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José de Sousa Ramos
(1948-2007)

José Sousa Ramos was the main supporter of the idea of organizing the
International Conference on Difference Equations and Applications 2007 in
Lisbon, at the Instituto Superior Técnico. The ICDEA, jointly with ECIT
(European Conference on Iteration Theory) were the conferences that he
most enjoyed to attend. Unfortunately he deceased January 1, 2007, and
therefore could not play the role that he had planned in the organization
of this Conference.

Sousa Ramos had a first degree in Physics and obtained his Ph.D. in
Mathematics. In these sciences he showed a huge knowledge and a par-
ticular capacity of analyzing physical phenomena into the mathematical
framework. He had a very creative and autonomous mind. This often led
him to rather original ideas and very different and interesting ways of look-
ing at several aspects of either Mathematics or Physics, which he enjoyed
to discuss with everyone around.

He left us a strong legacy in the domain of Dynamical Systems, namely
in the so called Symbolic Dynamics. A large work that he would have hated
to build up only by his own, in complete solitude. Indeed, his extreme
simplicity and modesty jointly with a rare joy of sharing explain the reason
why it is so difficult for one to find a simple paper signed by him only.

An important aspect of his daily work, were the appointments he
continuously had with his students and collaborators. In those meet-



vi

ings the advances in several problems were discussed and understood not
only theoretically, but also experienced with a computer aid, a method
that he thought essential and that largely increased as an “experimental
mathematics”.

Little by little, Sousa Ramos set up to build a large group of around
twenty people from several universities, spread out over the country from
north to south, that worked with him in almost permanence. In this way,
he was able to achieve something very uncommon in our country: be-
ing the founder of a mathematical school. A true school in Dynamical
Systems which is already continuing his legacy through the participation
and organization of this conference.
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Preface

These proceedings include articles based on talks presented at the
12th International Conference on difference equations and applications
(ICDEAOT). The conference was held in Lisbon, July 23-27, 2007, under
the auspices of the International Society of Difference Equations (ISDE).

This volume encompasses articles on a variety of current topics such as
stability, bifurcation, functional equations, chaos theory, mathematical bi-
ology, mathematical economics, boundary value problems, neural networks,
cellular automata, combinatorics, and numerical methods. There are arti-
cles on hyperbolic dynamics in Nash maps (Misiurewicz et al.), discrete
versions of the Lyapunov-Schmidt method (Vanderbauwhede), hyperbolic
and minimal sets (Pinto et al.), difference equations with continuous time
(Sharkovsky et al.), interval maps on cellular automata (Ramos et al.), and
chaotic synchronization (Caneco). On mathematical biology, we include ar-
ticles on stability through migration (Fujimoto et al.), a two-dimensional
competing species model (Johnson et al.), and a multiplicative delay popu-
lation dynamics model (Braverman et al.). In addition, we have papers on
Stochastic difference equations (Appleby et al.), combinatorics of Newton
maps (Balibrea), fuzzy dynamical systems (Rodriguez-Lopez), discretized
panograph equations, nonlinear boundary problems (Sharkovsky et al.),
and neural networks (Cheng et al.) are also included. Due to our limited
space, we have not mentioned many papers in these proceedings. The in-
terested reader may find a complete list of the titles in this volume under
the Contents section.

The editors sincerely appreciate the excellent job of our referees, without
which this volume would never have materialized. We present this volume to
the mathematical community and hope that it will be a stimulus to research
in discrete time problems that arise in a plethora of scientific disciplines as
well as those that are related to various fields within mathematics.

Saber N. Elaydi
Henrique Oliveira
José Manuel Ferreira
Joao F. Alves
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Combinatorics of Newton Maps on Quintic Equations

Francisco Balibrea

Facultad de Matemdticas, Universidad de Murcia,
Campus de Espinardo, 30100 Murcia, Spain
E-mail: balibrea@Qum.es

We study some dynamical properties of the Newton maps associated to real
quintic polynomial equations of one variable. Using Tschirnhaus transforma-
tions and topological conjugation, we suppose the equation has been reduced
to the form p. = 25 — cx 4+ 1 = 0 where ¢ € R. Then we use symbolic dynamics
and in particular the construction of kneading sequences which allow to know

c\T
pp ((z)

7
c

the dynamical behavior of the Newton map Np, (z) = = — associated to

the map pe.

Keywords: Newton maps; difference equation; symbolic dynamics; Markov par-
titions; quintic equation.

Dedicated to the memory of Professor José de Sousa Ramos

1. Introduction and motivation

Finding roots of polynomials is an old problem in mathematics and consid-
eration of dynamics of Newton maps as applied to real polynomials has a
long research history even in one variable. In this setting numerical New-
ton method supplies one of the simplest and most widely-used root-finding
methods constructing sequences approaching the roots of the equation.

The fundamental property of Newton method for a general map f on
R is that it transforms the problem of finding roots of f(z) = 0 when f
is differentiable, into the problem of finding attracting fixed points of the
associate Newton map Ny(z).

We bring here some interesting problems, not yet completely solved even
for real cubic polynomial equations. For example, there may have open sets
of initial points which do not lead to any root but instead to an attracting
cycle of period grater than one. Boundaries of the basin of attraction of

attracting cycles have a fractal structure which it is not yet well understood
(see [7] and [%]).



Another type of results was given by Barna [!] saying that for real
polynomials in one variable of degree at least 4 with distinct simple real
roots, the set of initial points not converging to a root is homeomorphic to
a Cantor set.

Under standard assumptions, the Newton method is locally convergent
in a suitable set surrounding the solution. The possibility that a small
change in zy can cause a drastic change in convergence indicates the nasty
nature of the convergence problem.

A detailed treatment of the cubic polynomial case can be seen in [*] and
a complete description of its combinatorics is given in ['].

In this paper we are dealing with the general quintic equation

z® + clx4 + 62x3 + 03x2 +cqax+c5=0

which has been largely considered in the literature trying to construct con-
vergent sequences to its roots.

To this aim, we reduce the number of parameters until 2 using the
Tschirhaus transformation [3], obtaining the equation

2 +ar+b=0

and then by topological conjugation we transform our problem in that of
solving the equation

pe(x) =% —cx+1=0

depending only of the real parameter c.

In section 3, using standard symbolic dynamics, we introduce the ad-
missibility rules of the sequences associated to Newton map N,_ and study
their structure. The techniques of symbolic dynamics are based on notions
of the kneading theory for one-dimensional multimodal maps, (see Milnor
and Thurston [°]). It allows us to construct a tree of kneading sequences
for N, .

It is also possible to see a connection between kneading theory and
subshifts of finite type is shown by using a commutative diagram derived
from the topological configurations associated with m-modal maps which
can be appreciated in [9].

2. Newton maps for quintics

We transform the polynomial equation ° + ax + b = 0 using topological
conjugacy. It is well known that f and g are topologically conjugate pro-



vided there is an homeomorphisms 7 such that f o7 = 7 o g. In such case
for f™ and g™ we have the same dynamical properties.

Proposition 2.1. Let g(x) = 2° + ax + b> where b # 0 and f(z) = 2° +
cx+ 1 where ¢ = a/b*. Then N, and Ny are topologically conjugate via the
homeomorphism 7(x) = x/b.

Let us see what happens when b = 0.

Proposition 2.2. Let g(x) = 2° + a*z, 7(x) = z/a, with a # 0, and
pi(x) = 2° + 2. Then Ny and Np, are topologically conjugate by 7. By
other hand, if g(x) = 2° — a*z and p_(x) = 2° — x then N, and N,_ are
topologically conjugate by T.

When a = 0 we have f(z) = a°.

Last two propositions imply that the dynamics of Newton map for quin-
tic g(x) = 2° + ax + b is equivalent to the dynamics of Newton map for the
polynomial family f.(z) = 2° + cx+1 or to g,(x) = 2% + ax. Moreover, the
Newton map for function g,(z) is topologically conjugate to Newton map
for one of the three polynomials:

p-(z) = z(z* = 1), pi(z)=a(z" +1), orpo(z)=2".
Therefore the study of Newton map for quintic polynomials is reduced
to the case f.(x) = 2% — cx + 1, where ¢ € R.

e When ¢ < 0, it is easy to verify that N, has exactly one real
root and that its stable set (the set of points which are forward
asymptotic to it) is R.

e When ¢ = 0, there is also one real root and its stable set contains
all real numbers except 0.

e When ¢ > 0 we have three interesting cases which will be considered
later.

The polynomial p.(z) has a maximum at d; = —/¢/5 and a minimum
at dg = {L/C/_5.

Note that when c¢ increases, the minimum of f decreases and the max-
imum increases. When ¢ = ¢g = 5 x 278/5 = 1.64938... the minimum is
0.

Note also that when c is bigger than ¢y, f has three real roots.

In last case, has sense to use the following result due to Rényi



Theorem 2.1. Let f : R — R. Let us suppose that f"(x) is monotone
increasing for allx € R and that f has exactly three real roots a; (i = 1,2, 3).
Then the sequence Tpi11 = Tp — f(2y)/ [ (xn) converges to one of the roots
for every choice of xy except for xo belonging to a countable set E of singular
points. For any € > 0 there exists an interval (x,z + €) containing three
points y; (x < y; < x+¢, 1= 1,2,3) having the property that if xo = yi,
then (z5)22, converges to a; (i =1,2,3).

5 — ¢ x + 1 has three real roots when ¢ > ¢g

and p, (z) = 202® is monotone increasing for all € R, so we are in the

The polynomial p.(z) = z

conditions of last theorem.

Finally the most interesting situation happens when c is between 0 and
¢o, in this case p.(z) has only one real root.

Now we consider p.(r) = 2° —c x + 1, so

N () = p,c, (z)pe() _ 20 x3pc(x).
" (p,(x))? (p.(2))?

If N, (z) = 0 we have z = 0 or p.(x) = 0.

As the roots of p.(z) are super-stable fixed points (p'(z) = 0), the only
interesting critical point of IV, is 0 denoted by da, so for the study of the
iteration of N,, we will start at 29 = ds.

Let us now describe the numerical experiments which can be performed
in the (z, ¢) - plane, computing the bifurcation diagram for N, with p.(z) =
25 —cx+1, where ¢ € (0, cp). There is a sequence of windows where N,,_(d2)
converges to a stable periodic orbit with period (n € N), intercalated with
intervals where the critical point dy converges to the fixed point dy which
can be seen in Fig 1.

Until now we have studied the case with only two coefficients in the
quintic polynomials (in such a case we have at most three roots).

But there are other possibilities for a general quintic equation,

(1) the quintic equation has four distinct real roots, one of them double;
(2) the quintic equation has five distinct real roots.

Now it applies the follow result:

Theorem 2.2 (Barna). If f is a real polynomial having all real roots and
at least four distinct ones, then the set of initial values for which Newton
method does not yield to a root of f is homeomorphic to a Cantor set. The
set of exceptional initial values J(f) is of Lebesgue measure zero.



Fig. 1.

Proof. For a proof we refer to Hurley and Martin [*]. They all give modern
proof of Barna result [!]. The underlying idea is to show that the set J(f)
arises in a way which is very similar to the usual Cantor set construction.
Wong proves this result using symbolic dynamics [*3]. O

Therefore in next section we will concentrate in the most interesting
case pe(x) = 2° — cx + 1 for ¢ € (0, o).

3. Symbolic dynamics

The dynamical system associated to Ny, (z) can be globally studied using
the kneading theory which is an appropriate tool to classify topologically
the dynamics of maps. In what follows we will use an extension of the
Milnor-Thurston’s theory to discontinuous maps defined in not necessarily
compact subsets of R adapted to maps N,_(z) where p.(z) = 2° — cx + 1,
and 0 < ¢ < ¢g which allows us to compute in some cases the topological
entropy of such maps.

To this aim, let us consider the alphabet A. = {A, Ao, B,L,C, M, R}
and the set Q. = AV (Ny = NU{0}), the space of all sequences composed
of elements of A.. In order to avoid all preimages of {d;,ds}, instead of in
R we will work in the subset

Ae=R\ (J N, ({d1,ds}) = R\A,

neNy



where A. is a countable set of points. Given = € A, its itinerary i.(z) =
(ic(x)0,2e()1, ory te(T)n, -..) is defined by

A if N () € (—o00,do(c)) = Io(c)
Ao if N™(@) = doc)

B if N™(2) € (do(c), di(c) = I1(c)
ie(@)m = { L if N(2) € (di(c), ds) = Ix(c)

C if N"(z) = ds

M if N™(2) € (da, ds(c)) = Is(c)

R if NJ(z) € (ds(c),o0) = I4(c)
observe that do = 0 and does not depend on ¢ and that the equation
Npc(z) = 0 has as unique solution x = 47 which does not depend on c.
If we now consider the shift operator o : Q. — Q, 0(Xo X1 X5...) =
(X1X2X3...), then it is immediate the commutativity of the diagram
Npc
Ao — A.
ic | b e
Q. — Q.
g

We introduce in €, the lexicographic ordering, derived from the natural
ordering of symbols in A.:

A<Ay<B<L<C<M<R
and state also that
(-DR< (1) M <C < (-1)L < (-1)B< Ay < (—-1)A

After this we state in Q. the following ordering

Definition 3.1. We say that X < Y (or ¥ > X) for X,Y € .,
if there exists k > 0 such that for 0 < ¢ < k—11is X; = Y; and
(—1)nBL(X()"'Xk*l))(]C < (—l)nBL(XO'”kal)Yk where nBL(XO---Xk—l) is
equal to the number of symbols B and L which appear in Xj...X;_1, that

is, the number of times that the iterates of the point belong to decreasing
intervals of the map N, (z).



Definition 3.2. We say X <Y (respectively Y = X)if X <Y or X =Y
(respectively Y = X or X =Y).

Example 3.1. Let MRRM... and MRRR... be two sequences with a
common block M RR. Then npr, (M RR) is even and therefore M RRM... <
MRRR... . For the sequences RLRA..., RLRR..., npr,(RLR) is odd and
then RLRA... = RLRR...

The lexicographic ordering is total in €. and it is compatible with the
usual ordering on A.. The relationship between the two orderings is stated
in the following result whose proof is similar to that of Proposition 3 from

]
Proposition 3.1. Let z,y € A,

(1) If v <y then ic(z) < ic(y)
(2) Ific(x) <ic(y), then x <y

Our task now is to introduce a criterium of admissibility of itineraries
in Q.. Of special interest are the itineraries of dy and dy. In the case dy the
unique possible itinerary is (Ag)*°.

To this end, consider the subset J C (0,¢p) given by

J = {CG (O,C()) :ngN N;L (dg) n {dl,dg} = Q)} =J1UJs.

c

where J; = (0,cx)NJ, Jo = (cx,¢0) NJ and ¢x = ¥/5 which corresponds to
the solution of Ny, (0) = 1 =djs.

J1 = (0,cx)\Hy (respectively Jo = (cx, cg)\Ha) where Hy, Hy are some
subsets of parameters.

We distinguish between this two subsets because the corresponding
maps of the family have different dynamics. In the first case, is Np, (0) =
% > d3 and N,,_(0) = % < dg in the second but the shape of the graphs of
the maps are similar.

For each ¢ € J we will denote the itinerary of the orbit of the critical
point do by Y°.

We describe the rules for admissible sequences looking at the graph of
N,.(z) and also construct the admissible matrix

c
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(10000007
0100000
1000000
T'=10000001
0000001
0000001
(1111111

for ¢ € J; and alphabet A,
If ¢ € Js the alphabet is similar, but not the admissible matrix which is

(10000007
0100000
1000000
T2=10000011
0000010
0000011
1111111

where in both matrix, Ti’} =1 (k =1,2) whenever if z € I;(c) then N, (z)
can belong to I;(c) where the interval I;(c) were introduced in the definition
of i.(z) for 7 =0,..,4, and Tj; = 0 otherwise.

We introduce the following admissibility rules:

oi(Y) = A= g+ (V) = (4)
oi(Y)o = B = o™+ (Y*) = (4)®
ol(Y)o =M = o'T1(Y¢) = Y© : (1)

ol(Y¢)o =L = o'TH(Y®) = Y©

CH(M)>® and CH(R)*> are not admissible
If

O ={Y €Q.:Ty,y,,, = 1 and holding (1)}
then

ot =(jJaf

ceJ
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contains all admissible sequences for all ¢ € J and will be called the
set of admissible sequences. For example, the sequence (CMMRR)> is
admissible.

It is clear that QF is totally ordered by .

Example 3.2. To see the admissibility we must pay attention to the fact
that the critical point dy is a local minimum and, in such case, if we have
o'(Y); = L or 0'(Y); = M (where Y is a periodic sequence with period
n of the critical point de, 1 < i < n) then we must have ¢*(Y) > Y. So
the sequence (RLRC)* is admissible and appears near ¢ = 1.3346..., while
the sequences (LM AC)* and (RM RC)® are not admissible for the same
reason.

Again, in a similar way to what is made in [?] we define the kneading
increments associated to kneading data by

va, = 0(d) — 0(d;) with i =0,1,2,3

where 6(x) is the invariant coordinate of each symbolic sequence associated
to the itinerary of each point d;, see [°].

