1| ≤ C1,

üdöfó
j ∈ N � �kó�öfýõ�öfê#÷¼î�ë�î�öfê þ ( ��� ô�ò±ö �¼ë�ñ�î�ê

|∆rj ||∆yj+1| ≤
C1

C
|f(j, yj)|. þT�kÿ��
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8�9��
h�ò�ê#õ2ò � üdó�ö�ý þ ( � �Wþ�ÿ & � �Wþ
ÿ ( � ñ�êR÷ þ;�¼ÿ���� ô�ò ��ò2ë

hn≤ h1 + 6C∗

n−1∑
j=1

Uj |f(j, yj)|

≤ h1 + 6C∗

n−1∑
j=1

Uj |f(j, 1
rj

(Ajuj + Bjvj + Cjwj)|

≤ h1 + 6C∗

n−1∑
j=1

Uj(Bj ,
1
ε
Ujhj),

ô"íkò�ó�ò
C∗ = max{1, C1

C
} � , ò/ï�ò2ë

bn = h1 + 6C∗

n−1∑
j=1

UjB(j, 1
ε
Ujhj). 	 íkò�ê

bn ≥ hn � üdöfó n ∈ N � ��ðkð#ø��Nî�ê
�±öfðTò�ó�ñ$ë�ö�ó
∆

üdöfó¾ï�òEúaûkò�ê#õ�ò
(bi) � ô�òeö �¼ë�ñfî�ê ∆bi =

6C∗UiB(i, 1
ε
Uihi).

�kó�öfý 
 ò��Rêkî.ë�î�ö�ê ÿ � ô�ò �fò2ë ∆bi

F (bi)
≤ 6C∗F ( 1

ε
)UiB(i, Ui).

� î�ê#õ2ò�üdûkê#õ�ë�î�ö�ê
F

îzïVêkö�ê#÷¼òEõ2ó�ò�ñfï�î�ê
�`ë�íkò�ê üdûkê#õ2ë�î�öfê 1
F

î�ï¿êköfê#î�ê#õ�ó�òEñfï�î�ê�� ��	 íNû#ï
ôeò¿ö �¼ë�ñ�î�ê/ë�íkòVüdö�ø�ø�ö$ô"î�ê
��î�êkò�úaû#ñfø�î�ë � ∆bi

F (bi)
≥

bi+1∫
bi

dt
F (t) .

�kó�öfý ñ �Rö ��ò � ôeò¿ö �¼ë�ñ�î�ê

bi+1∫

bi

dt

F (t)
≤ 6C∗F (

1

ε
)UiB(i, Ui), for all i ∈ N. þT��� �

���Öï�ûký`ýÇñ$ë�î�öfê ôeò ��ò2ë bn∫
b1

dt
F (t) ≤ 6C∗F ( 1

ε
)

n−1∑
i=1

UiB(i, Ui).
, ò=ô"î�ø�ø�û#ï�òJë�íkò

üdöfø�ø�ö$ô"î�ê
��ê#ö�ë�ñ�ë�î�öfê x∫
ε

dt
F (t) = G(x). 	 íkîzï5î�ý`ðkø�î�òEïCë�í#ñ�ë bn∫

b1

dt
F (t) = G(bn)−G(b1).

�kó�öfý þT�U� � � ôeòÇö �¼ë�ñfî�ê
G(bn) ≤ G(b1) + 6C∗F ( 1

ε
)

n−1∑
i=1

UiB(i, Ui).
�kûkêRõ�ë�î�öfê

G
îzï�î�ê#õ�ó�òEñfï�î�ê��\ë�í#ò�ê

G−1 î�ï�î�ê#õ2ó�ò�ñ�ï�î�ê
� � ñfø�ï�ö � �kó�öfý þ & ��� ô�ò±ï�ò�ò¿ë�í#ñ$ë
G(b1) +

6C∗F ( 1
ε
)

n−1∑
i=1

UiB(i, Ui)
�Rò�ø�ö�ê
��ïeë�öLë�íkò|÷¼öfýÇñ�î�êJöfüWüdûkêRõ�ë�î�öfê

G−1 � üdöfó"ñfø�ø
n ∈

N ��	 íkò�ó�ò�üdöfó�òVë�íkò�ó�ò±ò��¼î�ï�ë�ï
bn

ï�û#õ�í=ë�í#ñ�ë

bn ≤ G−1[G(b1) + 6C∗F (
1

ε
)

n−1∑

i=1

UiB(i, Ui)].

, ò\ï�ò2ë ∞∑
j=1

UjB(j, Uj) = S. � ö � ô�ò±ö �¼ë�ñ�î�ê

hn = |An|+ |Bn|+ |Cn| ≤ G−1(G(|A1|+ |B1|+ |C1|) + 6C∗F (
1

ε
)S) = C̄.

�kó�öfý þ � ���Wþ
ÿ�� � �Wþ�ÿ ( � �
þT�kÿ�� ñfê#÷Jð#ó�ö�ðRò�ó�ë�î�òEïeöfüCüdû#ê#õ�ë�î�ö�ê
f � ô�ò|ö �kë�ñ�î�ê

|M2,i(j + 1)||∆rj ||∆yj+1| ≤ UjC
∗|f(j, yj)| ≤ C∗F (

1

ε
C̄)UjB(j, Uj)
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8�9��
ñfê#÷

|M3,i(j + 1)||f(j, yj)| ≤ C∗F (
1

ε
C̄)UjB(j, Uj), i = 1, 2, 3, j ∈ N.

�#ó�ö�ý þ
ÿ�ÿ�� ï�ò�ó�î�òEï
∞∑

j=1

M2,i(j + 1)∆rj∆yj+1
ñ�ê#÷ ∞∑

j=1

M3,i(j + 1)f(j, yj), i = 1, 2, 3

ñfó�ò«ñ �#ï�öfø�û¼ë�òìõ�öfê �fò�ó���ò�êaë � 	 íkò�ê üdó�ö�ý þ
ÿ � � �#êkî�ë�ò«ø�î�ý`î�ë�ï`ö�ü
An � Bn

ñfê#÷
CnòA�Nîzï�ë � �¿ï�î�ê
� þ
ÿ � ��� ôeò ��ò2ë¸ë�íkò±ë�íkò�ï�îzï �

�Vö$ô � ô�òÍô"î�ø�øNðkó�ö �fò�ë�íkî�ïWë�í#ò�öfó�ò�ý üdö�óCñ�ê �¿ë�íkó�ò�òeø�î�êkòEñ�ó�ø���î�êR÷¼ò�ðTò�ê#÷kò�êaë�ï�öfø�û¼ë�î�ö�ê#ï
(ũn) � (ṽn)

ñ�ê#÷
(w̃n)

ö�ü¼òEú�ûRñ$ë�î�öfê þ
� � ��d ò�ë (un) � (vn)
ñ�ê#÷

(wn)
�RòÁë�íkó�ò�ò¾ø�î�ê#ò�ñ�ó�ø��

î�ê#÷¼ò�ðRò�ê#÷¼ò�êaë ï�ö�ø�ûkë�î�öfê#ïJö�ü\ò�úaû#ñ�ë�î�öfê þ
� � üdûkø��Rø�ø�î�ê�� õ2ö�ê#÷¼î�ë�î�öfê þ�ÿ�� � � 	 íkò�ê üdö�ó
ï�öfý`ò|õ2ö�ê#ï
ë�ñ�êaë�ï

ci � i = 1, 2, ..., 8, 9
ôeò±í#ñ���ò

un = c1ũn+c2ṽn +c3w̃n, vn = c4ũn+c5ṽn +c6w̃n, wn = c7ũn+c8ṽn +c9w̃n.
�Vö$ô �

Ũj = max
k=1,2,3

{
|ũj |, |ṽj |, |w̃j |, |M̃2,k(j + 1)|, |M̃3,k(j + 1)|

}
.