Using this we define the kneading matrix N (¢) and the kneading deter-
minant

(=1)"*'Dy(t)
(1 - Eit)
dy (1)
=00 — )

D(t) =

where D;(t) is the determinant of N(¢) without the column ¢ and the cy-
clotomic polynomials in the denominator correspond to the stable periodic
orbits of dy and dg, see [?].

Example 3.3. If we compute the kneading increment for the sequence
RLRC, we obtain the kneading matrix

1
—?; 1 0 0 ot
—t 1 1 0 —-X
Nt — 1—t 1-t
) 0 0 —142=30 1 2=
= 0 0 -11-4

With ¢ = 2 we have g2 = —1 (because N}C (7)][dg,dy) < 0), from which we
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get
_ (=1) Do(t)
bW =77
A+ —t—t2—13)
DS

Next we denote by dy (t) the numerator of D(t) given by D(t) (1 —
t) (1 —t*), where k is the period of the critical point do and Y is the knead-
ing sequence associated to dy. Each kneading data determines a kneading
determinant but the most significant factor of the numerator is determined
by the kneading sequence Y.

It is easy to see the following result

Proposition 3.2. To the set QT of the ordered kneading sequences can
be associated the tree Ty, where in each k-level of the tree are localized
kneading sequence of k length.

Corollary 3.1. To Ty we associate a tree 14,y of the numerators of
kneading determinant.

To proof this corollary we need the following result

Lemma 3.1. Let Y be an admissible periodic sequence corresponding to
orbit of the critical point do of period k whose the numerator of the kneading
determinant dy (t), now we designate by dy(t). Then di(t) has degree n =k
and the polynomials correspondent to the periodic sequences of period k+ 1
(k+1 - level of the tree) follow the rule of construction:

(1 —t)dp(t) = 1 —t 4+ ast® + ast® + ... + aptt 1 =5t* — 65 = p(t) + ¢(t)

p(t) q(t)
7 ! ! N
A L M R

(1= )i () = p(t) — 26t%5 p(t) +25%; p(t) — 266+ p(t) + tq(t)

with ap, € {—2,0,2} and § = (—=1)"t where ny, s equal to the number of
times that the symbol L appears in the symbolic sequence Y.

Proof. Computing the kneading determinants of the sequences in each
level k of the set Q7 of the ordered kneading sequences and analyzing the
passage from level k to level k + 1 and using the induction it goes out the
rule of the indicated construction. |
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If we want to see the symbolic dynamics in the tree for the converging
points in the Newton method, it is of ramifications ending with A>°. In this
case dy (t) stays constant after reaching the first symbol.

Theorem 3.1. Let P and Q be kneading sequences in Q% with the lexi-
cographic order <. If P < Q then cp > cq, where cp (respectively cq) is
the parameter value corresponding to the kneading sequence P (respectively
Q). If ¢y > c3 then there are P,Q € QT with P < Q, where P (respectively
Q) is the kneading sequence realized by the parameter value ¢1 (respectively
¢2). Moreover, for the Newton map N, associated to quintic map p., the
topological entropy is a non-decreasing function of ¢ on (0, co)

Proof. We are given only some ideas of the proof which will appear else-
where. For we extend the Tsujii results on the quadratic map to the Newton
map [*?]. Then we prove that the kneading sequence P associated to the or-
bit of the critical point ds is monotone decreasing with respect to parameter
¢ on the range (0, co). m|
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We investigate the dynamics of the Nash better response map for a family of
games with two players and two strategies. This family contains the games of
Coordination, Stag Hunt and Chicken. Each map is a piecewise rational map
of the unit square to itself. We describe completely the dynamics for all maps
from the family. All trajectories converge to fixed points or period 2 orbits. We
create tools that should be applicable to other systems with similar behavior.

Keywords: Nash maps; Hyperbolic dynamics; Periodic points.

1. Introduction
1.1. Economics introduction

Nash!3 produced three proofs of the existence of an equilibrium point for
n-person games. Fach proof applied a fixed point theorem to a mapping
from the Cartesian product of the players’ mixed strategy sets to itself.
Iteration of such a map leads to a discrete time dynamical system on the
product space of the players’ mixed strategies.
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Nash’s® proof focused on a better response map with the property
that each fixed point is an equilibrium point, and vice versa. Becker and
Chakrabarti* generalized Nash’s better response map to extend the exis-
tence theorem to incorporate some forms of nonexpected utility theories as
well as to games with a continuum of pure strategies.

In Ref. 5 we analyzed the dynamics of the Nash map for Matching
Pennies and showed that the game’s equilibrium point was unstable — the
players’ mixed strategies converge to an orbit of period eight from any
initial starting point except the mixed strategy equilibrium point. The Nash
dynamics that one observes is quite different from what one gets if the
players use their best responses. When the players use the best response
map then the play simply cycles over the pure strategies.

The fact that the Nash map has interesting dynamics in the game of
Matching Pennies raises questions about the dynamics of such behavior in
other 2 x 2 games. Thus one would be curious about what would happen,
say, in the case of the games of Coordination, Stag Hunt, or Chicken.

The purpose of this paper is to present a thorough analysis of the Nash
better response dynamics for a one-parameter family of 2 x 2 games that
includes versions of the above games. We focus on the essential Nash map
defined on the unit square. This map is derived from Nash’s better response
map by recognizing that it is sufficient to study the evolution of each players’
probability of playing one of the available two pure strategies.

The payoff matrices that describe 2 x 2 games form an eight parameter
family of matrices. Some of these matrices describe equivalent games under
various notions of equivalence. The payoff matrices we investigate here form
a five parameter family and are described as follows.

strategy Left Right
Top (c+a, b +a) (b, V')
Bottom (¢, ¢) b+a,d +a)

where o > 0. All these games have the common feature that there are two
pure strategy Nash equilibrium points, namely, (Top, Left) and (Bottom,
Right) and a mixed strategy equilibrium. Some Coordination games belong
to this class of games. Let b = 0 = b’ and ¢ = 0 = ¢’. Then the payoff
matrices become

strategy | Left | Right
Top | (a,a) | (0,0)
Bottom | (0,0) | (o, @)
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where o > 0. Every game described by the five parameter family of matrices
above has the same essential Nash map as a game described by a payoff
matrix in this one parameter family (see Sec. 2, Egs. (1) and (2)).

The following version of the Stag-Hunt game also fits our model (see
Refs. 6 and 7).

strategy Hunt Stag | Chase Rabbit
Hunt Stag (4,4) (1,3)
Chase Rabbit (3,1) (2,2)

The class of games also includes realizations of Chicken, as given below:

strategy Not Blink Blink
Not Blink | (-10,—10) | (5,—5)
Blink (—5,5) (0,0)

If we interchange the strategy of one of the players then this game also fits
our model.

In our analysis of the Nash dynamics of this class of games we find that
the nature of the dynamics related to the mixed strategy equilibrium point
is sensitive to the payoffs of the game. For example, the mixed strategy
equilibrium point can change from being an orientation preserving saddle
point to an orientation reversing repelling point. This latter observation is
especially interesting since, as far as we know, the existing literature on
evolutionary games has not explicitly noted this phenomenon. This behav-
ior cannot occur in the case of evolutionary dynamics in continuous time.
The observations about the local instability of the pure strategy equilib-
rium is, however, quite consistent with results obtained in the literature on
evolutionary dynamics in continuous time, as for example in Ref. 8.

1.2. Mathematics introduction

From the mathematical point of view, the problem we solve in the paper is
to describe completely maps from a certain concrete one-parameter family
‘H of maps of the unit square to itself. Problems of this type are often the
most difficult ones in the whole theory of dynamical systems. While a lot
of abstract theory exists, only a small part of this theory can be used in
a concrete situation. Quite often the assumptions of general theorems are
impossible to check. Sometimes the reasons why we cannot decide what
is going on are deep. This applies especially to systems with complicated
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dynamics. How can one practically distinguish between a dense orbit and
a periodic orbit of period 101000000007 However, for systems with relatively
simple behavior a full description should be possible.

The systems considered in this paper fall into this category of “systems
with relatively simple behavior,” where after making some computations
and drawing several computer pictures one can guess what is going on, but
there is no obvious way to confirm it rigorously.

To resolve this problem, we create tools that allow us to prove exactly
what we need. They are described in Sec. 4. They basically consist (after
the standard preliminary use of symmetry to simplify the map) of several
steps. The first one is to show that in the interesting region our map is
an orientation preserving homeomorphism. The second step is to identify
regions where the points are moved by the map in specific directions (cones
of directions). This is basically treating our system as a difference equa-
tion. The third step is to see where the points from those regions can be
mapped. Here we use the fact that under a homeomorphism the regions can-
not “jump” over each other; the cyclic order around a point where several
regions meet must stay the same.

Although this looks very similar to the classical nullcline method, here
we deal with a system with discrete instead of continuous time (in other
words, with difference equations, rather than differential ones). This makes
a substantial difference in considering what can happen to the trajectories
of the system. We do not formalize our methods, although we believe that
they can be used in many similar situations. However, each specific situation
may require minor modifications, so it may be difficult to pinpoint exact
assumptions that have to be made.

The computationally most difficult situations in the family H arise for
parameter values for which bifurcations occur and the system is not hy-
perbolic. We do not consider them very important, and even omit them
in the statement of Theorem 2.1, although we include them in Sec. 4 for
completeness. Therefore the reader should not feel disturbed by formulas
like those from the proof of Lemma 4.9 (starting with Eq. (19) this proof
ceases to be computational).

2. Description of the family H and results
Let
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define a two person, two pure strategy game with X the row player and
Y the column player. The two players have strategies £ = (z,1 — z) and
gy = (y,1 — y), respectively. The payoff matrices for X and Y are

ab a'b
R, = [cd} and Ry = L, d’]'

The expected payoff for X is ZR,7? and the expected payoff for Y is

TR,y".
Define
t.= o + max{0,(e1 —T)R,7"},
ti—g = (1 —2) + max{0, (ez — E)Rng},
ty = Yy + maX{07 ‘(Z.Ry(el - g)T}a

tiy = (1 —y) + max{0,ZR,(e2 — g)T},

with eq, ey the standard basis vectors.
The Nash map on the pair of probability vectors is

5.9) o ty o a t, iy
’ ty +t1717 ty +11-2 ’ ty +t17y7 ty +tlfy .

All information is contained in the essential Nash map on the unit

square
n = (ni,n2) : [0,1]* — [0, 1]?,
defined by
i (1) = te T+ n}ax{oj (e1 — )Ry} I
te +t1—p 14+ max{0,(e1 — T)R,y" } + max{0, (e2 — T)R,y"'}
na(z,y) = t B y + max{0,zR,(e1 — )T}

Yy
ty +ti—y 14+ max{0,zR,(e1 — §)T} + max{0,zR,(e2 — )"}’
with T and g as before. It is clear from the definition that in this setting
the essential Nash map is a continuous map of the unit square into itself.
If we let [r]t = max{0,7}, [r]” = max{0,—r} anda=a—c, =0b—d,
vy=a —b,5=c —d, the essential Nash map reduces to
z+ (1 —2)ay+ 601 —y)]"

TA Doy + 50—y +aley + 50—y

nl(x7y) = 1

y+ (1 —y)yz+601—x)*

e 130 - o gz 5@ o 2

na(z,9) = I+ (
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Consequently, essential Nash maps arising from the 2 by 2 games form
a four parameter family of piecewise rational, continuous maps of the unit
square to itself. In what follows we examine the dynamics of a one parameter
family H of essential Nash maps. It is given by a = >0 and 8 =§ = —a.
The game of Coordination is defined by

L—(il—)l) (_&31_)1)] |

The essential Nash map for Coordination occurs in ‘H with a = 2.
The game of Chicken is defined by

[(—107 —10) (5, —5)]
(=5,5) (0,0) |-

Interchanging the ordering for X’s choices one observes that the essential
Nash map for Chicken occurs in ‘H with a = 5.
An essential Nash map n = (n1,ng) € H reduces to

_ 4 a(l —z)2y — 1"
ni(x,y) = 1+a(l—z)2y — 1" +az[2y — 1]’

na(w,y) = y+a(l—yRe—1*
PO T T el -y — T T ay2e - 1

The diagonal is {(x,z) : 0 < 2 < 1}. The region above the diagonal is
{(z,y) : 0 <z <y <1} and the region below the diagonal is {(x,y) : 0 <
y < x < 1}. Reflection about the diagonal is given by the map r4(z,y) =
(y,z). The anti-diagonal is {(z,1 —x) : 0 < x < 1}. The region above
the anti-diagonal is {(z,y) : © +y > 1} and the region below the anti-
diagonal is {(z,y) : © + y < 1}. Reflection about the anti-diagonal is given
by ro(z,y) = (1 — y,1 — x). A set A is called invariant for a map f if
f(4) C A

Let f: U — V, where U,V C R?, be a local diffeomorphism. The map
f is orientation preserving at p € U if the Jacobian at p is positive and
orientation reversing at p if the Jacobian is negative at p.

The main results about the one parameter family H of essential Nash
maps are summarized in the following theorem. The reader can get slightly
more information from Secs. 3 and 4.

We will say that a point x is attracted to A (where A can be a point or
a compact set) if the trajectory of x converges to A, that is, the distance
from the k-th image of x to A converges to 0 as k — oo. When we say that
a fixed point is orientation preserving or reversing, we mean the behavior
of the map in a neighborhood of that point.



21

Theorem 2.1. Letn € H be the essential Nash map described above.

(a) For all o, (0,0) and (1,1) are orientation preserving, topologically at-
tracting fized points and (1/2,1/2) is a fized point. There are no other
fixed points.

(b) When 0 < a < 1/2, then n is a homeomorphism onto its image. When
1/2 < «, then n is not one-to-one.

(¢) For 0 < o < 2, (1/2,1/2) is an orientation preserving saddle fized
point whose stable manifold is the anti-diagonal and unstable manifold
is the diagonal (without (0,0) and (1,1)).

(d) For2 < a <4, (1/2,1/2) is an orientation reversing saddle fixed point
whose stable manifold is the anti-diagonal and unstable manifold is the
diagonal (without (0,0) and (1,1)).

(e) For a < 4, all points below the anti-diagonal are attracted to (0,0) and
all points above the anti-diagonal are attracted to (1,1).

(f) For4 < a <2(1++/2), (1/2,1/2) is an orientation reversing repelling
fixed point. There is a saddle period two orbit on the anti-diagonal.
One point of this orbit lies below (1/2,1/2) and its stable manifold is
the part of the anti-diagonal with x < 1/2. The other point lies above
(1/2,1/2) and its stable manifold is the part of the anti-diagonal with
x > 1/2. All points below the anti-diagonal are attracted to (0,0) and
all points above the anti-diagonal are attracted to (1,1).

(9) Fora>2(1++/2), (1/2,1/2) is an orientation reversing repelling fived
point. There is an attracting orbit of period two on the anti-diagonal.
There are two saddle period two orbits that follow the orbit of period
two on the anti-diagonal. One saddle orbit lies below the anti-diagonal
and one above. There are no other periodic points. Every other point is
attracted to one of the periodic orbits mentioned (including (0,0) and
(1,1)). For illustration, see Fig. 1.

The set of nonwandering points of each map in H consists of a finite
number of periodic points. The points (0,0) and (1,1) are always topolgi-
cally attracting, but the derivative of the essential Nash map at these points
is the identity. Except for the special values of o: 2, 4 and 2(1++/2), and ex-
cept for the points (0,0) and (1, 1), all nonwandering points are hyperbolic
periodic points. For this reason we refer to the dynamics as hyperbolic.

In Fig. 1 we have marked all periodic points of n for « = 6. Additionally
we have marked the anti-diagonal and the stable and unstable manifolds of
the period 2 saddles. Note that the stable manifolds serve as a boundary
between the basins of attraction of the points (0,0) and (1, 1) and the basin
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Fig. 1. Periodic points for a = 6.

of attraction of the period 2 attracting orbit. The intersections between
unstable manifolds are possible because the map n is not a homeomorphism.

The four functions that occur in the essential Nash map simplify. We
denote them as follows.

x4+ a(l—2)2y—1)

@) = ad—oe D LYEV
ny (@,y) = m if y < 1/2,
nf(oy) = SIS ez,
n;(x,y):m if o < 1/2.

The two lines = 1/2 and y = 1/2 divide the square into four quadrants.
We refer to the quadrants by compass points. The northeast quadrant is
NE = {(z,y) : 1/2 <z < 1,1/2 < y < 1}, and similar descriptions hold
for the SE, SW and NW quadrants. In the NFE quadrant the essential
Nash map is n = (n],n3), in the SE quadrant it is n = (n],n3), in the
SW quadrant n = (n],n; ) and in the in the NW quadrant n = (n],n;).
We will refer to the lines separating the quadrants as borders. Also there
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are the North, South, Fast and West regions (see Fig. 2).

(n7,n;) ni,n;)

(ny Q)
SW SE

Fig. 2. Quadrants, functions and directions.

3. Essential Nash map

In this section we will investigate the essential Nash map n in the whole
square [0, 1]2.

Lemma 3.1. The essential Nash map n commutes with rq and with r,.
Therefore both the diagonal and the anti-diagonal are invariant for n.

Proof. The first statement follows from a simple computation. The second
part follows from the first one and the fact that the diagonal is the set of
the fixed points of r4 and the anti-diagonal is the set of the fixed points of
Ta- O

Lemma 3.2. Consider the essential Nash map acting on the unit square.

(a) The number nq(x,y) — x is positive if x # 1 and y > 1/2, negative if
x#0 and y < 1/2, and zero otherwise (including y = 1/2). Similarly,
the number no(z,y) — y is positive if y #= 1 and x > 1/2, negative if
y £ 0 and x < 1/2, and zero otherwise (including x = 1/2). Loosely
speaking, this means that under the action of the essential Nash map,
all points in the open NE quadrant move to the northeast, all points
in the open SE quadrant move to the northwest, all points in the open
SW quadrant move to the southwest, and all points in the open NW
quadrant move to the southeast (see Fig. 2).
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(b) The essential Nash map has three fized points. They are (0,0), (1,1)
and (1/2,1/2).

(¢) The northeast and southwest quadrants are invariant for n. Every point
in the southeast quadrant, except (1/2,1/2), is attracted to the point
(0,0) and every point in the northeast quadrant, except (1/2,1/2), is
attracted to the point (1,1).

Proof. Statement (a) follows from simple computations. Statements (b)
and (c) follow from (a). O

Lemma 3.3. The anti-diagonal and the regions above and below the anti-
diagonal are invariant for n. Moreover, there exists a neighborhood U of
(1/2,1/2) such that for every point p € U which does not lie on the anti-
diagonal the distance of n(p) from the anti-diagonal is larger than the dis-
tance of p from the anti-diagonal.

Proof. We have
14+ 2ay(l —x)

1+ a(l—2)(2y — D1+ ay(l —22)]
3)

Since the fraction on the right is always positive, we see that if a point p

is above the anti-diagonal and in the NW quadrant then n(p) is above the

anti-diagonal. Since n commutes with r4, we get the same result when we

replace NW by SE. The N E quadrant is invariant by Lemma 3.2 (c). Thus,

the region above the anti-diagonal is invariant for n. Since n commutes with

ni (z,y)+n5 (z,y)—1= (z+y—1)

74, the region below the anti-diagonal is also invariant for n. By continuity,
the anti-diagonal is also invariant.
Using (3) and assuming that z+y—1 > 0, one can compute easily that

nf(z,y) +ny(2,9) — 1>z +y—1
is equivalent to
l—z—y+2zy>all—2)(1-2x)(2y — 1)y.

At x = y = 1/2 the left-hand side of this inequality is equal to 1/2, while the
right-hand side is 0. Therefore the inequality holds in some neighborhood of
(1/2,1/2). Thus, if p belongs to this neighborhood and lies above the anti-
diagonal in the NW quadrant, the distance of n(p) from the anti-diagonal
is larger than the distance of p from the anti-diagonal. Using reflections
about the anti-diagonal and diagonal and Lemma 3.2 (a), we get a whole
neighborhood U of (1/2,1/2) such that for every point p € U which does
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not lie on the anti-diagonal the distance of n(p) from the anti-diagonal is
larger than the distance of p from the anti-diagonal. O

We will need all eight partial derivatives of the four functions that define
the essential Nash map for the discussion that follows. They are

ont 1

9r  [I+a(l—a)2y— D’
onf 20(1 — )2

oy [I+a(l—mx)(2y—1)2
ony 1

dr  [(1+ax(l—2y)2’
ony _ 20x? @)
Ay (14 ax(l —2y)]?’

ong 20(1 — y)?

9r  [I+a(l—y)Rz— 12
ony 1

oy [L+a(l—y)(2z—1)2
ony 202

or  [1+ay(l—22)2

ony 1

oy 1+ ay(l—22)]2
We know from Lemma 3.2 (c) that the fixed points (0,0) and (1, 1) are
topological attractors (although from the differentiable point of view they
are neutral; it is easy to check that the derivative at them is the identity).
Let us investigate the nature of the third fixed point, (1/2,1/2).

Lemma 3.4.

(a) All four derivatives of the essential Nash map at (1/2,1/2) are

5]
aq

(b) The above matrixz has two eigenvalues. The larger in modulus is 1 +
$ with eigenvector (1, )T and the smaller in modulus is 1 — 5 with
eigenvector (1,—1)T.

(¢) When 0 < a < 2, (1/2,1/2) is an orientation preserving saddle fized
point. When 2 < o < 4, (1/2,1/2) is an orientation reversing saddle
fized point. When 4 < «, (1/2,1/2) is an orientation reversing repelling

fized point.



26

Proof. Statements (a) and (b) are computations. Statement (c) follows
immediately from the first two statements. |

Let us turn to the investigation of the behavior of n on the diagonal
and anti-diagonal.

Lemma 3.5.

(a) The diagonal is mapped by n homeomorphically onto itself.

(b) The anti-diagonal is mapped by n homeomorphically into itself if and
only if « < 1/2 (then orientation is preserved) or if « > 2 (then orien-
tation is reversed).

(c) The upper and lower halves of the diagonal are invariant for n.

(d) The upper and lower halves of the anti-diagonal are invariant for n if
and only if a < 1.

Proof. The essential Nash map restricted to the diagonal in the N E quad-
rant is given by

z+a(l—z)(2x—1)
= .

1+a(l —2)(2x—1)

X

Its derivative is
1+2a(1 —x)?

T+al—2)@s—1F "

and both endpoints of this segment are fixed points of n. In the SW quad-
rant the situation is similar because of the symmetry with respect to the
anti-diagonal. This proves statements (a) and (c).

The essential Nash map restricted to the anti-diagonal in the NW quad-
rant is given by

Y

y’—) _—.
1+ay2y—1)

Its derivative is
1 — 202
[1+ay(2y — 1)]*
If a < 1/2 then the derivative above is positive for all y € [1/2,1), if o > 2
then it is negative for all y € (1/2,1], and if 1/2 < a < 2 then it changes

sign in (1/2,1). In the SE quadrant the situation is similar because of the
symmetry with respect to the diagonal. This proves statement (b).
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To prove statement (d), note that for y > 1/2

1
Y S -

1+ay(2y—1) — 2
is equivalent to ay < 1, which holds for all y € [1/2,1] if and only if & < 1
(and the situation is similar in the SE quadrant). m|

Let us return to the global view on the essential Nash map. We will use
the following lemma (see Ref. 9, cf. Ref. 5).

Lemma 3.6. Suppose that C is a Jordan curve in the plane and D is the
closure of the region bounded by C. Let f be a map from D into R?, which
is a local homeomorphism on the interior D° of D and a homeomorphism
from C onto its image. Then:

(a) f(C) is a Jordan curve and f(D°) is the region bounded by f(C);
(b) f is a homeomorphism of D onto its image.

Lemma 3.7. If « < 1/2 then n is a homeomorphism onto its image.

Proof. Assume that o < 1/2. By Lemma 3.1 it follows that it is enough to
prove that n restricted to the triangle T with the vertices (0, 1), (1,1) and
(1/2,1/2) is a homeomorphism onto its image and that n(7) C T. From
the formulas for the partial derivatives of n we see that the Jacobian of
n in the NW quadrant is a fraction with a positive denominator and the
numerator equal to 1 —4a?(1—x)2y?. Thus, this Jacobian is positive except
at (0,1), where it is zero. Similarly, the Jacobian of n in the NE quadrant
is a fraction with a positive denominator and the numerator equal to 1 —
40%(1 — 2)%(1 — y)?, so it is positive everywhere. Therefore by Lemma 3.6
it remains to check that the image of the boundary of T is contained in T°
and that n restricted to this boundary is a homeomorphism.

Let us figure out how n acts on the three segments that comprise the
boundary of T. By Lemma 3.5, n restricted to the segment joining (0, 1)
with (1/2,1/2) is a homeomorphism onto its subsegment, and n maps the
segment joining (1/2,1/2) with (1,1) homeomorphically onto itself. In the
NW quadrant we have

(4 a(l —x) 1
n(z,1) = <1+a(1—x)’1+0‘(1_2m)>.

The second coordinate of the image above is a 1-to-1 function of x, so n
restricted to the segment I joining (0, 1) with (1/2,1) is a homeomorphism.
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By Lemma 3.3 the image lies above the anti-diagonal (except the point
n(0,1)).
To check that it lies above the diagonal, note that it is equivalent to
z+a(l —z) - 1
1+a(l—z) 1+a(l—2)

which is in turn equivalent to
(1 —2x)(1 —2) +az(l —2z)+ (z — 1) < 0.

If © = 1/2, this is true. Fix z € [0,1/2) and look at the expression above
as a quadratic polynomial of .. The coefficients by a? and «a are positive,
so the maximal value (for a € (0,1/2]) is attained at o = 1/2. Then the
value of this polynomial is (—2z2 + 3z — 3)/4 < 0, so n(I) lies above the
diagonal.

On the segment J joining (1/2, 1) with (1, 1) we have nj (z,1) = 1, so the
image is contained in I U J. In particular, one eigenvector of the derivative
of n is horizontal. The Jacobian there is positive, so the corresponding
eigenvalue is non-zero. Therefore n restricted to J is a homeomorphism onto
its image. The set n(J) intersects the diagonal only at (1, 1). Moreover, the
image of I intersects the line y = 1 only at n(1/2,1). This completes the
proof. O

Lemma 3.2 (c) tells us what happens to the trajectories of points that
fall into the NE or SW quadrant. Let us consider other possibilities.

Lemma 3.8. If the whole trajectory of a point p stays in the NW quadrant
then p belongs to the anti-diagonal and is attracted to (1/2,1/2). Similarly,
if the whole trajectory of a point p stays in the SE quadrant then p belongs
to the anti-diagonal and is attracted to (1/2,1/2).

Proof. Assume that the whole trajectory of a point p stays in the NW
quadrant. By Lemma 3.2 (a), along the trajectory both coordinates change
in a monotone way. Therefore the trajectory converges to a fixed point.
The only fixed point in the NW quadrant is (1/2,1/2), so the trajectory
converges to this point. By Lemma 3.3, when the points on the trajectory
are sufficiently close to (1/2,1/2), they have to lie on the anti-diagonal.
Since by Lemma 3.3 both the regions below and above the anti-diagonal
are invariant, already p had to lie on the anti-diagonal.

The similar statement for the SW quadrant follows from the symmetry
of the map with respect to the diagonal. O
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4. Making use of the symmetry

By the results of the preceding section, the only trajectories with unknown
behavior are those that go through both NW and SE quadrants. In order to
investigate them, we consider rgon in the NW and S E quadrants. This map
commutes with 4 because n does. Therefore, again looking at the NW and
SE quadrants will be equivalent. In order to simplify further computations,
we conjugate this map via the affine map s(z,y) = (1—2z,2y —1). It maps
the NW quadrant to the whole square [0, 1]2, the fixed point (1/2,1/2) is
mapped to (0,0), and the anti-diagonal is mapped to the diagonal. The
formula for our new map f = sorgonos~!in [0,1]2, that we have to
investigate, is

f(fr,y)=<

We will use notation f(z,y) = (2, y’).

—2y+ox(l+y) —2zx+ay(l+ x))
24 azx(l+y) = 2+ay(l+z)

Lemma 4.1. If a < 2 then for every (z,y) € [0,1]2, except the fized point
(0,0), we have ' <z and y' < y.

Proof. The inequality ’ < x can be written as

=2y + azx(l+vy)
2+ az(l +vy)

<z

and this is equivalent to
(1+1y)(ax? — ax+2) > 2(1 — ). (5)
Since a < 2, we have for x > 0
az® > 0> (a—2)z
and if x = 0, there is an equality. Therefore
ar? —ax+2>2(1—1x)
with equality for z = 0, and (5) follows for (x,y) # (0,0).

The same computations with z,y switched give us 3’ < y. O

Let us return to the map n. The next lemma reduces the set of trajecto-
ries with unknown behavior to the ones that alternate (regularly) between
the NW and SE quadrants.

Lemma 4.2. Assume that o > 2. If (x,y) # (1/2,1/2) belongs to the NW
quadrant then n(x,y) does not belong to the NW quadrant. Similarly, if
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(x,y) # (1/2,1/2) belongs to the SE quadrant then n(x,y) does not belong
to the SE quadrant.

Proof. Suppose that the point (z,y) # (1/2,1/2) and its image both be-
long to the NW quadrant. Then

0<z<1/2<y<1 (6)
and
z+a(l-—z)(2y—1) Yy
1+a(l—2)2y—1) s1/2s 1—ay(2z—1) @

The first inequality of (7) is equivalent to (1 —z)(2y — 1) <1 — 2z, and
the second one to ay(l — 2z) < 2y — 1. From this and (6) we get

Thus, (1 — x)y < 1/a?. Together with (6), a > 2 and (z,y) # (1/2,1/2),
this gives us a contradiction. O

Lemma 4.3. If 2 < o < 3 + 2V/2 then the region R of the square [0,1]?
where &' > x is bounded from below by the segment of the lower side of the
square from x =0 to x = (a — 2)/a and from above by the graph of

21 —x)
oax? —axr+2

y= (8)
If « > 3+ 2v/2 then R is bounded from below by the segment of the lower
side of the square from x =0 to x = (o — 2)/a, from the left and right by
the pieces of the graph of (8), and from above by the segment of the upper
side of the square from

a—1—+v1—-6a+a?
2

to

a—14++V1—-6a+ a?
2 '
At the points of the boundary of R where (8) holds we have ' = z. In the

rest of [0,1]% we have z' < x.
The same statements are true if we switch x with y and x' with y’.
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Proof. As we already noticed in the proof of Lemma 4.1, the inequality
2’ > x is equivalent to

(1+y)(ax? —ar +2) < 2(1 — ). 9)

Moreover, ' = z is equivalent to (8). If az? — az + 2 > 0, then (9) is
equivalent to
21 —x)

- - 10
ox? —ax+2 (10)

y <

Let us look closer at (8). We have y = 0 when z =0 or z = (o — 2)/«v.
If @ < 8 then az? —az+2 > 0, soy > 0 is equivalent to 0 < z < (a—2)/a.

If @ > 8 then the solutions to az? — az + 2 = 0 are

1 8
=-(1+£4/1-2].
We have

1 1 —9
o<if1oi-8)<t(1p1o8) a2
2 « 2 « o

The last inequality above follows from the inequality (o — 2)/a > 1/2 and
the fact that the value of the polynomial az? — ax +2 at x = (a — 2)/a is
4/ > 0.

Next we differentiate the function given by (8). We get

dy 2(ax? — 2ar + a — 2)

dz (ax? — ax + 2)?

Thus, if 0 <z <1—4/2/a then dy/dx > 0 and if 1 — y/2/a < 2 <1 then
dy/dx < 0 (except at the points where the denominator is 0). Note that if
« > 8 then

1
( 1_§>§1_ zgz@ 8)
2 o « 2 «

Putting all this together we get the following description of the region
R. Tt is bounded from below by the segment of the lower side of the square
from x = 0 to x = (o — 2)/c. If the graph of (8) on this interval fits in the
square, it bounds R from above. This happens when (8) with y = 1 has no
solutions or one solution. A simple computation shows that this is when
a < 3 + 2v/2. For larger values of a, up to 8, the graph of (8) goes out
of the square through the upper side, and we get a description of R as in
the statement of the lemma (simple computations give the values of x for
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which this graph intersects the upper side of the square). If @ > 8 then this
description is still valid, since as the denominator of the right-hand side
of (8) goes to 0, y goes to infinity; the part of the graph of (8) between the
values of x where the denominator is infinity does not count because there
ar? —ar +2 < 0.

The last statement of the lemma follows from the symmetry of f with
respect to the diagonal. O

Lemma 4.4. If o < 4 then for the map n all points below the anti-diagonal
are attracted to (0,0) and all points above the anti-diagonal are attracted to

(1,1).

Proof. By Lemma 3.2 (c) and Lemma 3.1, it is sufficient to prove that
the trajectories of all points of the NW quadrant above the anti-diagonal
converge to (1, 1).

If o < 2 then by Lemmas 3.2 (a) and 4.1 as we move along such a
trajectory then the distance from the diagonal decreases. Thus, either the
trajectory enters the NE quadrant (and then it converges to (1,1)) or it
converges to (1/2,1/2). However, the latter is impossible by Lemma 3.3.

If 2 < a < 4 then by Lemma 4.2 in order to find out how the trajectory
of a point p behaves it is enough to analyze the trajectory of s(p) under
f- To do this we will show that the region R, described in Lemma 4.3, lies
below the diagonal. Then its reflection from the diagonal lies above the
diagonal, and since s(p) also lies above the diagonal, on the trajectory of
s(p) for f the first coordinate decreases. Thus, this trajectory either gets
out of the square or it converges to (0,0). Therefore the trajectory of p
for n either enters the NE quadrant (and then it converges to (1,1)) or it
converges to (1/2,1/2). Again, the latter is impossible by Lemma 3.3.

To show that R lies below the diagonal, we note that if this is not the
case then the graph of (8) intersects the diagonal at some point other than
(0,0). However, if the right-hand side of (8) is equal to x and = # 0 then
ax? = a—4, and this has no solution (with z # 0) if o < 4. This completes
the proof. O

Let us illustrate the dynamics of f. We mark the region R and the re-
gion R symmetric to it with respect to the diagonal, the regions which are
mapped outside the square, the fixed points inside the square, and approx-
imate directions in which the points move (that is, approximate directions
of vectors f(p) — p). The formulas for the regions which are mapped out-
side the square are simple. Since the denominators in the formula for f are
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positive, 2’ < 0 is equivalent to

2y

r< —-—.
a(l+vy)

To get the inequality equivalent to y’ < 0 we have to switch = and y.
Figure 3 illustrates the case 2 < a < 4.