,Öò|ô"î�ø�øWï�íkö$ô ë�í#ñ$ë¸ë�íkò\õ2ö�ê#÷¼î�ë�î�öfê þ
ÿ�ÿ�� íköføz÷kï �
� ò�ë c̃ = max

k=1,...,9
|ci|.

h�ò�ê#õ2ò
Uj ≤ max{3c̃, 9c̃2}Ũj . d ò2ë c∗ = max{3c̃, 9c̃2}.

	 íkò�ó�ò�üdöfó�ò � ô�ò �fò2ë"î�êkò�úaû#ñfø�î�ë�î�ò�ï
UjB(j, Uj) ≤ c∗ŨjB(j, c∗Ũj) ≤ c∗ŨjF (c∗)B(j, Ũj),ñfê#÷

∞∑

j=1

UjB(j, Uj) <∞.

,Öò=ï�ò�òÇë�í#ñ$ëLñfï�ï�ûký`ð¼ë�î�ö�ê#ï|öfü 	 í#ò�öfó�ò�ý � íkö�ø�÷ üdö�ó�ï�öfø�û¼ë�î�öfê#ï
(un) � (vn)

ñfê#÷
(vn)

ñfø�ï�ö � 	 íkò�êÇë�íkò�ë�íkò�ï�îzïÁíkö�ø�÷#ï � 	 íkî�ï�õ2ö�ý`ðkø�ò�ë�òEï¾ë�í#òVðkó�öNö�üjö�üjë�íkî�ï 	 íkò�öfó�ò�ý �
�Vö$ô � ô�òÇõ2ö�ê#ï�îz÷¼ò�ó�ñ«ï�ðRòEõ2îzñ�ø¾õ�ñ�ï�òLö�ü�ò�úaû#ñ$ë�î�ö�ê þ � � � ô"í#ò�ó�ò

an ≡ 0 � hVò�ê#õ�ò
ë�íkî�ï�ò�úaû#ñ$ë�î�ö�êJë�ñ"#�ò�ï�ë�í#ò¿üdö�ø�ø�ö$ô"î�ê
�Lüdöfó�ý

∆(rn∆2yn) = f(n, yn). þT� 
 �
� DRQ DTXHX1O¼Q > )
çHæTç7-Q/$/$143+57698�:"6 I$D�<>= C 6 C D�<N/ þT� �$^Áþ 
 �$^Áþ � � �
þ ( � :�<>= þ
ÿfÿ�� 8ND�H =�V� 5�6L1R/\=U5A<�D�6�5

Uj = max

{
j,

j∑

i=1

j − i

ri

,

j∑

i=1

i + 1

ri

}
.
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yn =
αn

rn

+
βn

rn

n +
γn

rn

n∑

i=1

n− i− 1

ri

,

? 8�5A@B5 αn ^ βn ^ γn

8N:�Y�5M: �X< C 6]5.H C 3 C 6 /AV
c Q$D
DRS ç�� úaû#ñ$ë�î�ö�ê

∆(rn∆2zn) = 0
í#ñfï�ë�íkó�ò�ò±ø�î�êkò�ñfó�ø��/î�ê#÷¼ò�ðRò�ê#÷¼ò�êaëVï�öfø�û¼ë�î�öfêRï

un = 1, vn = n
ñ�ê#÷

wn =

n−1∑

i=1

i−1∑

j=1

1

rj

=

n∑

i=1

n− i− 1

ri

.
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It is known that solutions of certain classes of linear hyperbolic systems with

nonlinear boundary conditions and consistent initial conditions can be written

via the iteration of a map of the interval. In this work we characterize the

solutions of such problems, with a vortex as initial condition and the iteration

of a bimodal map of the interval, using the bimodal topological invariants.

1. Introduction

There are nonlinear boundary value problems the investigation of which

is reduced to the investigation of low-dimensional or even one-dimensional

DS. The study of such problems was began still at the first half of 80th.1

At that time, the theory of one-dimensional DS possessed certain tools

allowing effectively and sufficiently deeply to study properties of solutions

of such BVP.

Actually every achievement into the theory of low-dimensional DS can

be transformed into new usefull results for these BVP. Prof. Sousa Ramos

had initiated in Portugal investigations on application of symbolic dynamics

to the study of various classes of low-dimensional and, first of all, one-

dimensional DS. Later he offered to use results of these investigations in

describing properties of BVP solutions. Our paper deals with just the such

researches started still under direct participation of Prof. Sousa Ramos.

At the beginning of the paper we also consider one of the simplest n-

dimensinal BVP with linear PDE, the investigation of which is reduced

to one-dimensional DS. Generally, such reducing can be realized even for
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some classes of BVP that include piecewise linear PDE and essentially more

complicated boundary conditions.

2. A Certain Class of Boundary Value Problems

Consider the following linear hyperbolic system




∂u

∂t
=

m∑

i=1

ai

∂u

∂xi

+ a
∂u

∂y

∂v

∂t
=

m∑

i=1

bi
∂v

∂xi

+ b
∂u

∂y
,

(1)

with u = u( t, x1, x2, . . . , xm, y) and v = v( t, x1, x2, . . . , xm, y) being

functions of the arguments t ∈ R
+, x1, . . . , xm ∈ R, and y ∈ [0, 1]. Assume

both u and v are subject to the nonlinear boundary conditions
{
u|y=0 = v|y=0

u|y=1 = f(v|y=1),
(2)

with f : R→ R, and to some initial conditions
{
u|t=0 = u0(x1, x2, . . . , xm, y)

v|t=0 = v0(x1, x2, . . . , xm, y) .
(3)

A similar problem was considered by Maistrenko2 where the solution

representation was given and the continuous dependence on perturbations

was investigated.