Fig. 3. Map f for a = 3 and a = 4.

Let us now investigate the dynamics of n for a > 4. As we already
noticed, Lemma 3.2 (c) tells us everything about the behavior of the tra-
jectories that enter the NE or SW quadrants, and by Lemma 4.2 in the
remaining two quadrants in order to understand the dynamics of n it is
enough to understand the dynamics of f in [0,1]%. In particular, except
the point (0,0), all fixed points of f correspond to period 2 orbits of n.
Therefore, let us start with investigating the fixed points of f.

We will need the following simple lemma.

Lemma 4.5. Let T be the trace and D the determinant of a 2 by 2 matrix
A. Then A has two real eigenvalues, one larger than 1 and another smaller
than 1, if and only if T > D + 1.

Proof. The equation for the eigenvalues of A is 22 — Ta + D = 0. Its
discriminant is A = T2 — 4D, and the solutions are (T £ v/A)/2. They are
both real, one larger than 1 and another smaller than 1, if and only if A > 0
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and

T—VA T+ VA
T<1<T’

which is equivalent to vA > |T — 2|, that is, A > (T — 2)2. Note that this
implies A > 0. Since A > (T — 2)? is equivalent to 7' > D + 1, the proof is
complete. O

Lemma 4.6.

(a) If a > 4 then (0,0) and

are fized points of f. If a > 2(1 4 \/2) then additionally
<oz—|—\/oz2 —4da—4 04—\/042—4@—4)
q1 =

2a+1) ' 2(a+1)

and

(a—\/az—4a—4 04+\/042—4o¢—4>
g2 =

2a+1) ' 2(a+1)

are fixed points of f. These are all fized points of f.

(b) If 4 < o < 2(1 +V/2) then q is a saddle; if o > 2(1 + /2) then q is
attracting.

(c) Points g1 and g2 are saddles.

Proof. Let us find all fixed points of f. For this we have to solve the system
of equations

=2y + azx(l+vy)

2+az(l+y) ’
-2z + ay(l + )
T o7 ay(l + x)
It can be rewritten as
2x 4 2y = ax(l +y)(1 — 2), (11)
2z +2y = ay(l +z)(1 —y). (12)

Therefore we get

z(1+y)(1 —2) =y(1 +2)(1 -y),
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which is equivalent to
(y—2)(zy+x+y—1)=0.
This means that either r =y orazy=1—2 —y.

If z = y then (11) becomes 4x = ax(1 — z?) which has non-negative
solutions z = 0 and z = /1 — 2. This proves that if o > 4 then (0,0) and
q are fixed points of f.

If 2y =1 —  — y then (11) is equivalent to = + y = axy. Plugging this
value of = 4+ y back to the equation zy =1 — 2z —y we get zy = 1/(a + 1)
and z +y = o/(a + 1). This means that « and y are the two roots of the

equation

2

a—i—lm—’—a—l—l

This equation has real roots if a > 2(1 + v/2) (where for a = 2(1 + V/2)
both roots are /1 — 4/a), and this gives us additional fixed points ¢; and
g2 for a > 2(1 ++/2).

The method we used gave us all solutions of our system of equations,
so statement (a) is proved.

To prove statements (b) and (c), we need the partial derivatives of f.
They are:

=0. (13)

or'  2a(l4y)?
9r 2+ az(l+y)?
ox' —4

dy  R+ar(l+y)?
oy —4

dr 24 ay(l+ )2’
oy 2a(l+a)?

dy  Rtayl+a)?

Thus, the eigenvalues of the derivative of f at ¢ are
20(1+z)% — 4
2+ ax(l + x)]2’
corresponding to the eigenvector (1,1)7, and
2a(1 + )% +4
2+ az(l+x))?’

corresponding to the eigenvector (1, —1)7, where x = /1 — 4/«a. Note that
both eigenvalues are positive. Simple computations (where we replace 2
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by 1 — 4/« whenever it appears) show that the first eigenvalue is smaller
than 1 if and only if

a® — 6a+8 > (da — a?)z.

The left-hand side is equal to (o — 4)(av — 2), so for a > 4 it is positive,
while the right-hand side is negative. This shows that the first eigenvalue
is smaller than 1. Similarly, the second eigenvalue is smaller than 1 if and
only if

a? — 6a+4 > (da — a?)z.

If @ > 3+ /5 then the left-hand side is non-negative, while the right-
hand side is negative, so the second eigenvalue is smaller than 1. If 4 < a <
3++/5 then both sides are negative, so we take their squares and change the
direction of the inequality. We get after a short computation o —4a—4 > 0,
which is true for a > 2(1+4+/2). Thus, the second eigenvalue is smaller than
1if o > 2(1 + v/2) and greater than 1 if 4 < a < 2(1 + v/2). This proves
statement (b).

Consider now the fixed point ¢; = (z,y) (or g2 = (x,y); the computa-
tions are the same). As we established in the proof of statement (a),

zy+rx+y=1 (14)

and z,y are the two roots of the equation (13). Therefore,

L rHy=—— (15)

W= a—+1

a+1
and
5 oax—1 5 ay—1

= - P . 16
T orl Y P (16)

In view of (14), we have z(1 +y) = 1 —y and y(1 + ) = 1 — z, so the
derivative of f at ¢; is

2a(1+y)® —4

2ta(l-y)? R+a(l-y)?

—4 2a(1+x)?
BFa(—o Bra(-o)

Its determinant is positive, so by Lemma 4.5 in order to prove statement (c)
it remains to check that its trace is larger than its determinant plus 1. This
is equivalent to

[2a(1 +y)? — 2+ a(l —y)?] [2a(1 + 2)? — (2+ (1 — 2))?] < 16. (17)
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Using (16) we get

(a3 +12a2 + 8a)y — (a® + 202 + 8a + 4)

201 +y)? — 2+ a(l —y))* = a+1

and

3 41202 — (a3 +2a2 4
2a(1+2)? — (24 a(l — g))? = L 120 +80‘)xa+({f +207 +8a+4)

Thus, (17) is equivalent to
(sy —t)(sz —t) < 16(a + 1), (18)
where
s=a’+120* +8a and t=a"+20%+8a+4.
By (15), we have

1 ; «
—s
a—+1 a+1

(sy —t)(sz —t) = s° + 12,
so (18) is equivalent to
s2 —ast + (a+ 1)t? < 16(a + 1)3.
This in turn is equivalent to
8al — 8a° — 104a* — 184a® — 128a% — 32a > 0.
The left-hand side of this inequality can be factorized as
Sa(a + 1)3(a? — 4a — 4),

so it is positive for a > 2(1 + v/2). This completes the proof. |

Remark 4.7. A quick look at the formulas for the partial derivatives of
f tells us that the Jacobian of f is positive in the whole square for all
« > 2. Moreover, by Lemmas 3.1 and 3.3 the diagonal, the region above the
diagonal and the region below the diagonal are mapped by f respectively
to the diagonal, above the diagonal and below the diagonal.

Lemma 4.8. The map f is a diffeomorphism from [0,1]% onto its image.

Proof. In view of Lemma 3.6, Remark 4.7 and the symmetry of f with
respect to the diagonal, it is enough to show that f restricted to the union
of the segments I = [0, 1]x{0} and J = {1} x[0, 1] is a homeomorphism onto
its image. On I we have y’ = —z and on J we have y’ =1 —2/(1+ ay). In
both expressions the right-hand side is a strictly monotone function of the
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variable, so f is one-to-one, and therefore a homeomorphism onto image,
on both I and J. It remains to check that f(I) and f(J) are disjoint except
for the common endpoint. Suppose that f(z,0) = f(1,y). Then by the
formulas above, —x = 1 —2/(1 4+ ay). Comparing =’ we get 1/(2 4+ az) =
(14+9y)/(24+ a(1l +y)). Eliminating = from this system of two equations we
get

1+ay _ 1+y
24+a+2ay—a?y 2+atay

This is equivalent to y(a — 1)(ay + a + 1) = 0. Therefore the only solution
is y = 0, which gives us = 1. This completes the proof. O

According to Lemma 4.6, we have to distinguish between the case 4 <
a < 2(1 + +/2), when f has only one fixed point other than (0,0), and the
case o > 2(1++/2), when f has three such points. Let us consider the first
case (see Fig. 4). For a = 2(1 + v/2) the derivative of f at the fixed point
q has one eigenvalue equal to 1. Therefore we need a special lemma about
the nature of this point.

/

a=45 ¥ a=48 ¥

Fig. 4. Map f for @« = 4.5 and o = 4.8.

Lemma 4.9. Assume that a = 2(1 + +/2). Let p € [0,1] be a point that
does not lie on the diagonal. Then the trajectory of p does not converge to
the fized point q.
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Proof. According to Lemma 4.6 (a), ¢ = (v/2 — 1,4/2 — 1). Let us change

the variables, so that ¢ becomes the origin, one axis is along the diagonal,

and the other perpendicular to it. That is,
u=(r—V2+1)+@y—-—V2+1), ov=z-y.

If the image of (u,v) is (u’,v’), then

W= 2[2+v2) (ut o —(a+2v2D)u2 024 (6+10vVDu(u? —v2)+(36+4v2)u? — (20412v2)v2 4+ (8416 v2)u]
[(1+V2) (u2 —v2)+(6+2V2) u+(2+2V2) v+ (4+4V2)][(1+V2) (u2 —v2) +(6+2V2)u— (24+2V2)v+(4+4V2)]

I 40[(1+v2) (u? —v2) +(8+4vVD)u+(124832)]
[(1+v2) (u2 —v2)+(64+2V2) u+(2+2V2) v+ (4+4V2)] [(1+V2) (u2 —v2)+(6+2V2)u— (24+2V2)v+(4+4V2)] |

Taking the second order approximation to v’ and v’ /v we get
19-13v2 , 3-v2,
u? — v
2 2
48 —-31v2 , 4-42
1t

u' = (4V2 — 5)u — + hy(u,v),

v =v|1—(3V2—3)u+ v? + ha(u,v) |,

where
hl (U, U) . hQ(U’a U)
im ———= = lim ——+% =
u,v—0 uZ + 02 uw,w—0 uZ 4+ V2

Since the numbers 19 — 13v/2, 3 — v/2, 48 — 31v/2 and 4 — /2 are positive,
there exists a neighborhood U of (0,0) such that if (u,v) € U then

u' <X and | > |v|(1 - pu), (19)
where
A=4v2-5 and pu=3V2-3.

Note that 0 < A < 1 and g > 0.

Suppose that the trajectory of a point p € [0,1]? that does not lie on
the diagonal converges to q. We are working in the coordinates u,v, so
g = (0,0). By replacing p by its image under a large iterate of the map we
may assume that the whole trajectory is contained in U. Denote the n-th
point of this trajectory by (un,v,). By Remark 4.7, v, # 0 for all n. If
for some n we have u,, < 0, then by (19) wu,, < 0 for all m > n, so, again
by (19), |vm+1| > |vm| for all m > n. Therefore v, does not converge to 0,
a contradiction. Thus, u,, > 0 for all n. By (19) we get u,, < upA™ for all
n, so, once more by (19),

n—1 0o

[on] > [vo| T (1 = puoA’) > fvo (1 = puoA’)
1=0 1=0
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(of course, we may assume that pug < 1). The infinite product above is
convergent to a positive number, so |v,| is bounded away from 0, a contra-
diction. This completes the proof. O

Lemma 4.10. Assume that 4 < a < 2(14+/2). Then for f the trajectories
of all points on the diagonal except (0,0) converge to the fixed point q. The
trajectories of all points not on the diagonal leave the square [0, 1]2.

Proof. The reader is advised to consult Fig. 4 when reading this proof.

By Remark 4.7, the diagonal is invariant. By Lemma 4.3, all points of
the diagonal except (0,0) and ¢ are mapped by f in the direction of q.
This proves that the trajectories of all points on the diagonal except (0, 0)
converge to q.

Consider the set R = RN R and a point p = (z,y) from the part of
its boundary above the diagonal. Then p belongs to the boundary of R, so
2/ = z. It also belongs to R, so y > y. In other words, the vector f(p) — p
points vertically upwards. Since this part of the boundary is a part of the
graph of the function (8), it is mapped by f to a curve above itself. By
symmetry, the part of the boundary of R below the dlagonal is mapped by
f to a curve to the right of 1tself This proves that f(R ) S R.

By Lemma 4.3, all points of Rare mapped by f upwards and to the right.
Therefore their trajectories either converge to g or leave R.Ifa < 2(14—\/5),
then by Lemma 4.6, q is a saddle, so its stable manifold is one-dimensional.
We know already this manifold, it is the diagonal (without (0, 0)). Thus the
trajectories of the points not on the diagonal cannot converge to ¢q. Hence,
they have to leave RIfa= 2(1+ \/5), we get to the same conclusion using
Lemma 4.9.

If a point p = (z,y) is above the diagonal and not in ﬁ, then by
Lemma 4.3 2’ < x. Its trajectory cannot enter ﬁ, because f(ﬁ) > R and f
is one-to-one (by Lemma 4.8). Therefore, this trajectory either leaves the
square [0, 1]? or converges to one of the fixed points (0,0) and ¢. It cannot
converge to ¢ by the argument from the preceding paragraph. It cannot
converge to (0,0), because when close to (0,0), it would be in R, where f
sends points upwards. Thus, it has to leave the square. By the symmetry,
the trajectory of every point below the diagonal and not in R has to leave
the square. This completes the proof. O

Now we move to the case a > 2(1 + v/2) (see Fig. 5).
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Fig. 5. Map f for « = 5.5 and a = 9.

Lemma 4.11. Assume that o > 2(1++/2). Then for f the stable manifold
W of ¢1 goes from (0,0) (excluding this point) via q1 to a point on the
right side of the square [0,1]%. The stable manifold W35 of g2 goes from
(0,0) (excluding this point) via g2 to a point on the upper side of the square
[0,1]2. The trajectories of all points of the region between those manifolds
converge to the fized point q. The trajectories of all points below W7 and
all points to the left of W5 leave the square [0,1]2.

Proof. The reader is advised to consult Figs. 5 and 6 when reading this
proof.

By a similar argument as in the proof of Lemma 4.10 (except that now
we have to look at 4 pieces of the boundary of the set }A%, defined as in that
lemma), we get f(R) O R. Moreover, arguments of the same type (looking
where the vector f(p) — p points on the pieces of the boundary; see Fig. 6)
show that each component A of R\ R and of R\ R is mapped into itself or
outside the square (that is, f(A4) C AU (R?\ [0,1]?). Here we additionally
use the fact that since f is an orientation preserving diffeomorphism, the
circular order of the pieces of the boundaries of R and R coming out from
a fixed point remains the same after the application of f. The fact that for
large values of a two of the regions have pieces of the boundary lying on
the boundary of the square [0, 1] makes no difference, since as we noted in
the proof of Lemma 4.8, on the right side of the square y’ is a monotone
function of y (and by symmetry, on the upper side of the square z’ is a
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monotone function of z).

Fig. 6. The directions at which the points on the boundaries of R and R are mapped
by f.

By Lemma 4.6, the fixed points ¢; and go are saddles. They lie at the
intersection points of the boundaries of R and R. Taking into account the
directions in which f maps the points (see Fig. 5), we see that W7 in a small
neighborhood of ¢; has to lie in R and [0,1]2\ (RUR). To see what happens
to it globally, we have to take the preimages of this short piece of Wl The
set R is invariant under f~ 1. 50 one component of Wy \ {g1} lies in R. All
points of R are mapped by f L down and to the left, so all trajectories
converge to (0,0). Therefore, this component of W7\ {¢1} ends up at (0,0)
(but of course (0,0) does not belong to it). The other component starts
in the region where all points are mapped by f~! up and to the right. It
cannot enter a component of R \ R, since that component is invariant for
f- Therefore it ends up at a point of the upper or right side of the square.
However, W7 cannot cross the diagonal, so it has to end up at a point of
the right side of the square. By symmetry, W3 stretches from (0, 0) via g2
to a point on the upper side of the square.

Let M be the region of [0,1]2 between W7 and W3. The set f(R N

M) is bounded by a piece of Wi, a piece of W3, a curve contained in
the component of R\ R that lies above R and a curve contained in the
component of R\ R that lies to the right of R. The trajectories of points in
those components converge to ¢ by the already standard argument about
directions in which the points are mapped by f. The same argument shows
that the trajectories contained entirely in RN M do the same (they cannot
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converge to g1 or g2 because they do not lie on their stable manifolds). The
same argument applies to the remaining part of M, that is, to M \ (RU ﬁ)
Here we use additionally the observation that such a trajectory cannot leave
M because it cannot cross W or W3 (remember that f is an orientation
preserving homeomorphism).

The trajectories of all points below W7 and all points to the left of W3
leave the square [0,1]? by the already completely standard argument and
the observation that such trajectories cannot converge to (0,0) (looking
again at the directions). This completes the proof. O

5. Proof of the Main Theorem

Now we are ready to prove Theorem 2.1.

Proof of (a). By Lemma 3.2 (b), n has three fixed points: (0,0), (1,1)
and (1/2,1/2). By equation (4), the derivative of n at (0,0) and (1,1) is

the identity, so those points preserve orientation. By Lemma 3.2 (c), they
are topologically attracting. O

Proof of (b). When 0 < a < 1/2, then n is a homeomorphism onto its
image by Lemma 3.7. When 1/2 < o < 2, by Lemma 3.3 the anti-diagonal is
invariant for n, but by Lemma 3.5 n restricted to it is not a homeomorphism.
When a > 2, by Lemma 3.5 n restricted to the anti-diagonal reverses
orientation. Since by Lemma 3.3 n preserves the regions above and below
the anti-diagonal, it reverses orientation (in two dimensions) at the points
of the anti-diagonal. However, by Theorem 2.1 (a) the fixed points (0,0)
and (1,1) are orientation preserving. Thus, n cannot be a homeomorphism
onto its image. O

Proof of (¢). Assume that 0 < a < 2. By Lemma 3.4 (c), (1/2,1/2) is
an orientation preserving saddle fixed point. By Lemmas 3.3 and 3.5 (a),
both the anti-diagonal and diagonal are invariant, so by Lemma 3.4 (b) the
stable and unstable manifolds of (1/2,1/2) are contained respectively in
the anti-diagonal and diagonal. Since there are no other fixed points on the
anti-diagonal, the stable manifold is equal to it. Since the only other fixed
points on the diagonal are its endpoints, the unstable manifold is equal to
the diagonal without endpoints. O

Proof of (d). Assume that 2 < a < 4. By Lemma 3.4 (c), (1/2,1/2) is
an orientation reversing saddle fixed point. By Lemmas 3.3 and 3.5 (a),
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both the anti-diagonal and diagonal are invariant, so by Lemma 3.4 (b) the
stable and unstable manifolds of (1/2,1/2) are contained respectively in
the anti-diagonal and diagonal. By Lemma 4.1, the stable manifold is equal
to the anti-diagonal. Since the only other fixed points on the diagonal are
its endpoints, the unstable manifold is the diagonal without endpoints. O

Proof of (e). This is Lemma 4.4. m|

Proof of (f). Assume that 4 < a < 2(1++/2). By Lemma 3.4 (c), (1/2,1/2)
is an orientation reversing repelling fixed point. By Lemma 4.6 (a), there
is a period 2 orbit on the anti-diagonal (corresponding to the fixed point ¢
of f). By Lemma 4.6 (b), it is a saddle. One point of this orbit lies below
(1/2,1/2). By Lemma 4.10, its stable manifold is the part of the anti-
diagonal with « < 1/2. By symmetry, the other point lies above (1/2,1/2)
and its stable manifold is the part of the anti-diagonal with > 1/2. By
Lemmas 4.10, 4.2, 3.2 (¢) and 3.3, all points below the anti-diagonal are
attracted to (0,0) and all points above the anti-diagonal are attracted to
(1,1). m|

Note that if o = 2(1 + v/2), we get the same results, except that the
period 2 orbit on the anti-diagonal is not a saddle.

Proof of (g). Assume that a > 2(1 +/2). By Lemma 3.4 (c), (1/2,1/2)
is an orientation reversing repelling fixed point. By Lemma 4.6 (a), there is
a period 2 orbit P on the anti-diagonal (corresponding to the fixed point ¢
of f) and there are two period 2 orbits that follow P (corresponding to the
fixed points g1 and ¢z of f). By Lemma 4.6 (b) and (c), P is attracting, and
the other two period 2 orbits are saddles. By the symmetries, one saddle
orbit lies below the anti-diagonal and one above. By Lemmas 4.11, 4.2
and 3.2 (c), every other point is attracted to one of the periodic orbits
mentioned (including (0,0) and (1,1)). O
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This paper is concerned with the attractive cycles of an artificial neural net-
work consisting of n neurons situated on the vertices of a regular polygon and
connected by its edges. The weight matrix and the bias are dependent on two
paramters « and (3. By elementary analysis, we are able to give a complete ac-
count on the relations between the parameters and the existence and stability
of cycles in these networks.

1. Introduction

Most complex systems such as the nervous system are composed of mul-
tiple elements interacting with each other as time evolves. Because of the
complexity of these systems, accurate mathematical description are usually
impossible, and one thus resorts to simplifications. One simplification is
that time is discrete so that simulation can be carried out by digital de-
vices. Another is that the behavior of a system at one time depends on the
state of the system at a preceding time. Yet another one is that the elements
of the system have only a limited number of different values. Despite the
rather gross simplifying assumptions, the resulting models can nevertheless
be extraordinary complex, yet analysis may lead to useful information on
the original system as well as applications in designing digital devices.

In this paper, we are concerned with one such simple artificial neural
network model consisting of n neurons situated on the vertices of a regular
polygon with n vertices, and are connected by its edges. Furthermore, each
neuron unit can take on two values designated by +1 and —1. To avoid
trivial cases, we will assume that n > 3.

*Partially supported by the NSC of R. O. China
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More specifically, let us label the vertices of the polygon in a clockwise
manner by 1,2,...,n, and the corresponding state values of the neurons
Uy ooy Uy, DY ugt), e qu’. We suppose the ¢-th neuron is connected only to
the two neurons situated on the neighboring vertices and that it interacts
with its neighboring neuron units in such a manner that the weight matrix
is of the form

2 1 0 0 1
1 -2 1 0 0
W=al0o 1 -2 0 0 ,
1 0 0 1 -

nxn
and the bias vector is of the form
w=p(-1,-1,..., -1,
0

values —1 or 1, and the update function F' is defined by

F ((ul, ...,un)T) = (sgn (w1), .., 5¢n (un))',

where «, 3 are real parameters. We will assume that u; ’ takes on bipolar

where sgn (v) = +1 if w > 0 and sgn (u) = —1 if w < 0. Under these
assumptions, our neural network now takes the form
uY = FWu® +w), t=0,1,2, ..., (1)

which depends on the two real parameters o and 3. Therefore, for any given
T
«, 3 € R, and an initial state vector (ugo)’ ...,u%o)) , (1) defines a vector

sequence {u(t)}:io such that
u® = FWu® +w), u® = FWu® 4+ w), ... .

It is of great interest to study the qualitative behavior of this solution
sequence as the parameters o and § vary. Indeed, for different F, W and
w, the corresponding system has different properties and some of them
can be incorporated in the design of logic, association, learning or memory
networks, Boolean cellular automata (see last section), etc.

It is easy to write a computer program to simulate our neural network.
A number of interesting long term behaviors of the solution sequences can
then be observed. Here we will report what have been observed and explain
the reasons behind these observed behaviors.

To facilitate descriptions of our findings, we first recall some of the
terminologies in elementary discrete iteration theory (see e.g. [2]). Let X
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be a finite set with cardinality | X| and f a mapping of the set X into X. If
f(u) = v, then v is called the image of u and u a preimage of v. If w € X
does not have a preimage, then it is called a terminal element of X.

The iterates of f are defined by

fo=Lf'=f fP=fof, fP=fofof, ..
and the iterates of an element u in X under f are defined by
u = fi(u), i=0,1,2, ...

In particular, ©(?) is called the zeroth iterate, u(!) is called the first iterate,
etc. of u. If we form a sequence {u(®,u w(? .} of iterates of u, then

. . . o, . o .
since X is finite, it is clear that the sequence {u(")}n:O must repeat itself
after a finite number of steps. It is therefore not difficult to see that every
sequence {u(®, u™, ...} is of the form

{uw)? uD V=D () (V4D (NFw=1) o (Nw) g (N (N+1) }

)

where N + w < |X| (the numbers N and w may depend on u(?), and
u(o), u(l), ey uWNtE=1) are pairwise distinct.

It is natural to call the subsequence {u(N), N+ u(NJr‘“*l)} a cycle.
More precisely, a point v in X is a periodic point of period w if its iterates
0@ v @1 are pairwise distinct but v(® = v(@)_ If v is a periodic
point of period w, then <v(0), o v(“’_l)> is said to form a w-cycle. Note
that any cycle in X has period less than or equal to | X|. A point v in X is
said to be attracted to a cycle if one of its iterates is equal to some element
in the cycle. The set of points in X which are attracted to a cycle is said to
be the basin of attraction of this cycle. In case every point in X is attracted
to a cycle of X, this cycle is said to be globally attractive.

A periodic point of period 1 is also called a fixed point of f. In other
words, v is a fixed point of f if f(v) =wv. A fixed point v is also said to be
a global attractor if the cycle (v) is globally attractive. Note that when a
global attractor exists in X, there will not exist any cycles of period greater
than or equal to 2.

Analysis of bipolar state value discrete time neural network is difficult
due to its combinatorial nonlinear nature. By focusing on specific artificial
network models, we may, however, be able to give a detailed analysis. In
the following, we will be able to provide a complete analysis of the existence
of cycles as well as the basin of attraction of these cycles.
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2. Classification

We make the following observations. First, (1) can be written as a system
of equations

(t+1)

=sgn (« ugf) — 2u(t) + u(t)) — ﬂ) ,
(

(
@ (ult) Zugt) + ugt)) ﬂ) 5
(

ul Y = gon

untfll) = sgn ufff2 - 2u7(31 + u,(f)) — ﬂ) ,
(

o (unt_l — 2u£f) + ugt)) — 6) .
Therefore, if we define u((J = and u(t) = ugt) for t =0,1,2,..., then
we can write

WD Z e (a(uﬁh @)+4421) 57),i::1,2,”,n.

The Values ugt), ugt) are naturally said to be neighboring, so are ug ), ugt), o

i . .
and un 1 ul? . Furthermore, since the neuron units are on the vertices of a

regular polygon, it is also natural to call u,(f ), ugt) neighboring values.

When ugt_)l =1, ugt) =1 and ugi)l =1 for i € {1,...,n}, we have
u§t+1) = sgn (—/). Similarly, the state value uEHl) can take on sgn (—2a —
B), sgn (—4a— (), sgn (4da— B) or sgn (2« — ). These values can only take
on —1 or 1 and therefore it is natural to discuss the behavior of our network
in separate cases by regarding («, 5) as a point in the plane. There are 10
mutually exclusive and exhaustive cases:
3>0,2a—8>0:;

20— (3<0,4a— 3 > 0;
Aa— <040+ 8 > 0;
JAa+68<0,2a+ 8> 0;
20+ 3<0,3>0;

B <0204 5> 05

20+ 3<0,4a+ 3 > 0;
Aa+ <040 — 8> 0;
Aa—0<0,2a0— 3> 0;

10. 20— 3 < 0,8 < 0.

A vector u is said to be bipolar if each of its components is either +1
or —1. For the sake of convenience, the column vector 6(n) = (81, ...,8,)" is
defined by 6; = (—1)% for i = 1,2, ..., n; the column vector 1(n) is defined by
(1,1,..,1); and the column vector —1(n) is defined by (—1,—1, ..., —1)".

|
|
<

ul™) = sgn

—_
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If no confusion is caused, §(n), 1(n) and —1(n) are also denoted by §, 1
and —1 respectively. Let a = (a1, ...,a) and b = (b1, ..., b;) be two vectors.
The augmented vector (a1, ..., ax, b1, ..., b;) will be denoted by a|b, and the
column vector (a1, ..., ag, b1, ...,bj)T by a'|bT. The notations a|blc, etc. will
have similar meanings.

Since the vertices of a regular polygon can be relabeled, we need to
introduce the following mathematical tools to describe allowable label-
ing. The cyclic permutation of a bipolar vector (u1,ug,...,Up—1,uy) is
(un,u1,u2,...,un—1) and the reflection is (tn, Up—1, ..., u2,u1). Two bipolar
vectors u and v are said to be equivalent if v can be obtained by performing
a finite number of cyclic permutations or reflections on u. Such a relation
is easily shown to be an equivalence relation.

If u is a bipolar vector different from 1 and —1, then the components of
some equivalent vector of u can be broken up into consecutive parts with
alternate signs. More precisely, since u is different from 1 and —1, there will
be a pair of consecutive components with different signs. By performing a
finite number of cyclic permutations and reflections if necessary, we may

suppose without loss of generality that u,, = —1 and u; = +1. Since u # 1,
we must have u; = ... = u;, = +1 and u;,+1 = —1 for some iy € {1,...,n —
1}. Next, if i3 < n — 1, there must be some iy € {i; + 1,...,n} such that
Uiy 41 = ... = U, = —1 and u;, 41 = +1. This process can be repeated again

and again until we run out of numbers in {1,...,n} to choose from. Then
clearly we will end up with a partition {S1, Sa, ..., Sam} of {1,...,n} such
that S; = {1, ...,il}, Sy = {il + 1, ...,ig}, ey Som = {iQm_l + 1, ,n} and
U; = +1for j € S;US3U...US 5,1 and U; = —1 for j € So U...U Sqp,.

Lemma 1. Let u be a bipolar n-vector different from 1 and —1. Then there
is an equivalent vector v of u and a partition {S1,S2, ..., Sem} of {1,...,n}
such that S1 = {1, ...,il}, Sy = {il +1, ...,iQ}, ey Som = {iZm—l + 1, ,n}
and v; = +1 for j € S1US3U...US9m,—1 and vj = =1 for j € SoU...USo,.

In the following discussions, in cases where Lemma 1 is used, we will, for
the sake of convenience, set So,,+1 = S where S is given in Lemma 1. Also,
given a n-vector u = (uy, ug, ..., un)T, and a subsequence S = {iy, 12, ..., z'j}
of the sequence {1, ...,n}, we will set

u(S) = (wiy, Uig,y e, uij)T.
In particular, the vector v in the above Lemma 1 can be written as

v = v(S1)|v(S2)|v(S3)]...]v(Sam)-
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In case m > 1, the vectors v(S1), v(S3), ..., v(S2m—1) are naturally called
the positive arches of v and the vectors v(S2), ..., v(S2m,) the negative arches.
More generally, let u = (u1,us, ..., u,)! be an arbitrary bipolar vector. A
sub-vector of the form (ua,Ua+1,-.-,ug)’, 1 < a < B3 < n, is said to be a
positive arch of u if ug—1 = —1,uq = Uaqy1 = ... =ug = +1land ugi; = —1.
A negative arch of u is similarly defined.

As a final notation, we will denote

J(w) = F(Wu +w),

where F, W and w are defined in the first section.

3. Cases 3 and 8

Among the different possible cases, the one where 4a— 8 < 0 and 4a+3 > 0
is relatively simple.
Indeed, when ugt_)l =1, ugt)

sgn (—03) = —1. Similarly, we can construct the following table

(®)

= land u;/; = 1, we can calculate ul =

i

D4l 41 -1 -1 41 41 -1 -1
T s R R |
LS R R R S R S
Mmoo 1 -1 -1 -1 -1 -1 -1
which can also be expressed as

ul?

i—1 *
ugt) &
ufi)l # |
u§t+1) —1

where %, & and # can either be —1 or +1. Given any initial vector u(®),
uM = (—17—17...7—1)T =u® =B = .
Therefore, we have the following obvious result.

Theorem 1. Suppose 4o — 8 < 0 and 4 + 3 > 0. The n-vector —1 is a
fixed point and also a global attractor.

We remark that it will take at most one step for every vector to be
attracted to —1.
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Similarly, when 4a + 0 < 0 and 4a — 8 > 0, we may construct the
following table

W«
ul(.t) $

“Sr)l #
R

where *,$ and # can either be —1 or +1. Given any initial vector u(?),

u = (+1,41, ., + 1) = u®@ = u® =

As a corollary, the n-vector 1 is a global attractor.

4. Cases 2 and 7

In case 2 where 2a— 3 < 0 and 4o — 8 > 0, we can construct the following

table

Dlox +1 3 -1
S T |
uly# +1 -1+l
7 S |

where *, # and $ can either be +1 or —1.
There are several immediate consequences:

(i)
(i)

(iii)

(t+1)

For each i € {1,...,n}, u; = 41 if and only if ugi)l = +1,

ugt) = —1 and U§21 = +1.
It is clear from (i) that —1 is a fixed point. We assert that it is
the only fixed point. Indeed, if u(?) = (ugo), s u1(10)) is a fixed point

with u,(co) = +1, then in view of the second column of (2), —1 =
u,(gl) = u,(co) = +1, which is a contradiction.

Let u(9 be a n-vector with two consecutive components equal to
—1. Then u® = —T for all t > n/2. By performing a finite number
of cyclic permutations and reflections if necessary, we may assume

without loss of generality that uSP) = u:(LO) = —1. Then in view of

(i),
(1)

n—1

U = u§}> = ugl) = ugl) =—1.

By induction, we see that

n/2—1 n/2— n/2—1 n/2—1
e BRI BV U DY B
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if n is even and

((n=1)/2) _  _ ((n—1)/2) _ ,((n=D)/2) _  _ ((n=1)/2) _
Ulpir) o = .—u;( )/ )—ul = F Uy 1)) =-1
if n is odd.