It is convenient for us to represent the general solution of (1) in the form

u (t, x1, ..., xm, y) = φ(x1 − a1

a
y, . . . , xm − am

a
y, t+ 1

a
y),

v (t, x1, ..., xm, y) = ψ(x1 − b1
b
y, . . . , xm − bm

b
y, t+ 1

b
y),

where φ, ψ are arbitrary (differentiable) functions. Then, the equality φ = ψ

follows from the first boundary condition in (2). Using the second condition,

we obtain that, for a < 0 < b, the solution of the boundary value problem

(1), (2) can be written as

u (t, x1, ..., xm) = w(x1 − a1

a
y, . . . , xm − am

a
y, t+ 1

a
y),

v (t, x1, ..., xm) = w(x1 − b1
b
y, . . . , xm − bm

b
y, t+ 1

b
y),

(4)

where w(x1, . . . , xm, y), with x1, . . . , xm ∈ R, y ≥ 1/a, is the solution of

the difference equation

w(x1 + c1, . . . , xm + cm, y + d) = f
(
w(x1, . . . , xm, y)

)
, (5)

ci = ai/a− bi/b, i = 1, ...,m, d = 1/b− 1/a. For this difference equation,

the initial condition w0 = w0(x1, . . . , xm, y), x1, . . . , xm ∈ R and y ∈
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[y0, y0 + d) with y0 = 1/a, follows from the initial conditions (3) for the

problem (1),(2):

w0 =

{
u0(x1 + a1y, . . . , xm + amy, ay) if y ∈ [1/a, 0],

v0(x1 + b1y, . . . , xm + bmy, by) if y ∈ (0, 1/b).
(6)

Hence, the solution of the difference equation (5) with the initial con-

dition w = w0 if x1, . . . , xm ∈ R, y ∈ [1/a, 1/b) can be represented for

y ∈ [nd+ 1/a, nd+ 1/b) in the form

w(x1, . . . , xm, y) = fn
(
w0(x1 − nc1, . . . , xm − ncm, y − nd)

)
. (7)

This means that, with (4) and (7), the solution of the problem (1), (2), (3)

also is computed via the iterations of the map f . The latter allows us to

realize sufficiently deep study of solution properties of the boundary value

problems in the form (1), (2).

Consider the (simplest) case m = 1, namely, the linear hyperbolic

system




∂u

∂t
= −∂u

∂x
− ∂u

∂y
∂v

∂t
=

∂v

∂x
+
∂v

∂y
, x ∈ R, y ∈ [0, 1], t > 0,

(8)

under the nonlinear boundary conditions
{
u|y=0 = v|y=0

v|y=1 = f (u|y=1) ,
(9)

with f a bimodal map of the interval I = [−1, 1], and subject to some initial

conditions
{
u|t=0 = u0(x, y)

v|t=0 = v0(x, y).
(10)

In this case, the solution of (8)-(10), at times t = 2n, is given by
{
u(2n, x, y) = fn

(
u0(x, y)

)

v(2n, x, y) = fn
(
v0(x, y)

)
, n ∈ N0.

Suppose now that we assume a vortex as initial condition,
{
u0(x, y) = 2 y − 1

v0(x, y) = −2x, (x, y) ∈ Rα,

defined on a region Rα = {x2 + (y − 1/2)2 = α2/4, α < 1} of the plane,

see Figure 1, and choose f(x) = −0.21 − 2.4x + 0.21x2 + 3.4x3. The
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Fig. 1. The inital vortex defined on Rα.

t = 0 t = 2 t = 4

following sequence of pictures gives us snapshots, at times t = 0, 2, 4, for

the evolution of the initial vortex under the map f . We claim that there is

a striking resemblance with turbulence phenomena, e.g., the growth with

time of the number of vortices, worth exploring. The object of this paper is

to use symbolic dynamics techniques to describe both the growth number

of vortices and its spatial distribution of the BVP solution for the family

of bimodal maps of the interval [−1, 1],

f(x) = fab(x) = ax3 + bx2 + (1− a)x− b , (a, b) ∈ Ω,

with Ω a suitable region of the plane, see Skjolding et al.3

3. A Bimodal Boundary Condition

In this section we consider the class of BVPs described by (8), with a vortex

as initial condition, and subject to a boundary condition characterized by
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a bimodal map of the interval f . The first observation is that the vortices

center, at a time t = 2n, are related with the zeros of the map fn.

Let ζ1 < · · · < ζ2N+1 denote the zeros of fn, for some integer N > 0,

and assume that (fn)′(ζk) 6= 0, for k = 1, . . . , 2N + 1. Then, it is an easy

exercise to see that the centers of the vortices of the BVP solution, at time

t = 2n, occur precisely at the points P (η2i+1, ξ2j+1) and P (η2i, ξ2j), for

i, j = 1, . . . , N , with

ηk = −ζk/2, k = 1, . . . , 2N + 1

ξk = (ζk + 1)/2.

Next, we define the growth number of vortices of a bimodal BVP as

ρ(f) = lim
k→+∞

(Nk)1/k ,

in which Nk denotes its number of vortices, at time t = 2k. The following

theorem relates ρ(f) with an important dynamical property of the map f .

Theorem 3.1. The growth number of vortices of a BVP characterized by

a bimodal map f of the interval I is equal to its growth number of laps.

Proof. Since we are going to use symbolic dynamics techniques, consider

the following bimodal alphabet: let A and B be the addresses of the critical

points of the map, and L,M,R the addresses of every point belonging,

respectively, to the subinterval on the left of the first critical point, to the

subinterval defined by both critical points, and to the subinterval on the

right of the second critical point.

Given the itinerary it(x) = S0S1 · · · of a point x ∈ I , we define its n-

itinerary as the subsequence of the first n+1 symbols, itn(x) = S0S1 · · ·Sn.

Consider now the following symbolic classification of n-itineraries: we say

that a n-itinerary itn(x) is of Type 1, if none of its symbols are equal to A

or B; of Type 2, if Sn is the only of its symbols equal to A or B; and of

Type 3, if Sk is equal to A or B, for some 0 6 k 6 n− 1.

Let us denote by #1(n), #2(n), and #3(n) the number of n-itineraries

of type one, two, and three, respectively. From its definition, we have #3(n+

1) = #3(n) + #2(n). Furthermore, there is a precise relation between the

number of laps of fn and Type 3 n-itineraries.

Lemma 3.1. The number of laps of fn
can be computed from the number

of Type 3 n-itineraries, `(fn) = #3(n) + 1.

For latter use, it is convenient to distinguish the sequences of Type 2 ending

with a symbol Sn = A, from those ending with Sn = B. Let #2A(n) denote
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the number of Type 2 n-itineraries with Sn = A, and #2B(n) the number

of those such that Sn = B.

Since not all laps of fn correspond to zero crossings, the problem is to

count the number of positive and negative extrema of fn. The following

two lemmas state that some of that information can be obtain from a

subsequence of the n-itineraries.

Lemma 3.2. Given a Type 3 n-itinerary itn(x) = S0 · · ·Sn, let k be the

largest integer such that Sk = A. Then, x is a maximum of fn
if the parity

of the subsequence Sk+1 · · ·Sn is equal to +1, and a minimum otherwise.

Proof. From the expression for the second derivative of fn(x),

(
fn

)
′′

(x) = f ′′(x) f ′(x(1)) f ′(x(2)) · · · f ′(x(n−2)) f ′(x(n−1))+

+f ′(x)2f ′′(x(1)) f ′(x(2)) · · · f ′(x(n−2)) f ′(x(n−1))+

+f ′(x)2f ′(x(1))2f ′′(x(2)) · · · f ′(x(n−2)) f ′(x(n−1)) + . . .