(iv) When n is even, (6, —4) is an unique 2-cycle and each vector u(%) ¢
{6, —0} is attracted to —1 in at most n/2 + 1 steps. To see this,
note that

50 =1, 60 =41, .., 60 = +1.
In view of (2),

s =41, 600 =1, ., oW =1,
and

82 = —1, 68 =41, .., 6@ = 41,

that is 6 = —6(® = —§, and 6 = §(*) as required. Next, if u(®
is different from ¢ and —4§, then it must have a pair of neighboring
neuron units which have the same values. If ul(.o) = ul(.gr)l = —1 for
some i € {1,...,n}, then in view of (iii), u® = —T for t > n/2. If

ul? = u§.0+)1 = +1 for some ¢ € {1, ...,n}, then in view of the second

3
column of (2), ugl) = ugi)l = —1. Again, in view of (iii), we see
that u® = —T for t > n/2+ 1. Finally, {6, —6} is unique since each
vector u(®) ¢ {8, -4} is attracted to —1.
(v) When n is odd, every vector u is attracted to —1 in at most (n+1)/2
steps. That is to say —1 is a global attractor. Indeed, since u(®)
has an odd number of components, it must have two consecutive

components with the same sign. The conclusion now follows from
(iii).
Theorem 2. Suppose 2o — 3 < 0 and 4a — 8 > 0. Then —1 is the only
fized point. If in addition n is even, then (8, —0) is the unique 2-cycle, and
all bipolar n-vectors distinct from & and —§ are attracted to —1 (in at most

n/2+ 1 steps). If in addition n is odd, then —1 is a global attractor (and
any bipolar n-vector is attracted to it in at most (n+1)/2 steps).

As a direct consequence, we remark that when n is odd, since —1 is
a global attractor, no w-cycles with w > 2 can exist. Similarly, when n is
even, no w-cycles with w > 2 can exist.

To illustrate our result, take n = 3. There are 8 bipolar vectors. Let
up = (+1,+1,+1)" = T and uy = (=1,—1,—1)T = —T. Then the re-
maining vectors belong to two different classes with representing vectors
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ug = (+1,-1,4+1)" and uz = (+1,—1,—1)". In case 2a — 3 < 0 and
4o — > 0, we can check directly that all vectors are attracted to —1.

Similarly, take n = 4. Other than u; = (+1,+1,+1,+1)T =T and ug =
(-1,-1,-1, —1)T = —1, there are four essentially different bipolar vectors
ug = (+1,4+1,4+1, -1 ug = (+1,+1, -1, -1 uy = (+1,-1,-1,-1)f
and us = (+1,—1,+1, —1)T. The vectors uy, uz, uz, u4, ug are attracted to
—1, while (us, —us) is an unique 2-cycle.

In case 7 where 2a+ 8 < 0 and 4o + 8 > 0, we can construct the
following table

ugt_)l $ +1 -1 =

ul! +1 41 41 -1
e
IA RSN RS R

where *, # and $ can either be +1 or —1.

By means of the same arguments discussed above, it is easily seen that
1 is the only fixed point. If n is even, then (4§, —6) is the unique 2-cycle, and
all vectors distinct from 6 and —d are attracted to 1. If n is odd, then 1 is
a global attractor.

5. Cases 5 and 10

In case 5 where 2a+ (3 < 0 and § > 0, we can construct the following table:

ul! +1 41 41 -1
(t) , 3)
Uy +1 -1 +1 %
AR RS RS
where &, * and $ can either be +1 or —1.
There are several immediate consequences:
(t+1)

(i) Foreachi € {1,...,n}, in view of the second column of (3), u
—u{" if and only if u!”, = +1, u{” = +1 and u(fgl = +1, and in

K3 K3

view of the third, fourth and the fifth column of (3), u{™ = u{"

if and only if at least one of Uz@p ul(.t) or ugi)l is —1.

(ii) If u(® is a bipolar vector such that for any i € {1,...,n}, at least
one of u”}, u{” or u{?, is —1, then by (i), u® = u©®. In other
words, u(® is a fixed point. Conversely, if u(?) is a fixed point,

then for any i € {1,...,n}, at least one of ul@l, ugo) or uﬁ)l is —1.

K3
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(iv)
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§ )1 = u§0) = “;921 = +1 for some j € {1,...,n}

= —1 which is contrary to the assumption that

For otherwise u
would imply u§1)
ul? = 41,

In view of the fifth column of (3), —1 is a fixed point. We assert
that its basin of attraction is {I, —1}. Indeed, If u(®) = T, then, by
(i), v = —T, so T is attracted to the fixed point —I. If u(®) ¢
{1, -1}, then u® has at least a pair of neighboring components
with different state value. By applying a finite number of cyclic
permutations and reflections if necessary, we may assume without
loss the generality that the first two components of u(?) satisfy

(u?,ud”) = (+1,-1).
Tn view of (i),

(u?u8") = (+1,-1),

(uf?uf?) = (+1,-1),

and in general,
(u?uf”) = (+1,-1), t=0,1,2,...

This shows that u®) ¢ {1, ~1} for any ¢ € {1,2,...}.

Let u(® ¢ {1,-1} be a bipolar n-vector such that u(o) =
ul(»o) = “53)1 = +1 for some i € {1,..,n}. By Lemma 1, we

may assume without loss of any generality that there is a par-
tition {S1,S2,...,S2m} of {1,..,n} such that S; = {1,....41},
52 = {Zl + 17 ...7i2}, ceey ng = {iZm—l + 1, ,Tl} and U;O) = +1 for
jeS1US3U...USo,—1 and u§0) = —1forj € SoU...U Syy,. Since

50)1 = u§0> = u(i) = +1 for some i € {1,...,n}, we may assume
further that ¢; > 3. Then by (i),

uél) = —1,u(1) = —i—l,ugl) = ugl) =..= ugfll =—1,

(1) +].7’U,§11_)i_1 = —1.

Clearly, for each i € S1, at least one of the components uf )1, u(l)
or u§+)1 is —1. By (i) again, we see further that

(0) (0) (0) (0) (0)
=+Lu; by =u 0= =u;, =Lyt =+1
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(vi)

imply

1 1 1 1 1
ul) = 41,0l = ull, = =l =~ = 41

Thus, for each i € Sy, at least one of the components ugi)l, ul(»l) or

)

u;y, is —1. By similar analysis, we see that for each i € {1,...,n},
at least one of the components ugi)l,ugl) or u(l)1 is —1. In view
of (i), u is a fixed point. Finally, since u%l) = uél) = —1 and
ul? = 41, we see that u) is different from T and from —T.

Let v be a preimage of w under f, that is, let u = f(v). If u; = +1,
then v; = +1. This is true in view of the third and the fourth
columns of (3).

Let u # —1 be a fixed point. By Lemma 1, we may assume with-
out loss the generality that there is a partition {Si,S2, ..., S2m}
of {1,..,n} such that S; = {1,...,i1}, Sa = {i1 + 1,...,42},
Som = {igm_l +1, ,77,} and u; = +1 for j e S1US3U...US9m -1
and u; = —1 for j € S U...U Sa,. Let u be written as

u = u(S1)|u(S2)|u(S3)]...]u(S2m)-

Since u is a fixed point, in view of (ii), 1 < |u(S2k—1)| < 2 for k €
{1,...,m}. Let v be a preimage of v under f, that is, let f(v) = u.
Suppose m = 1. We assert that

v =u = u(S1)|u(Ss).

To see this, we consider two cases: |S1] = 1 and |S1| = 2. Suppose
the former case holds, assume |S2| = 2, then

= (+1,-1,-1)".

In view of (v), v1 = +1. We assert that vo = —1. If v3 = +1,
then in view of the second and the third column of (3), v3 = +1
for otherwise us = +1 which is contrary to our assumption. But
if v1 = va = v3 = +1, then in view of the second column of (3),
u1 = —1, which is contrary to our assumption. The case where
|S1] =1 and |Ss| > 2 is similarly proved. Next, suppose the latter
case |S1] = 2 hold. If |Se| = 1, then

= (41,41, -1,
By the third and the fourth columns of (3),

= (+1,+1,2)1.
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We assert that © = —1. Otherwise, by the second column of (3)
ug = —1, which is contrary to our assumption. The case where
|S1] =2 and |S2| > 1 can be proved by induction. Suppose m > 1.
If |Sog—1| = 2 for some k € {1,...,m}, we assert that v(Sox_1) =
w(Sak—1), v(Sak) = w(Sax) and v(Sak—2) = u(Sak—2). Indeed, if
[Sak| = 1, then

U(Sgk,1)|u(52k) = (+1,+1, —l)T.
By the third and the fourth columns of (3),

U(SQk_1)|U(SQk> = (—‘rl, +1, .Z‘)T.

We assert that © = —1. Otherwise, by the second column of
(3) the second component of wu(Sog—1)|u(S2x) is —1, which is
contrary to our assumption. The case where |Sox—1| = 2 and

|Sax| > 1 can be proved by induction. Similarly, we may show that
v(S2k—2)|v(S2k—1) = w(Sak—2)u(Sak—1). (In particular, if m = 2,
and if |S1] = 2, or, |S3| = 2, then v = w.) If (m > 1 and)
|S2x—1| =1 for some k € {1,...,m}, we assert that v(Sax) = u(Sak)
or v(Sak) = —u(S2k). Indeed, the first component of v(Sa) is +1 or
—1. If the former case holds, then the second component of v(Saz)
must be +1, otherwise, the second component of u(Sa), in view of
the third column of (3), is +1, which is contrary to our assumption
on u(Sax). By induction, we may then show that all the compo-
nents of v(Sg;) are —1. If the latter case holds, we assert that the
second component of v(Sa;) is +1. Otherwise, in view of the third
and the fourth columns of (3), the second component of u(Sa)
must be +1, which is again contrary to our assumption on u(Sa).
By induction, we see that each component of v(Sa) is —1.

Example 5.1. Take n = 12 and v = (+1, -1, =1+ 1, —1, -1, —1, +1,
+1, =1, —1)t. In view of (ii), it is a fixed point. Furthermore, it is of the

u(S1)[u(S2)|u(Ss)|u(Sa) [u(Ss)|u(Ss)
ADN(1, =D )T (-1, =1, =D+, +1) ¥ (-1, -1)".

u

(
(

In view of (v), we see that any vector v that is being mapped to u is of the

v = (+17 *’ *7 +17 *’ *7 *’ +17 +17 *’ *)T7
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where each * can be either +1 or —1. But since |S5| = 2, in view of (vi),
v=(+1,%#+1,-1,—-1,—1,+1,+1,—-1,-1)".

Finally, since |S1| = 1, in view of (vi), v can either be
(+1,+1,+1,+1, -1, -1, -1,41,+1, -1, - 1)

or
(+1,-1,—1,41, -1, -1, =1, +1,+1, -1, 1),

Example 5.2. Take n = 4. Let u = (+1, —1,41, —1)'. Then u is a fixed
point in view of (ii). Furthermore, its basin of attraction is {v, u}, where v =
(+1,+1,+1,-1)F. Let w = (+1,—1,—1,—1). Then its basin of attraction
is {w}. Let p = (+1,+1,—1,—1)". Then its basin of attraction is {p}.

Example 5.3. Take n = 5. Let u = (+1,—1,+1,—1,—1)". Then u
is a fixed point in view of (ii). Furthermore, its basin of attraction is
{w,v,u}, where w = (+1,+1,+1,—1,-1)" and v = (+1, -1, +1,+1,+1)T.
Let p = (+1,+1,—1,+1,—1)". Then its basin of attraction is {p}. Let
q = (+1,—-1,—1,—1,—1)". Then its basin of attraction is {¢}. Let r =
(+1,41,—1,—1,—1)". Then its basin of attraction is {r}.

Example 5.4. Take n = 6. Let v = (+1,—1,+1,—1,+1,—1)". Then
u is a fixed point in view of (ii). If f(v) = wu, then by (v), vi =
vs = v5 = +1. In view of (3), it is easily determined that v = wu
or v = (+1,41,+1,—1,41,—1)". Thus the basin of attraction of u is
{u, (+1,+1,+1, =1, +1, -1)}. Let w = (+1,4+1, -1, +1, -1, —1)T. In view
of (v) and (vi), we see that any v that satisfies f(v) = u is of the form

v=(+1,+1,-1,+1,z,y)".

Again, by (3), it is easily determined that x = —1 and y = —1. Let
uw=(+1,-1,+1,—1,—1,—1)". By similar arguments, we may show that its
basin of attraction is {w,v,u}, where w = (4+1,+1,+1, —1,—1,—1)" and
v=(+1,-1,4+1,4+1,+1,+1)". Let u = (+1,—1,—1,+1,—1,—1)". Then its
basin of attraction is {p,u}, where p = (+1, 41,41, +1,—1,—1)T . Finally,
let u = (+1,—1,—1,—1,—1,—1)". Its basin of attraction is {u}.

Theorem 3. Suppose 2a+ 6 <0 and 3 > 0.

(1) A bipolar vectoru is a fized point if, and only if, for anyi € {1,...,n},
at least one of u;—1, u; or u;+1 is —1. Furthermore, any bipolar vector u
is attracted, in at most one step, to a fized point (which can explicitly be
given if the sign distribution of u is known).
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(2) The basin of attraction of the fived point —1 is {1,—1}. Let u ¢
{1, -1} be a fized point and {S1, Sa, ..., Sam } is a partition of {1,...,n} such
that S1 = {1, ...,il}, Sy = {il +1, ...,ig}, ey Sopp = {i2m71 +1, ,TL} and
U; = 41 for j € S1US3U...US,—1 and Uj; = —1 for j € SoU...U Sop,.
If m = 1, then the only preimage of u is itself. If m > 1, then for any
preimage v of u,

U(Sgkfl) = U(SQkfl), ke {1, ...,m},

[Sak—1] =1 = v(S2k) = u(Sax) or —u(Sz), k€ {1,...,m},
and
|S2k—1] = 2 = v(Sak—2)|v(S2k—1)|v(S2k)
= u(Sak—2)|u(Sak—1)u(Sak), k €{1,...,m}.

We remark that once the preimages of a fixed point u is determined,
then the basin of attraction of w is just the set of all its preimages which
are completely described by Theorem 3.

In case 10 where 2o — 3 < 0 and 8 < 0, we can construct the following
table

WY1 21 S 41

where *, # and & can either be +1 or —1.

Similar to case 5, a bipolar vector is a fixed point if, and only if, for
any i € {1,...,n}, at least one of w;_1, u; or u;11 is +1. 1 is a fixed point
and the its basin of attraction contains 1 and —1 only. Furthermore, any
bipolar vector is attracted to a fixed point.

If u # 1 is a fixed point and {S1, S, ..., Som } is a partition of {1,...,n}
such that Sl = {17 ...,il}, SQ = {7,1 + 1, ...,ig}, ceey ng = {iZm—l + 1, ,Tl}
and u; = +1for j € S1US3U...US2,—1 and u; = —1 for j € SpU...USoy,.
If m =1, then the basin of attraction of u is {u}. If m > 1, then for any v
in the basin of attraction of w,

’U(Sgk) = U(Sgk), ke {1, ...,m},

|52k| =1= U(SQk+1) = u(82k+1) or — U(Sgk+1), ke {1, ...,m},
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and

|Sok|=2=v(S2k—1)|v(S2k)|v(S2k+1) = v(S2k—1)|u(Sak) [u(S2r+1), KE{L, ..., m},

where we have defined S3,,+1 = S1.

6. Cases 4 and 9

In case 4 where 4a+ 3 < 0 and 2a+ 8 > 0, we can construct the following
table

ugt_)l $ +1 -1 =
ult +1 41 41 -1
(t) ; (4)
Uiy +1 -1 -1 &
TS [ (S R |

where *, $ and & can either be +1 or —1.
There are some immediate consequences:

(i) For each i € {1,...,n}, u§t+1) = +1 if and only if ugt_)l = -1,
ul(»t) =41 and “521 = —1; and uEHl) =—1if ul(.t) = —1. Therefore,
if u??l = -1, ugo) = 41 and ug-(i)l = —1 for some j € {1,...,n},
then
U;il = —1, u;t) = —}—1, U;Ql =—1
for allt > 0.

(ii) A bipolar vector u is a fixed point if, and only if, for any i €

{1,...,n}, at least one of u; or u;41 is —1. Indeed, if ugo) = —1, then

in view of the fifth column of (4), ugl) = —1;and if ugo) = +1, then
by assumption, ul(g)l = “1('3-)1 = —1, so that, in view of (i), ugl) =41
Conversely, if u is a fixed point but there is some j € {1, ...,n} such
that ugo) = ug-(i)l = +1. Then in view of the second column of (4),
uH = §0) _ u;l).
(iii) In view of (ii), —1 is a fixed point. Furthermore, in view of the
second column of (4), TV = T Let w(© be a bipolar vector dif-
ferent from 1 and —1. Then by Lemma 1, we may assume with-
out loss of generality that there is a partition {Si,S2, ..., S2m}
of {1,...,n} such that S; = {1,...,i1}, So = {il + 1, .02}, .
Som = {iZm—l +1,..., n} and u;o) =+1 fOI‘j € S51US3U...US9, -1
and u{") = —1 for j € So U ... U Sap. If in addition | Szy_y| > 2 for

all k =1,2,...,m, then in view of (i) and the second, third and the

—1 which is contrary to our assumption that «
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fifth columns of (4), u¥) = —T, which means that u(?) is attracted
to —1. If some |Sox_1| = 1, then by (i), u©) is not attracted to —1.
Let u(® be a bipolar vector different from T and —I. Then by
Lemma 1, we may assume without loss of generality that there is
a partition {S1, Sa, ..., Sam} of {1,...,n} such that Sy = {1,...,41},
52 = {Zl + 17 ...7i2}, ceey ng = {iZm—l + 1, ,Tl} and U;O) = +1 for
jE S1US3U...USy,—1 and ugo) = —1 for JjE Sy U ... U Sy,,. If

i1 =1, then uéo) =1, u:(LO) = +1 and uéo) = —1. In view of (i),

u(()t) = uéo) = -1, ugt) = ugo) = +1, ugt) = ugo) =-1

fort > 0.If ¢; > 1, then in view of the second and the third columns
of (4),

uét) = ugt) = .= ugf)ﬂ =-1,t>1.
In either case, for any i € {1,...,41}, at least one of ul(»l) or uf}r)l is
—1. Next, in view of the fifth column of (4),

ugf)ﬂ = uglz =..= ug) =-1,t>1.
Again, for any i € {i1+ 1, ..., 2}, at least one of ul(.l) or ugi)l is —1.