· · ·+ f ′(x)2f ′(x(1))2f ′(x(2)) · · · f ′(x(n−2))2f ′′(x(n−1))

with x(k) = fk(x), k = 1, 2, ..., we observe that, if S0 · · ·Sn has only one

symbol Sk = A, all terms are null except one, in which case

(
fn

)
′′

(x) = f ′(x)2 · · · f ′(x(k−1))2 f ′′(x(k)) f ′(x(k+1)) · · · f ′(x(n)) .

Therefore, the signal of
(
fn

)
′′

(x) is equal to the signal of

f ′(x(k+1)) · · · f ′(x(n)), i.e., the parity of the subsequence Sk+1 · · ·Sn, and

the required statement follows easily.

Now observe that, if S0 · · ·Sn has two symbols Sk−m = Sk = A, then

both the second and the third derivatives of fn are zero, and that the only

term different from zero of its fourth derivative is given by

(
fn

)(4)
(x) = 3f ′(x)4 · · · f ′(x(k−m−1))4 f ′′(x(k−m))2 f ′(x(k−m+1))2 · · ·

· · · f ′(x(k−1))2 f ′′(x(k)) f ′(x(k+1)) · · · f ′(x(n−1)),

from which we get the same conclusion. By direct computation it is further

possible to analyze the situation for any number of symbols A and prove

the stated result.

Similarly, there is an analogous result for n-itineraries with a symbol B.

Lemma 3.3. Given a Type 3 n-itinerary itn(x) = S0 · · ·Sn, let k be the

largest integer such that Sk = B. Then, x is a minimum of fn
if the parity

of the subsequence Sk+1 · · ·Sn is equal to +1, and a maximum otherwise.
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Since after any symbol A or B of an itinerary comes the corresponding

kneading sequence of the map f , the lemmas above guarantee that we can

get the number of positive and negative extrema, i.e., the number of zero

crossings of fn, from a detailed analysis of the kneading data Kf . However,

to avoid some cumbersome technicalities, we will assume now a very simple

form for the kneading sequences of f . The generalization for any kneading

data, being not easy, follows closely.

Suppose Kf = (Rm−1A,Lk−1B), for some integers m, k > 2. Then,

every Type 3 n-itinerary with Sn = A corresponds to a negative maximum,

otherwise it corresponds to a positive maximum. Likewise, every Type 3

n-itinerary with Sn = B corresponds to a positive minimum, otherwise it

corresponds to negative minimum. Therefore, the number of zero crossings

of fn, #z(n), is given by

#z(n) = #3(n) + 1−
∑

n−mj>0

#2A(n−mj)−
∑

n−kj>0

#2B(n− kj).

Thus, the following inequality holds

#z(n) > #3(n) + 1−
∑

n−mj>0

#2(n−mj)−
∑

n−kj>0

#2(n− kj),

with n− kj 6= n−mj, from which we have

#z(n) > #3(n) + 1−
∑

n−mj>0

(
#3(n−mj + 1)−#3(n−mj)

)
−

−
∑

n−kj>0

(
#3(n− kj + 1)−#3(n− kj)

)
.

Then, since #z(n) < `(fn), we conclude that the growth number of zero

crossings of the map f is equal to the growth number of Type 3 n-itineraries,

and thus to the growth number of its laps, as required. �

This theorem gives a generalization to bimodal maps of a previous result by

Severino et al 4 , stated for unimodal maps of the interval. However, there is

a significant difference, since the vortices spatial distribution for a bimodal

BVP is no longer necessarily symmetric, as it was for the unimodal class.

4. The Spatial Distribution of Vortices for a Bimodal BVP

Although, at the first sight, it might look like a straightforward generaliza-

tion from the unimodal situation, the bimodal class of BVPs exhibits spatial

patterns of vortices which never occur for the former family of BVPs. Thus,

we now turn our attention to the characterization of the vortices’ spatial

distribution of a bimodal BVP.
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Given a BVP associated with a bimodal map f , with critical points c1
and c2, let

δ(f) = 1− λ(c2)− λ(c1),

where λ : [0, 1]→ [0, 1] is the map introduced by Milnor and Thurston5 ,

λ(x) = lim
t→1/s

L([−1, x], t)

L([−1, 1], t)
,

with s the growth number of laps of f , and L(J, t) is given by

L(J, t) =

∞∑

n=1

`(fn|J) tn−1, J ⊂ [−1, 1].

Now, it is important to make a few observations about this quantity: first,

it is obvious that, for any antisymmetric bimodal map f , we have δ(f) = 0.

Therefore, δ(f) measures the deviation of the map f from the antisymmetric

situation. Second, it uses the values of λ at c1 and c2 because our symbolic

methods are best suitable to deal with data taken from the critical points

of the map. Finally, introducing I1 = [−1, c1] and I2 = [c2, 1], we find that

δ(f) = ∆f (I2)−∆f (I1) is the difference between

∆f (I2) = lim
t→1/s

L([c2, 1], t)

L([−1, 1], t)

and

∆f (I1) = lim
t→1/s

L([−1, c1], t)

L([−1, 1], t)
.

As pointed out by Milnor and Thurston,5 ∆f (I2) and ∆f (I1) can be re-

garded as the probability of a randomly chosen lap of the map fn, for a

large value of n, is totally contained in I2 and I1, respectively. But, since the

arguments that allow us to proof Theorem 3.1 can be use to state that the

growth number of zeros of f in I2 and I1 are equal to the growth number

of laps of f contained in these subintervals, we can conclude that the pro-

posed quantity δ(f) measures the difference of probabilities of a randomly

chosen zero of fn, for large n, to be in I2 and in I1. Therefore, δ(f) give

us a asymptotical measure of the difference of the percentages of vortices

of the BVP in the two regions R1 = I1 × I1 and R2 = I2 × I2. In the

following figure we pictured these two regions and, schematically, identified

the position of the vortices for the bimodal map considered and for a time

t = 4 (compare it with the picture given from the numerical solution of the

BVP). The next theorem gives an expression for δ(f) in terms of the growth
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number and a second topological invariant introduced by Sousa Ramos, see

Almeida et al 6 , for bimodal maps.

Theorem 4.1. For a BVP associated with a bimodal map f , we have

δ(f) = (3s+ 2r − 3)/(2s).

Proof. It is an easy consequence of the definition of δ(f) and the bimodal

second topological invariant r = r(f).

5. Conclusions

From the results shown above, Theorem 3.1 and Theorem 4.1, we conclude

that the topological classification of the family of bimodal maps establishes

a classification of the space-time evolution of the bimodal class of BVPs

with an initial vortex.
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In this paper, by solving the (2+1)-dimensional discrete spectral equations,

we demonstrate the existence of infinitely many conservation laws for sev-

eral (2+1)-dimensional differential-difference hierarchies and obtain the corre-

sponding conserved densities and associated fluxes.

1. Introduction

In recent years there has been wide interest in the study of nonlinear in-

tegrable differential-difference systems. It is well known that integrable

differential-difference systems not only possess rich mathematical struc-

tures, such as the Lax pairs, the Hamiltonian structures, infinitely many

conservation laws, the Bäcklund transformation, and soliton solutions, but

also have applications in many fields, such as mathematical physics, nu-

merical analysis, statistical physics, quantum physics, etc. It is known that

demonstrating the existence of infinitely many conservation laws for a dis-

crete system and deriving the corresponding conserved densities and the

associated fluxes are very interesting and important. There are several mo-

tives to find conservation laws of a discrete system. First, the existence of

infinitely many conservation laws is an important indicator of integrability

of the discrete system. The second, from physical view, it is important to

know whether there exist conservation laws for a discrete system, since the

first few conservation laws usually have physical meaning, such as the con-

served momentum and energy. The third, the conservation laws are also very

useful to numerical analysis for a discrete system. This is due to the fact

that we hope the solution to a difference model satisfies the corresponding

conservation laws.

By solving the corresponding discrete spectral problem, infinitely many

conservation laws for a number of (1+1)-dimensoional differential-difference
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hierarchies have been given1−3. In this paper, our aim is to demonstrate the

existence of infinitely many conservation laws for several (2+1)-dimensional

differential-difference hierarchies and to obtain the corresponding conserved

densities and associated fluxes by solving the (2+1)-dimensional discrete

spectral equations.

2. Conservation laws for several (2+1)-dimensional

differential-difference hierarchies

For a (2+1)-dimensional differential-difference system

F

(
∂qn
∂t

,
∂2qn
∂t2

,
∂qn
∂y

,
∂2qn
∂y2

, ..., qn−1, qn, qn+1, ...

)
= 0, (1)

where qn = q(n, t, y) (with n a discrete variable, and t and y continuous

variable), if there exist functions ρn, ηn and Jn such that

(
∂ρn
∂t

+
∂ηn
∂y

)
|F=0 = (E − 1)Jn, (2)

then equation (2) is called the conservation law of equation (1), with

ρn, ηn being the conserved density and Jn the associated flux. In this sec-

tion, by solving the (2+1)-dimensional discrete spectral equation, we will

demonstrate the existence of infinitely many conservation laws for (2+1)-

dimensional Benjamin-Ono (BO) lattice hierarchy, (2+1)- dimensional

Blaszak-Szum (BS) three-field lattice hierarchy, and (2+1)-dimensional BS

four-field lattice hierarchy. The corresponding conserved quantities, con-

served densities and the associated fluxes will be given.

(1) The discrete spectral problems for several (2+1)-dimensional

differential-difference hierarchies

In order to derive the conservation laws, let us first give the discrete spectral

problems for (2+1)-dimensional BO lattice hierarchy, (2+1)- dimensional

BS three-field lattice hierarchy, and (2+1)-dimensional BS four-field lattice

hierarchy. The three differential-difference equation hierarchies admit the

following (2+1)-dimensional discrete isospectral problem:

Eψ(n, t, y, λ) = U(u(n, t, y), λ+ ∂y)ψ(n, t, y, λ), (3)

dψ(n, t, y, λ)

dt
= V (u(n, t, y), λ+ ∂y)ψ(n, t, y, λ), (4)
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where E is a shift operator defined by Efn = fn+1. For the (2+1)-

dimensional BO lattice hierarchy, U and V take the form

U = λ+ ∂y − un, (5)

V =
m∑
l=0

al,m(λ+ ∂y)
m−l; (6)

for the (2+1)-dimensional BS three-field lattice hierarchy, the matrix U and

V = (Vi,j)3×3 are given by

U =




0 1 0

λ− vn−1 + ∂y −pn−1 −un−1

1 0 0


 (7)

V31 = a =

m∑
j=0

aj,m(λ+ ∂y)
m−j , V32 = b =

m∑
j=0

bj,m(λ+ ∂y)
m−j ,

V33 = c =

m∑
j=0

cj,m(λ+ ∂y)
m−j ,

V11 = (Eb)(λ + ∂y − vn−1) +Ec, V12 = Ea− (Eb)pn−1, V13 = −(Eb)un−1,

V21 =

(
E2a− (E2b)pn

)
(λ+ ∂y − vn−1)− (E2b)un,

V22 = (E2b)(λ+ ∂y − vn + pn−1pn) +E2c− (E2a)pn−1,

V23 =

(
(E2b)pn −E2a

)
un−1;

for the (2+1)-dimensional BS four-field lattice hierarchy, the matrix U and

V = (Vi,j)4×4 are written as

U =




0 1 0 0

0 0 1 0

λ− un−2 + ∂y −vn−2 −pn−2 −qn−2

1 0 0 0


 , (8)
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and

V41 = a, V42 = b, V43 = c, V44 = d,

V11 = (Ec)(λ + ∂y − un−2) + Ed, V12 = Ea− (Ec)vn−2, V13 = Eb− (Ec)pn−2,

V14 = −(Ec)qn−2, V21 =
(

E
2
b− (E2

c)pn−1

)

(λ + ∂y − un−2)− (E2
c)qn−1,

V22 = (E2
c)(λ + ∂y − un−1 + pn−1vn−2) + E

2
d− (E2

b)vn−2,

V23 = E
2
a− (E2

c)(vn−1 − pn−1pn−2)− (E2
b)pn−2,

V24 = (E2
c)(pn−1qn−2)− (E2

b)qn−2,

V31 =

[

E
3
a− (E3

c)(vn − pn−1pn)− (E3
b)pn−1

]

(λ + ∂y − un−2)

−(E3
b)qn−1 + (E3

c)(pnqn−1),

V32 =
(

E
3
b− (E3

c)pn
)

(λ + ∂y − un−1)

−(E3
c)(qn − vnvn−2 + pnpn−1vn−2)− (E3

a)vn−2 + (E3
b)(pn−1vn−2),

V33 = (E3
c)(λ + ∂y − un + pnvn−1 + vnpn−2 − pnpn−1pn−2)

+E
3
d− (E3

a)pn−2 + (E3
b)(pn−1pn−2 − vn−1),

V34 = −(E3
a)qn−2 + (E3

c)(vnqn−2 − pnpn−1qn−2) + (E3
b)(pn−1qn−2).