(

In general, we see that for any ¢ € {1,...,n}, at least one of uil) or

ugi)l is —1. Therefore, by (ii), u(") is a fixed point. Furthermore, if
i3 — 12,15 — 14, ..y 12 —1 — G9m—2 > 1, then ’U,(l) = —T7 otherwise,
for i1 = 1 and each i2k+1 S {ig,i5, ...,igmfl} with i2k+1 — 1o = 1,
then uglﬂ =+1fort>0.

Let v be a preimage of w under f, that is, u = f(v). If u; = +1,
then v; = +1. This is true in view of the fourth column of (4).
Let u # —1 be a fixed point. Since 1 is not a fixed point, by
Lemma 1, we may assume without loss the generality that there is
a partition {S, S, ..., Sam} of {1,...,n} such that S; = {1,...,41},
So = {i1 +1,...,02}, ..., Som = {i2m—1+1,...,n} and u; = +1 for
JjES1US3U...US9,—1 and uj; = —1for j € SoU...U Sa,,. Let u
be written as

u = u(S1)|u(S2)|u(Ss)]|-.-|u(Sam)-

Since u is a fixed point, in view of (ii), |Sar—1| = 1 for any k €
{1,...,m}. Let v be a preimage of u under f, that is, f(v) = u.
Suppose |Sa| < 3 for some k € {1,...,m}. We assert that

v(Sak—1)[v(S2k ) [v(S2k+1) = u(S2k—1)|u(S2k)|u(S2k+1),
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where u(S2m+41) = u(S1) and v(Sam41) = v(S1). To see this, we
consider two cases: |S2x| = 3 and |Sax| < 2. Suppose the former
case holds, then

w(Sak—1)|u(Saok)|u(Sak+1) = (+1, -1, -1, -1, +1)T.
In view of (v),
0(S2k-1)[0(S2k) [V (S2kt1) = (+1, 2,9, 2, +1).

We assert that © = —1. Otherwise, by (i), the first component of
u(S2k—1)|u(S2k)|u(Sak+1) is —1, which is contrary to our assump-
tion. Thus the first component of v(Sa;) must be —1, so that

v(Sak—1)|v(S2k)|v(S2k11) = (+1, -1, y,z,+1)1,

Next, we assert that y = z = —1. If y = 41, then z = +1, for
otherwise, by the fourth column of (4), the third component of
w(Sa2r—1)|u(S2k) |u(Sak+1) is +1, which is a contradiction. But if
y = z = +1, by the second and the third columns of (4), the last
component of u(Sax—1)|u(S2x)|u(S2k+1) is —1, which is contrary to
our assumption. That is to say

v(S2k-1)[v(S2k) [v(S2k+1) = w(S2k—1)|w(S2r)|u(S2r+1)-

The case where |Sar—1| = 1 and |Sax| < 2 is similarly proved. Sup-
pose |Sa| > 4 for some k € {1, ...,m}. Then by reasons just shown,
the first and the last components of v(Sax ) are —1. Furthermore, by
(i), v(Sax) cannot have three consecutive components of the form
—1,41,-1.

Example 6.1. Take n = 6. Let v = (+1,—1,+1,—1,+1,—1)". Then
u is a fixed point in view of (ii) and its preimage is itself. Let v =
(+1,-1,—1,—1,—1,—-1)7, which is a fixed point in view of (ii). Then
Sl = {1} and SQ = {2,3,4,5,6},

w=(+1)"|(-1,-1,-1,—-1, -1

Now |S3| = 5. In view of (vi), the preimages are of the form

(+17 _]-a *, $7 #7 _]-)T 9

and the subvector (—1, *, $, #, —l)T cannot have three consecutive compo-
nents of the form —1,+41, —1. Thus the preimages are

(+17 _17 _17 _17 _17 _I)T ) (+17 _15 +1a +1a _1’ _1)T )
(+1, =1, 1,41, +1, =)' (+1, =1, +1, 41, +1,-1)" .
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Theorem 4. Suppose 4a+ 3 <0 and 2a+ 5 > 0.

(1) A bipolar vector u is a fized point if, and only if, for anyi € {1,...,n},
at least one of u; or w41 is —1.

(2) Every bipolar vector u is, in at most one step, attracted to a fized
point (which can explicitly be given when the sign distribution of u is
known,).

(3) Let u # —1 be a fived point and let {S1,Sa, ..., Sam} is a partition
of {17...7TL} such that S = {1,...,i1}, Sy = {il + ].,...,ig}, ey Som =
{igm—1+1,...,n} and uj = +1 for j € S; US3U...U Sopm—1 and uj = —1
for j € SoU...USom. Then |Sap—1| =1 for all k € {1,...,m}, and for any
preimage v of u,

’U(Sgk_l) = u(SQk_l), ke {1, ...,m},

and the first as well as the last components of each v(Sar) are —1. Further-
more, if |Sak| < 3 for some k € {1,...,m}, then for preimage v of u,

v(S2—1)|v(S2k) [v(S2k+1) = u(S2k—1)|u(S2k)[u(S2k+1),

and if |Sor| > 4, v(Sar) cannot have three consecutive components of the
form —1,+1,—1.

In particular —1 is a fized point and its basin of attraction is the union
of the set {1,—1} and the set of all bipolar vectors whose positive arches
have two or more components.

We remark that once the preimages of a fixed point u is determined,
then the basin of attraction of w is just the set of all its preimages.

In case 9 where 4o — 3 < 0 and 2a — 3 > 0, we can construct the
following table

uE * +1 & -1
71 [ [ R |
(t)
(

w8 41 -1 41 |7

U

+1 -1 +1 +1

where *, & and $ can either be +1 or —1.

By means of the same arguments shown in case 4, we may show that
a bipolar vector u is a fixed point if, and only if, for each ¢ € {1,...,n},
at least one of ugo) or Ug‘% is +1. Furthermore, every bipolar vector is
attracted to a fixed point in at most one step. If u® = T is a fixed point and
there is a partition {S1, S2, ..., S2m} of {1,...,n} such that S; = {1,...,41},
Sy = {i1 +1,...,42}, ...y Som = {iam—1 +1,...,n} and u§0) = +1for j €
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S1US3U ... USzm—1 and ul”) = —1 for j € S5 U...U Sam, then |So| = 1
for any k € {1,...,m} and
v(Sax) = u(Sax), k € {1,...,m}

and the first and the last components of each v(S2r_1) are +1. For any
preimage v of u, if |Soi—1| < 3 for some k € {1,...,m}, then

v(Sak—2)[v(S2k—1)|v(S2k) = u(S2k—2)|u(S2k—1)|u(Sa2k),

and if |Sax—1] > 4, then v(S2;_1) cannot have three consecutive components
of the form +1,—1,41. In particular 1 is a fixed point and its basin of
attraction is the union of the set {1,—1} and the set of bipolar vectors
whose negative arches have two or more components.

7. Cases 1 and 6

In case 1 where § > 0 and 2a— § > 0, we can construct the following table

T T |
L R |
+1 41 -1

; ()

where *, # and $ can either be +1 or —1.
There are several immediate consequences:
(i) For each i € {1,...,n}, u{™ = u{" if, and only if, u'", = —1

(-t) —1 and ugle = —1. Thus if one of uf )17 ) o uﬁjl is +1,

(t+D) _ (0

7

then u,
(ii) It is clear from the fifth column of (5) that —1 is a fixed point. We

assert that it is the only fixed point and that 1(1) —1. Indeed,
any vector u (0) # —1 must have a component uE ) = +1. In view of
(1)
i

the second column of (5), u;’ = —1, which means that u(®) cannot

be a fixed point. The fact that T = _T follows from the second
column of (5).
(iii) If «(® is a vector such that for all i € {1,...,n}, neither u(o)l =
ugo) = u(g) = —1 nor u(o)l = u(o) “(3)1 = +1, then <u(0) —ul® )>
is a 2-cycle. To see this, we show that for each i € {1,...,n}, u(l)
- (O) . Indeed, if u(o) = +1, then by (i), u (1) —1; and if u(o)

() (0)

—1, then by assumption, either u, +1 or u;;y = +1, so that
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uY = 41 by (i). Conversely, if (w®,wW) is a 2-cycle, we assert
that for all i € {1,...,n}, neither w(o)l = (O) = wf?r)l = —1 nor

1(0)1 = w(o) = (O) = +1. Indeed, we first note, in view of (ii),

that {w(o w® } ﬁ {1 —1} must be empty. Now suppose to the

contrary that w(o)l = w(o) = wﬁ_)l = —1. By applying a finite
number of cyclic permutatlons and reflections if necessary, we may

assume without loss of generality that j = 2 so that wg ) = go) =

wl = —1. Since w(® # —T, we see that w§0) = wéo) = wéo) =..=

wfo) = —1 while wgi)l = +1 for some % 6 {3 — 1}. But in view
of (i), 1(1)1 = —1 and w(l) +1 and wl 1 = +1 This is contrary
(0) (2)

to the assumption that w;_’; = w;”;. Thus thereisno j € {1,...,n}
such that w(o) wgo) w](&)l = —1. The other case can sumlarly

be shown. We remark that as a consequence, if <w(0),w(1)> is a
2-cycle, then w = —w(©,
Let u(9) be a bipolar vector such that for some i € {1,...,n}, ul(-o)

and ul(g_)l have different signs, then in view of (i),

n @\’ 0
(UE )7u1('+)1) == (UE )7 54-)1) )

T T T
() = (0 02) = ()’

and in general,

T
(w9, 0) = (1) (202 e =01,

The basin of attraction of the fixed point —1 is the set {1,—1}.
Indeed, as explained in (ii), T = 1. 1f u© is different from T or
—T, then by (iv), for any ¢t > 0, u®® must have a consecutive pair
of components which are different. Thus u(?) cannot be attracted
to 1 nor —1.

Let u(”) be a bipolar vector such that ugo) = +1, u£+)1 = ugg)g =
. = ufi)k = —1 and ul(.i)k 41 = +1 for some i and k satisfying
0<i<i+k<n Ifk=1, then by (iv),

(§t),u§+>1, 522) = (—1)t(+1, -1, +1)F = (—1)H15(3).
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If k = 2, then by (iv) again,

(0 0 ) = (1) (1,1, =1, )

= (-1)"*1(6(2) - 6(2)), t = 0.
If k = 3, then in view of (i),
(uz('l)vu§217u§227u§237u§24>T = (-1L,+1,—-1,+1,-1)f =4(5),

so that by (iv),

(00l ) = (-1 *6(5), £ =1.2,....
If k = 4, then in view of (i),

T
(ugl),ugi)l,ul(_l‘_)Q,ug_l‘_)g,ug_l‘_)4,u§_l‘_)5) =(-1,+1,-1,-1,+1,-1),

T
(ugz),ugi)hug_z‘_)27u§_2‘_)37u§_2‘_)47u§3_)5> = (+1,-1,+1,+1,-1,+1)",

and
T
(s uly uuls) = (1) EEE) =1,

By induction, we may then see that when & is odd,

k—1 k=1 k=1 k-1 f k+1
(u(2>,u§+; )l >,u§+;31) = (-1 F 6k +2)

3

and

(50,570, 27 @“))*

y Ui e Ugy g y Uiy k41
= (-1 5k +2), ¢ > 0;
when k is even,

(ul(’“zz) (*2%) (%52) (k22)>f

yUip1 T Uiy s Ui g

“(e0s(557) e (5))




(vii)

(viii)
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and

- _ - T
k—2.4 k-2 4 k—2.4 k—2.4
<“1( ’ )7ui(+f )7""ui(+li )7 1(+1§+1 ))

= (o (B2 (H52)) ez

If u(® ¢ {1, —T}, then by Lemma 1, we may assume without loss
of generality that there is a partition {57, Sa, ..., S2;m } of {1,...,n}
such that S; = {17 ...77;1}, Sy = {il +1, ...,ig}, ey So = {igmfl +
1,...,n} and u§0) =+41for j€S1US3U...USs,_ 1 and ugo) =-1
for j € So U...U Ss,. We now consider the iterates of the vector

i
(U( ) U’§O)7 . 7“’510)’“’5103*1) = (_17+177+17_1)T .

In view of (i), we see that

(o280, ) = (4L, 1, 1,141

Thus, by (v), if 41 is odd, then

711 10 %4y

1l
(w2l ol ) = #0G+2)(6)
for t > n, and if i; is even, then

T
t t t t t
CORTIRTCRRT I RO

()

for ¢t > 41/2. In both cases, for each ¢ € {1,...,41}, neither u( ) =
ugt) = “521 = —1 nor “5?1 = ugt) = u(i)l +1. Next, consider the

iterates of the vector

T
(ug?),ug?il,... u® ) = (+1,—1,..,—1,+1)".

» Pig ) Pig+41

In view of (v) again, when ¢ is sufficiently large, for each i € {i; +

1,...,42}, neither ugt_)l = ugt) = ugi)l = —1 nor ugt_)l = ul(,t) =
EJr)l = +1. These show that (u®, —u®) is a 2-cycle for all large

t. In conclusion, we have shown that any «(®) not in {T, -1} will

be attracted to a 2-cycle.

Let f(v) = u, that is, v is a preimage of u. In view of (5), if u; = +1,

then it is necessary that v; = —1.
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(ix)

A bipolar vector u is terminal if for some i € {1,...,n}, u;—1 = u; =
u;+1 = +1. Indeed, suppose to the contrary that f(v) = u. Then
vi—1 = v; = vi41 = —1. By in view of the fifth column of (5), the
fact that v;_1 = v; = v;41 = —1 would imply u; = —1, which is
contrary to our assumption that u; = +1.

Let w be a bipolar vector different from 1 and —1 and
{51, Sa, ..., Sam } is a partition of {1, ..., n} such that S = {1, ...,41 },
So = {i1+1,...,02}, ..., Som = {igm—1 +1,...,n} and w; = +1 for
Jj € S1US3U...USo,—1 and wj = —1 for j € So U ... U Sop,.
Let f(v) = w, that is, v is a preimage of w. Suppose there is some
k € {1,...,m} such that |Sar_1| = 2, then

0(S2k-1)[v(S2k) = — (W(S2k—1)[w(S2k)) -
First, suppose |So| = 1, that is,
w(Sop—1)|w(Sar) = (+1,+1, = 1),
we assert that
v(Sar—1)[v(Sar) = (=1, =1, 4+1)" = — (w (S —1)|w(Sax)) -
Indeed, in view of (viii),
v(Sak—1)|v(S2r) = (=1, —1,2)".

If 2 = —1, then by the fifth column of (5), the second component
of w(Say_1)|w(S2x) would be —1, which is contrary to our assump-
tion. Thus = +1. Similarly, suppose |Sar| = 2, that is,

w(Sap—1)|w(Sax) = (+1,+1, -1, —1)T.
then
v(Sar—1)|v(S2k) = (=1, =1, +1, +1)" = — (w(Sak—1)|w(S2r)) -
Indeed, as above, we may show
v(Sak—1)[v(Sar) = (=1, —1,41,y)".

If y = —1, then by the third and the fourth column of (5), the
fourth component of w(Sax—1)|w(Sa2x) would be +1, which is again
contrary to our assumption. The rest of our proof can now be com-
pleted by induction. By dual arguments, we may easily see that if
for some k € {0,1,...,m — 1}, |Sax+1| = 2, then

v(Sak)[v(S2k+1) = — (w(S2)|w(S2k+1)) -
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If for some k € {1,...,m}, |Sak—1]| > 1 and |Sop+1| > 1, then

v(Sa2k—1)[v(S2k)[v(S2k+1) = — (w(S2k—1)|w(S2k ) [w(S2k+1))

or

0(S2r—1)[v(S2k)[0(S2k41) = — (W(S2k—1)| — w(S2k)|[wW(S2k41)) -

Indeed, assume without loss of generality that |Sor—1| = 1 =
|Sgk+1| and that

w(Sap—1)w(Sek)[w(Szrs1) = (+1, —1,—1, . =1, =1, +1)T .
Then
v(Sak—1)|v(S2k)[v(Sak+1) = (=1, %, %, ..., *, x, —1)Jr ,

where each * can be +1 or —1. Assume the second com-
ponent of v(Sak—1)|v(S2k)|v(S2k+1) is —1, then we assert its
third component is also —1. Otherwise, by (i) the second
component of w(Sag—1)|w(Sak)|w(S2k+1), as the first iterate of
v(S2k—1)|v(S2k)|v(S2k+1), must be +1, which is contrary to our
assumption on w. By induction, it is then easily seen that the
fourth component, etc. are all —1. On the other hand, if we as-
sume that the second component of v(Sak—1)[v(S2k)|v(S2k+1) is
+1, then we assert its third component is also +1. Otherwise, by
(i), the third component of w(Sak—1)|w(S2k)|w(Sa2k+1), as the first
iterate of v(Sak—1)v(Sa2k)|v(S2k+1), must be +1, which is again a
contradiction. By induction, it is then easily seen that the fourth
component, etc. are all +1. The proof of our assertion is complete.