The integrability condition of the spectral problem (3-4) leads to the fol-

lowing discrete operator zero curvature equation:

∂U

∂t
φ = [(EV )U − UV ]φ, (9)

where φ is an arbitrary function. By using the discrete operator zero cur-

vature equation and taking the above U and V , the (2+1)-dimensional

BO lattice hierarchy, the (2+1)-dimensional BS three-field lattice hierar-

chy, and the (2+1)-dimensional BS four-field lattice hierarchy are derived

respectively4,5. Here we write down the first equations for the three (2+1)-

dimensional differential-difference hierarchies. The first equations for the

(2+1)-dimensional BO hierarchy are, respectively,

un,t2 = un,y + 2unun,y +Hun,yy, (10)

un,t3 = un,yyy + un,yy + un,y(3u
2
n + 2un + 3(E − 1)−1un+1,y)

+ 3un(E − 1)−1un+1,yy + (E − 1)−1(3(unun,y)y + 2un,yy)

+ 3(E − 1)−2un+1,yyy (11)
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where the operator H = (E+1)(E−1)−1. The term V associated with the

two equations is, respectively,

V2 = (λ+ ∂y)
2 + λ+ ∂y + 2(E − 1)−1un,y, (12)

V3 = (λ+ ∂y)
3 + (λ+ ∂y)

2 + 3(E − 1)−1un,y(λ+ ∂y)

+ 3(E − 1)−2un+1,yy + (E − 1)−1(3unun,y + 2un,y) (13)

It is interesting to note that equation (10) yields the discrete KP

equation6−8

(E − 1)(qn,t + qn,y − 2qnqn,y) = (E + 1)qn,yy, (14)

where we have set qn = un+1. The first equations for the (2+1)-dimensional

BS three-field hierarchies are given by the following equations:


un

vn

pn



t0

=




unH
−1pn−1

un+1 − un + (E + 1)−1pn,y

vn+1 − vn − pnH−1pn


 , (15)



un

vn

pn



t0

=




un(vn − vn−1)

pnun+1 − pn−1un + vn,y

un+2 − un + pn,y


 . (16)

The corresponding matrix V of the two equations is, respectively,

V =




(E + 1)−1pn−1 1 0

λ− vn−1 + ∂y −(E + 1)−1pn−1 −un−1

1 0 (E + 1)−1pn−2


 (17)

V =



λ+ ∂y 0 −un−1

−un λ+ ∂y 0

pn−2 1 vn−2


 (18)

The first equations for the (2+1)-dimensional BS four-field hierarchies are,

respectively,




un

vn

pn

qn



t0

=




qn+1 − qn +Apn,y

un+1 − un + vn(1−E)Apn

vn+1 − vn − pn(E2 − 1)Apn

qn(E − 1)Apn−1


 , (19)
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


un

vn

pn

qn



t0

=




(E − 1)[qnA(pn + pn−1)] + ∂y[A(vn + vn+1 − pnApn+1)]

qn+2 − qn + (un+1 − un)A(E + 1)pn

−vn(E − 1)A[vn+1 + vn − pnApn+1] +A(pn + pn+1)y

un+2 − un − vn+1Apn+2 + vnApn

−pnA(vn+2 − vn+1) + pn(E
2 − 1)A(pnApn+1)

qn(E − 1)A(vn + vn−1 − pn−1Apn)




(20)


un

vn

pn

qn



t0

=




vnqn+1 − vn−1qn + un,y

pnqn+2 − pn−1qn + vn,y

qn+3 − qn + pn,y

qn(un − un−1)


 (21)

Here the operatorA is defined by A = (E2+E+1)−1 =
∑

∞

k=0(E
3k−E3k+1).

The matrix V associated with the three equations are given, respectively,

V =




Apn−2 1 0 0

0 Apn−1 1 0

λ + ∂y − un−2 −vn−2 −A(pn−1 + pn−2) −qn−2

1 0 0 Apn−3


 (22)

V =









A(vn−2 + vn−1 − pn−2Apn−1) A(pn−1 + pn−2) 1 0

λ + ∂y − un−2 −A(vn−2 + pn−1Apn) −Apn−2 −qn−2

V31 V32 V33 V34

A(pn−2 + pn−3) 1 0 A(vn−3 + vn−2 − pn−3Apn−2)









(23)
where

V31 = (Apn−1)(un−2 − λ− ∂y)− qn−1, V32 = λ+ ∂y − un−1 + vn−2Apn−1

V33 = pn−2Apn−1 −A(vn−1 + pnApn+1), V34 = qn−2Apn−1

V =




λ+ ∂y 0 0 −qn−2

−qn−1 λ+ ∂y 0 0

0 −qn λ+ ∂y 0

vn−3 pn−3 1 un−3


 (24)

We remark here that the (2+1)-dimensional BS differential-difference

equations are the generalizations of the (1+1)-dimensional differential-

difference equations constructed by Blaszak and Marciniak9. Equation (15)
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is also viewed as a two-dimensional generalization of a differential-difference

equation10.

(2) Conservation laws for the (2+1)-dimensional BO lattice hierarchy

Here we first suppose the eigenfunctions ψn is an analytical function of the

arguments. The (2+1)-dimensional BO lattice equations correspond to the

discrete spectral problem

ψn+1

ψn
= λ− un + ∂ylnψn. (25)

Let Γn = ψn+1

ψn
, the spectral problem leads to the following discrete Riccati

equation:

ΓnΓn+1 − Γ2
n + (un+1 − un)Γn =

∂Γn
∂y

(26)

We can give a series solution to the equation. Expand Γn with respect to

λ by the Laurent series

Γn =
∞∑
j=1

λ−jw(j)
n , (27)

and substitute it into equation (26), we obtain

w(1)
n =exp(

∫ y

0

(un+1−un)dy),

w(2)
n =w(1)

n [1+

∫ y

0

(E−1)exp(

∫ y

0

(un+1−un)dy)dy],

w(i)
n =w(1)

n [1+

∫ y

0

exp(

∫ y

0

(un−un+1)dy)
∑
l+s=i

w(l)
n (w

(s)
n+1−w(s)

n )dy], i≥3.

On the other hand, we have

∂

∂t
ln Γn = (E − 1)

∂

∂t
lnψn. (28)

For equations (10) and (11), ∂
∂t
lnψn is described by the following equations,

respectively,

∂

∂t
lnψn = un + u2

n +Hun,y + (2un + 1)Γn + Γ2
n +

∂Γn
∂y

(29)
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and

∂

∂t
lnψn = u3

n + u2
n +Hun,y + un,yy + 3un(E − 1)−1un+1,y

+ 3(E − 1)−2un+1,yy + 3(E − 1)−1(unun,y)

+ Γ3
n + (3un + 1)Γ2

n + (3u2
n + 2un + 3(E − 1)−1un,y)Γn

+
∂

∂y

[
ΓnΓn+1 +

1

2
Γ2
n + (un+1 + 2un + 1)Γn

]
(30)

It follows from equation (28) that

∂

∂t
lnΓn +

∂

∂y
(1−E)Γn = (E − 1)(un + u2

n +Hun,y + (2un + 1)Γn + Γ2
n)

(31)

and

∂

∂t
lnΓn +

∂

∂y
(1−E)[ΓnΓn+1 +

1

2
Γ2
n + (un+1 + 2un + 1)Γn]

= (E − 1)[u3
n + u2

n +Hun,y + un,yy + 3un(E − 1)−1un+1,y

+ 3(E − 1)−2un+1,yy + 3(E − 1)−1(unun,y)

+ Γ3
n + (3un + 1)Γ2

n + (3u2
n + 2un + 3(E − 1)−1un,y)Γn]. (32)

Noting that

∂

∂t
lnΓn =

∂

∂t
lnw(1)

n +
∂

∂t
(

∞∑
k=1

(−1)k+1λ−k

k
Φk), (33)

where

Φ =
∞∑
j=0

λ−jsj , sj = w̄(j+2)
n =

w
(j+2)
n

w
(1)
n

, (34)

and making a comparison of the powers of λ on both sides of equations (31)

and (32), we obtain infinitely many conservation laws of the 2+1 dimension

BO lattice equations (10) and (11),

∂

∂t
ρ(j)
n +

∂

∂y
β(j)
n = (E − 1)J (j)

n , j = 0, 1, 2, ..... (35)

For equation (10), the conserved densities and the associated fluxes are

ρ(0)
n =

∫ y

0

(un+1 − un)dy, β(0)
n = 0, J (0)

n = un + u2
n +Hun,y,

ρ(1)
n = w̄(2)

n , β(1)
n = (1−E)w(1)

n , J (1)
n = (2un + 1)w(1)

n (36)
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and

ρ(j)
n = sj−1 −

1

2

∑
l1+l2=j−2

sl1sl2 +
1

3

∑
l1+l2+l3=j−3

sl1sl2sl3 − ......

+
(−1)j−1

j − 2

∑
l1+l2+...+lj−2=2

sl1sl2 ...slj−2 + (−1)jsj−2
0 s1 +

(−1)j+1

j
sj0,

(37)

β(j)
n = (1−E)w(j)

n , J (j)
n = (2un + 1)w(j)

n +
∑
l+s=j

w(l)
n w(s)

n , j ≥ 2 (38)

For equation (11), the conserved densities and the associated fluxes can be

written as

ρ(0)
n =

∫ y

0

(un+1 − un)dy, β(0)
n = 0,

J (0)
n = u3

n + u2
n +Hun,y + un,yy + 3un(E − 1)−1un+1,y

+3(E − 1)−2un+1,yy + 3(E − 1)−1(unun,y)

ρ(1)
n = w̄(2)

n , β(1)
n = (1−E)[(1 + 2un + un+1)w

(1)
n ],

J (1)
n = (3u2

n + 2un + 3(E − 1)−1un,y)w
(1)
n , (39)

and ρ
(j)
n , β

(j)
n and J

(j)
n (j ≥ 2) are presented by equation (37) and the

following equations respectively,

β(j)
n = (1−E)[(1 + 2un + un+1)w

(j)
n +

∑
l+s=j

w(l)
n (

w
(s)
n

2
+ w

(s)
n+1)]

J (j)
n = (3u2

n + 2un + 3(E − 1)−1un,y)w
(j)
n

+ (3un + 1)
∑
l+s=j

w(l)
n w(s)

n +
∑

l+s+m=j

w(l)
n w(s)

n w(m)
n , j ≥ 2 (40)

It is interesting to note that equations (35)-(38) with qn = un + 1 yield

infinitely many conservation laws of the discrete KP equation.

(3) Conservation laws for the (2+1)-dimensional BS three lattice-field

equations

The (2+1)-dimensional BS three lattice-field equations (15) and (16) relate

to the discrete spectral problem

ψn+1 + pn−1ψn + un−1ψn−2 = (λ− vn−1 + ∂y)ψn−1, (41)
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which leads to the following discrete Riccati-type equation:

Γn−1ΓnΓn+1(Γn+2 − Γn) + Γn−1Γn(pn+1Γn+1 − pnΓn)

+ Γn−1Γn(vn+1 − vn) + un+1Γn−1 − unΓn = Γn−1
∂Γn
∂y

, (42)

The discrete Riccati-type equation also has the solution given by the Lau-

rent series (27) with

w(1)
n = un+1, w(2)

n = un+1[vn+1 − (E − 1)−1∂y lnun+2],

w(i)
n = −un+1(E − 1)−1[

C(n)

un+1un+2
]

where

C(n) =
∑
l+s=i

w(l)
n w

(s)
n+1,y + (vn+1 − vn+2)

∑
l+s=i

w(l)
n w

(s)
n+1

+ pn+1

∑
l+s+m=i

w(l)
n w

(s)
n+1w

(m)
n+1 − pn+2

∑
l+s+m=i

w(l)
n w

(s)
n+1w

(m)
n+2

−
∑

l+s+m+r=i

w(l)
n w

(s)
n+1w

(m)
n+2(w

(r)
n+3 − w

(r)
n+1), i = 3, 4, ......

Note that ∂
∂t

lnψn for equations (15) and (16) are written as, respectively,

∂

∂t
lnψn = Γn + (E + 1)−1pn, (43)

∂

∂t
lnψn = ΓnΓn+1 + pnΓn + vn − λ, (44)

we thus obtain the following two discrete conserved equations:

∂

∂t
lnΓn = (E − 1)(Γn + (E + 1)−1pn), (45)

∂

∂t
lnΓn = (E − 1)(ΓnΓn+1 + pnΓn + vn). (46)

From the above two equations, we obtain infinitely many conservation laws

of the (2+1)- dimensional BS three lattice-field equations (15) and (16),

∂

∂t
ρ(j)
n = (E − 1)J (j)

n , j = 0, 1, 2, ..... (47)

where the conserved densities have the form

ρ(0)
n = lnun+1, ρ(1)

n = vn+1 − (E − 1)−1∂ylnun+2,
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and ρ
(j)
n , j ≥ 2 is described by equation (37). The associated fluxes are

given, respectively,

J (0)
n = (E + 1)−1pn, J (1)

n = un+1, J (j)
n = w(j)

n , j ≥ 2 (48)

and

J (0)
n = vn, J (1)

n = pnun+1, J (j)
n = pnw

(j)
n +

∑
l+s=j

w(l)
n w

(s)
n+1. (49)

(4) Conservation laws for the (2+1)-dimensional BS four lattice-field

equations

The discrete spectral problem corresponding to the (2+1)- dimensional BS

four lattice-field equations (19)-(21) reads

ψn+1 + pn−2ψn + vn−2ψn−1 + qn−2ψn−3 = (λ− un−2 + ∂y)ψn−2, (50)

which leads to the discrete Riccati-type equation,

Γn−1ΓnΓn+1Γn+2(Γn+3 − Γn + pn+1) + Γn−1ΓnΓn+1(vn+1 − pnΓn)

+ Γn−1Γn(un+1 − un − vnΓn) + qn+1Γn−1 − qnΓn = Γn−1
∂Γn
∂y

. (51)

The Laurent series (27) solves the last equation, where

w(1)
n = qn+1, w(2)

n = qn+1[un+1 − (E − 1)−1∂y ln qn+2],

w(i)
n = −qn+1(E − 1)−1

[
D(n)

qn+1qn+2

]
, i ≥ 3 (52)

with

D(n) =
∑
l+s=i

w(l)
n w

(s)
n+1,y + (un+1 − un+2)

∑
l+s=i

w(l)
n w

(s)
n+1

+ (vn+1 − vn+2)
∑

l+s+m=i

w(l)
n w

(s)
n+1(w

(m)
n+1 + w

(m)
n+2)

+ (pn+1 − pn+2)
∑

l+s+m+µ=i

w(l)
n w

(s)
n+1w

(m)
n+2(w

(µ)
n+1 + w

(µ)
n+3)

+
∑

l+s+m+µ+γ=i

w(l)
n w

(s)
n+1w

(m)
n+2w

(µ)
n+3(w

(γ)
n+1 − w

(γ)
n+4).
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Note that ∂
∂t

lnψn for equations (19)-(21) are written as, respectively,

∂

∂t
lnψn = Γn + (E2 +E + 1)−1pn, (53)

∂

∂t
lnψn = ΓnΓn+1 + Γn(E

2 +E + 1)−1(pn+1 + pn)

+ (E2 +E + 1)−1[vn+1 + vn − pn(E2 +E + 1)−1pn+1], (54)

∂

∂t
lnψn = un + vnΓn + pnΓnΓn+1 + ΓnΓn+1Γn+2, (55)

we have the following three discrete conserved equations:

∂

∂t
lnΓn = (E − 1)

[
Γn + (E2 +E + 1)−1pn

]
(56)

∂

∂t
lnΓn = (E − 1)[ΓnΓn+1 + Γn(E

2 +E + 1)−1(pn+1 + pn)

+ (E2 +E + 1)−1(vn+1 + vn − pn(E2 +E + 1)−1pn+1)], (57)

∂

∂t
lnΓn = (E − 1) (un + vnΓn + pnΓnΓn+1 + ΓnΓn+1Γn+2) . (58)

The above equations yield infinitely many conservation laws of the (2+1)-

dimensional BS four lattice-field equations (19)-(21), respectively,

∂

∂t
ρ(j)
n = (E − 1)J (j)

n . j = 0, 1, 2, ..... (59)

where

ρ(0)
n = lnqn+1, ρ(1)

n = un+1 − (E − 1)−1∂y ln qn+2, (60)

and ρ
(j)
n , j ≥ 2 is given by equation (37). The corresponding fluxes are,

respectively,

J (0)
n = (E2 +E + 1)−1pn, J (1)

n = qn+1, J (j)
n = w(j)

n , j ≥ 2, (61)

J (0)
n = (E2 +E + 1)−1[vn+1 + vn − pn(E2 +E + 1)−1pn+1],

J (1)
n = qn+1(E

2 +E + 1)−1(pn+1 + pn),

J (j)
n = w(j)

n (E2 +E + 1)−1(pn+1 + pn) +
∑
l+s=j

w(l)
n w

(s)
n+1, j ≥ 2 (62)

and

J (0)
n = un, J (1)

n = vnqn+1,

J (j)
n = vnw

(j)
n + pn

∑
l+s=j

w(l)
n w

(s)
n+1 +

∑
l+s+m=j

w(l)
n w

(s)
n+1w

(m)
n+2, j ≥ 2

(63)
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(5) Conservation laws for several (1+1)-dimensional lattice-field equations

In this sub-section, we derive infinitely many conservation laws for several

(1+1)-dimensional lattice-field equations which are the (1+1)-dimensional

reductions of the (2+1)- dimensional BS lattice-field equations. Infinitely

many conservation laws for (1+1)-dimensional reductions of the (2+1)-

dimensional BS lattice-field equations (16) and (21) have been constructed3.

Here we give the conservation laws for the (1+1)-dimensional reductions of

the (2+1)- dimensional BS lattice-field equations (15), (19) and (20). In the

(1+1)-dimensional case, the discrete Riccati-type equations (42) and (51)

reduce to the following equations, respectively,

Γn−1ΓnΓn+1 + pnΓn−1Γn + (vn − λ)Γn−1 + un = 0, (64)

Γn−1ΓnΓn+1Γn+2+pnΓn−1ΓnΓn+1+vnΓn−1Γn+(un−λ)Γn−1+qn=0

(65)

The solutions to the two equations can be given by the Laurent series (27),

where w
(j)
n (j ≥ 1) are, respectively,

w(1)
n = un+1, w(2)

n = vn+1un+1, w(3)
n = un+1(v

2
n+1 + pn+1un+2),

w(i)
n = vn+1w

(i−1)
n + pn+1

∑
l+s=i−1

w(l)
n w

(s)
n+1 +

∑
l+s+m=i−1

w(l)
n w

(s)
n+1w

(m)
n+2,

(66)
and

w(1)
n = qn+1, w(2)

n = qn+1un+1, w(3)
n = qn+1(u

2
n+1 + vn+1qn+2)

w(i)
n = un+1w

(i−1)
n +vn+1

∑
l+s=i−1

w(l)
n w

(s)
n+1+pn+1

∑
l+s+m=i−1

w(l)
n w

(s)
n+1w

(m)
n+2

+
∑

l+s+m+µ=i−1

w(l)
n w

(s)
n+1w

(m)
n+2w

(µ)
n+3, i ≥ 4 (67)

We thus obtain infinitely many conservation laws described by equation (47)

for the (1+1)-dimensional reductions of the (2+1)- dimensional BS lattice-

field equations (15), (19) and (20). The conserved densities ρ
(j)
n is given

by equation (37). Here we write down the following conserved densities

and associated fluxes for the three (1+1)-dimensional differential-difference

equations, respectively,

ρ(0)
n = lnun+1, ρ(1)

n = vn+1, ρ(2)
n = pn+1un+2 +

1

2
v2
n+1, ..., (68)

and

ρ(0)
n = lnqn+1, ρ(1)

n = un+1, ρ(2)
n = vn+1qn+2 +

1

2
u2
n+1, ..., (69)
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J (0)
n = (E + 1)−1pn, J (1)

n = un+1, J (2)
n = vn+1un+1, J (j)

n = w(j)
n , (70)

J (0)
n = (E2 +E + 1)−1pn, J (1)

n = qn+1, J (2)
n = un+1qn+1, J (j)

n = w(j)
n ,

(71)

and

J (0)
n = (E2 +E + 1)−1[vn+1 + vn − pn(E2 +E + 1)−1pn+1],

J (1)
n = qn+1(E

2 +E + 1)−1(pn+1 + pn),

J (j)
n = w(j)

n (E2 +E + 1)−1(pn+1 + pn) +
∑
l+s=j

w(l)
n w

(s)
n+1, j ≥ 2 (72)

3. Conclusions

As is well known, infinitely many conservation laws is an important inte-

grable property for a differential-difference system. Specially, there is less

work on the infinitely many conservation laws for the (2+1)- dimensional

differential-difference hierarchy. In this paper, by solving the correspond-

ing (2+1)-dimensional discrete spectral equations, we have demonstrated

the existence of infinitely many conservation laws for several (2+1)- di-

mensional lattice hierarchies and have derived the corresponding conserved

densities and associated fluxes. To the best of our knowledge, the explicit

constructions of infinitely many conserved quantities associated with the

(2+1)- dimensional differential-difference hierarchies discussed in the paper

are new. It should be marked that some integrable properties on (2+1)-

dimensional BO equations (10) and (2+1)-dimensional BS equation (15),

such as lump solution, the Lie symmetries, the Bäcklund transformation

have been derived8.
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