Let us now consider some examples. Let (w,—w) be a 2-cycle and
let {S1,S9,...,S2m} is a partition of {1,...,n} such that S; = {1,...,41},
SQ = {7,1 + 1,...,i2},..., ng = {igm_l + 17...771} and w; = +1 for
j e SiUS3U...USy,—1 and w; = —1 for j € Sy U ... U Sy,. Since
(w,—w) is a 2-cycle, in view of (iii), |Sax| < 2 and |Sax—1] < 2 for all
k =1,2,3,...,m. By means of (viii), (ix) and (x), we may calculate the
basin of attraction of w. For instance, suppose |Sax| = |S2k—1] = 2 for all
k=1,2,3,...,m. In view of (ix), f~'(w) = —w and f~!(-w) = w. Its
basin of attraction is therefore the set {w, —w}. As another example, let
n=12and w = (+1,—1,+1,+1,—1,—1,+1, -1, -1, +1, -1, +1)T which is
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depicted as follows:
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and
+ + -
1 2 3
+ 12 4 -
u=+ 11 5 +
- 10 6 +
9 8 7
+ + -
Then w = —a and (w, a) is a cycle.

The preimages of w are a and b, the preimages of b are x and y, the
preimages of a are w and v, and the preimages of v are z and u. For instance,
since wis = wy = w3z = wg = +1, we see that a preimage of w must have

the form
— + —
1 2 3
- 12 4 -
+ 11 5 +.
* 10 6 +
9 8 7
* ok %

Next, since (w7, ws, wo, w19) = (+1,—1,—1,+1), we see that a preimage of
w must either be of the form

* %
1 2
* 12 4 %
* 11 5 %
— 10 6 =x
9 8 7
+ + -
or of the form
* % %
2
* 12 4 %
* 11 5 %
— 10 6 =x
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Thus the only preimages that satisfy these requirements are a and b.

Note that the bipolar vectors x, y, z and u are terminal since they have
three or more consecutive components which are equal to +1. Therefore,
the basin of attraction of w is exactly {w,a, b, z,y, z,u}.

Theorem 5. Suppose 3 >0 and 2ac — 3 > 0. Then
(1) —1 is the only fived point and its basin of attraction is {1,—1}.
(2) {w(o), w(l)} is a 2-cycle if, and only if, for any i € {1,...,n}, neither

w® = w® = w? = 1 nor w” = w® = wQ = +1. Any 2-cycle

i—1 7 +1
{w(o),w(l)} must iJLrave property w(l) = —w®,

(3) Any bipolar vector u not in {1, —1} is attracted to a 2-cycle (which
can be explicitly given when the sign distribution of u is known).

(4) A bipolar vector u is terminal if for somei € {1,..,n}, ui—1 = u; =
Uip1 = +1.

(5) Let w be a bipolar wvector and suppose there is a partition
{Sl,Sg,...,ng} of {1,...,n} such that S1 = {].7...72'1}, Sy = {il +
1,.yda}y ey Som = {iam—1 + 1,...,n} and wj = +1 for j € S1US3U
wUSom—1 and wj = —1 for j € SoU...U Say,. Let v be a preimage of w.
If there is some k € {1,...,m} such that |Sak—1| = 2, then

0(Sak—2)[v(S2k—1)[v(S2k) = — (W(S2k—2)[w(S2k—1)|w(S2k)) -
If for some k € {1,...,m}, |Sog—1] = 1 = |Sag+1|, then
v(S2k—1)|v(S2k) [v(S2k+1) = — (wW(S2k—1)[w(S2k ) [w(S2k+1))

0(Sa2k—1)|v(S2k) [v(S2k+1) = — (w(S2k-1)| — w(Sa2k)|w(S2k+1)) -

In case 6 where 8 < 0 and 2a + 8 > 0, we can construct the following
table

Dol # -1 &
+1 +1 +1 -1
+1 -1 41 =
+1 -1 -1 +1
where *, # and & can either be +1 or —1.

By means of the same argument shown in case 1, we may show that 1
is the only fixed point and its basin of attraction is {1, —1}. Furthermore,

(w®, wm) is a 2- cycle if, and only if, w® = —w©® and for any i €
{1, ...,n}, neither w( o= (k) = wl(Jr = 41 nor wz(ﬁ)l = w@( = wz(ﬂ =L

Any vector not in {1, —1} is attracted to a 2-cycle. The preimages of a
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bipolar vector can always be calculated, so is the basin of attraction of a
2-cycle.

8. Remarks

The long time behaviors of the solution space of our artificial neural network
(1) depend on both the location of the parameter pair («, 3) in the plane
and the initial neuron states. By means of the straight lines

6207 6:204, ﬂ=4aandﬁ:_4a7

the plane can be divided into ten different regions so that when (¢, ()
is ‘switched’ into one of them, the behaviors of the corresponding solution
space (in terms of the cycles and their basins of attractions) will also change
accordingly.

We may further elaborate on the previous remark in terms of Boolean
cellular automata. The so called cellular automata is a concept formulated
by scientists to simulate complex systems. In a cellular automaton, there
are identical elements, usually located in a regular array of cells. The update
rule for each cell depends on that cell and some of its nearest neighbors.
In a Boolean cellular automaton, the state of each cell is either 0 or 1,
and is updated according to certain Boolean rules. Therefore our neural
network fits in this setting. Since there are three inputs, the network takes
23 possible input states, and can have 26 Boolean functions which determine
the output of a cell. For example, the following Table is one of the possible
Boolean functions

Input 000 001 010 011 100 101 110 111
Output 0 0 0 0 0 0 0 0

If we identify each 0 with —1 and each 1 with +1 in the above table, we
see that this is just the same table in Case 3.

Since the 10 different cases in our previous analysis are generated by
choosing different combination of o and (3, we now have a neural network
that may simulate 10 different Boolean cellular automata simply by manip-
ulation of two ‘analog’ parameters. Furthermore, our results in the previous
sections can now be applied for understanding this ‘switchable’ automata
without too much difficulty.
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1. Introduction

The goal of this work is to characterize the fine structures of fractals and
its dynamics determined by hyperbolic and chaotic dynamical systems and
by dynamical systems that are in the frontier between order and chaos.
The fine structures of fractals are determined by the geometric properties
of the fractals when studied at infinitesimal scales. This leads us to say
that two fractals have the same fine structures and similar dynamics on
them if the corresponding dynamical systems are differentiable conjugate.
We will use the renormalization operator to understand the fine structures
of the dynamical systems in the frontier between order and chaos (see E.
de Faria, W. de Melo and A. Pinto (ref. 21)). In hyperbolic dynamics, these
fine structures are characterized by affine structures (see A. Pinto and D.
Rand (ref. 70), and A. Pinto and D. Sullivan (ref. 75)).

1.1. Hyperbolic dynamics

In Section 2, we construct Teichmiiller spaces which characterize the smooth
conjugacy classes of unidimensional hyperbolic dynamics (see D. Sullivan
(ref. 85), A. Pinto and D. Sullivan (ref. 75) and A. Pinto and D. Rand
(ref. 64)). These Teichmiiller spaces have infinite dimension which implies
that there is a great diversity of fine structures. Hence, we say that these
dynamical systems are flexible. These dynamical systems also show the
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following feature that we call explosion of smoothness: if there is a topo-
logical conjugacy between two of these dynamical systems with a non-zero
derivative at a point then these systems are smooth conjugate (see F. Fer-
reira and A. Pinto (ref. 26)). Similar results are proved for uniformly asymp-
totically affine (uaa) unidimensional hyperbolic dynamics whose (uaa) con-
jugacy classes form the completion of the smooth conjugacy classes (see
D. Sullivan (ref. 87) and F. Ferreira (ref. 23)). These (uaa) systems are
not necessarily smooth, however their eigenvalues are well-defined (see F.
Ferreira and A. Pinto (ref. 25)).

In Section 3, like as in the unidimensional case, we construct Teichmiiller
spaces which characterize the smooth conjugacy classes of surface diffeomor-
phisms with hyperbolic basic sets. These Teichmiiller spaces have infinite
dimension and so we say that these dynamical systems are flexible (see E.
Cawley (ref. 12) and A. Pinto and D. Rand (ref. 67)). Since, the holonomies
of these dynamical systems are smooth (see A. Pinto and D. Rand (ref. 68)),
we get that all the stable leaves have the same fine structures and, similarly,
all the unstable leaves also have the same fine structures.

In contrast with the above results showing the flexibility of surface dif-
feomorphisms with hyperbolic basic sets, we also show the existence of rigid
features for these dynamical systems: if the degree of the smoothness of the
holonomies is greater than 1 plus the maximal Hausdorff dimension of the
hyperbolic basic set along the stable and unstable leaves, then we obtain
that the dynamical system is smooth conjugate to a rigid (or affine) model
(see E. Ghys (ref. 28) and A. Pinto and D. Rand (ref. 69)). For Anosov
diffeomorphisms the rigid models are the Anosov automorphisms in the
torus. For Plykin attractors there is no rigid models which implies that
the smoothness of the holonomies is not greater than 1 plus the Hausdorff
dimension of the basic set along the stable leaves (see F. Ferreira, A. Pinto
and D. Rand (ref. 72)).

The construction of the Teichmiiller spaces for smooth conjugacy classes
of surface diffeomorphisms with hyperbolic basic sets shows that the smooth
structures of the stable leaves do not impose any restrictions on the smooth
structures along the unstable leaves, and vice-versa. However, using Gibbs
Theory and the ratio decomposition of Gibbs measures introduced by A.
Pinto and D. Rand in (ref. 66), if we demand that the basic sets have
an invariant geometric measure (for instance a measure equivalent to the
Hausdorff measure), then we obtain explicit relations between the smooth
structures of the stable and unstable leaves (see also E. Cawley (ref. 12)
and Ya. Sinai (ref. 81)).
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In the future, we hope that these technics can be used with success for
studying laminations in surfaces, non-uniformly hyperbolic dynamics and
flows in 3-dimensional manifolds.

1.2. The frontier between order and chaos

In Section 4, we will study the frontier between order and chaos for uni-
modal families of quadratic type. We start describing the route from order
to chaos and the discovering of the universal constants o = 0.399... and
d = 4.669... (by M. Feigenbaum in (ref. 22) and by P. Coullet and C.
Tresser in (ref. 13)). These universal constants appear in several scientific
experiments (see, for instance, (ref. 14), (ref. 32) and (ref. 78)). To explain
the existence of these universal constants, M. Feigenbaum, and, indepen-
dently, P. Coullet and C. Tresser introduced the period doubling operator
inspired in the works of K. Wilson (see (ref. 89)). They conjectured the ex-
istence of a unique hyperbolic fixed point for the period doubling operator
with the property that o and § are the two eigenvalues with greater mod-
ulus at the fixed point. Furthermore, they conjectured that the unimodal
maps in the stable manifold of the period doubling operator form the fron-
tier between order and chaos. O. Lanford in (ref. 37) proved the existence
of the hyperbolic fixed point in a space of real analytic maps, using interval
arithmetics and the support of a computer for doing the numerical compu-
tations (see also J.-P. Eckmann and P. Wittwer (ref. 17)). D. Sullivan in
(ref. 86) proved that the stable manifold of the period doubling operator
consists of all infinitely renormalizable unimodal maps of quadratic type.
The existence of the universal constant « is associated to the fine structure
of the infinitely renormalizable unimodal maps. D. Rand in (ref. 76) proved
that the unimodal maps contained in the stable manifold of the renormal-
ization are conjugate in the closure of their critical orbits by a map with a
smooth extension to the real line which implies that they are rigid. A. Pinto
and D. Rand in (ref. 63) proved that the degree of smoothness of the exten-
sion to the reals of the conjugacy is 2.11 .. .. The universal constant 2.11...
is determined by a formula which involves the second and third eigenvalues
with greater modulus of the period doubling operator. R. Mackay, A. Pinto
and J. Zeijts in (ref. 47) generalized this last result to bimodal maps.

In Section 5, we study with the help of the renormalization operator
the geometric properties of the unimodal maps with quadratic type. The
conjectures of M. Feigenbaum, P. Coullet and C. Tresser for the period
doubling operator were extended to the renormalization operator as we
pass to describe: The infinitely renormalizable unimodal maps converge
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under renormalization to a limit set A with the following properties: (i) the
renormalization operator restricted to the limit set A is topologically con-
jugate to a shift; (ii) the limit set A is hyperbolic with unstable manifolds
with dimension 1 and stable manifolds with codimension 1. Restricting the
renormalization operator to the set of all C infinitely renormalizable uni-
modal maps with bounded geometric type, D. Sullivan in (ref. 87) and in
(ref. 86) proved the existence of a limit set A, C A for all maps with the
following properties: (i) the renormalization operator restricted to Ay, is
topologically conjugate to a shift of finite type; (ii) the maps in Ay, are
real analytic unimodal maps with quadratic-like holomorphic extensions;
(iii) the stable set of a unimodal map g € Ay consists of all unimodal
maps topological conjugate to g on the closure of their critical orbits. For
infinitely renormalizable maps with bounded geometry and quadratic-like
holomorphic extensions, C. McMullen in (ref. 52) proved the exponential
convergence of the renormalization operator along the stable sets. As a
corollary of this result, C. McMullen proved that the topological conjugacy
between two unimodal maps in the same stable set and with quadratic-like
holomorphic extensions has a smooth extension to the real line. W. de Melo
and A. Pinto in (ref. 55) generalized this result for C? infinitely renormal-
izable unimodal maps with bounded geometry and of quadratic type. M.
Lyubich in (ref. 44) proved the hyperbolicity of the set Ay in a space of
equivalence classes of germs of maps quotient by affine diffeomorphisms.
Inspired by the work of A. Davie in (ref. 15), E. de Faria, W. de Melo and
A. Pinto in (ref. 21) generalized the result of M. Lyubich showing that A,
has the properties of a hyperbolic set for the renormalization operator in
the space U3 of C® unimodal maps with quadratic type. The first difficulty
of this generalization is the fact that the renormalization operator is not
Frechet differentiable in U3. However, they proved that the unstable sets
are real analytic submanifolds with dimension 1, and that the stable sets
are C'' submanifolds with codimension 1. Furthermore, they proved the fol-
lowing rigidity result in the parameter space: the holonomy between any
two transversals to the stable lamination is C'*®, with a > 0.

The renormalization operator naturally appears in several other fam-
ilies of maps, such as, families of critical circle maps and families of an-
nulus maps (see, for instance, E. de Faria and W. de Melo (ref. 19) and
(ref. 20), R. Mackay (ref. 46), M. Martens (ref. 51), W. de Melo (ref. 54),
S. Ostlund, D. Rand, J. Sethna and E. Siggia (ref. 61) and M. Yampolsky
(ref. 90)). In the future, we hope that similar results can be proven for these
families.
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2. Hyperbolic unidimensional dynamics

Hyperbolic dynamics is one of the main sources of examples of dynamical
systems with chaotic properties. In this section, we are going to concentrate
in the study of hyperbolic endomorphisms in 1-dimensional manifolds and,
in next section, we will study hyperbolic diffeomorphisms on 2-dimensional
manifolds.

2.1. Examples: cookie-cutters and tent maps

We are going to study two representative classes of hyperbolic dynamical
systems consisting of cookie-cutters and tent maps (which we will define
later). The results that we will present for these maps are also satisfied in
the larger context of Markov maps on train-tracks. The reason that we have
chosen to study the cookie-cutters as examples of Markov maps is that the
invariant set of these maps are cantori. This fact demands a more careful
study of the meaning of smoothness for the conjugacies between these maps,
since the concept of smoothness in Cantor sets is not common. Here, we
will use the same definition as the one presented for instance in (ref. 85).
The reason that we also have chosen to study the tent maps is that they
have an extra difficulty coming from the fact of not being differentiable or
even continuous at a point. The study of cookie-cutters and tent maps will
also be useful in Sections 4 and 5 to understand the description of the route
from order to chaos.

Let us define cookie-cutters and tent maps. Let F' : [o UI; — I be a
C1*e map, where Iy = [0,a], I; = [b,1] and I = [0,1], witha < band a > 0,
satisfying the following hyperbolicity condition: There exist constants A < 1
and C' > 0 with the property that if z € Iy U I;, and n > 1 is such that
F(z),...,F""Y(x) € Iy U I, then |(F")'(x)| > CA\". If a < b, we say that
F is a cookie-cutter. If a = b, we say that F'is a tent map (see Figure 1).

lo Iy lo . 11 lo Iy
loo lo1 li1 o loo lox 111, lio loo loi, 10 111

Fig. 1. Cookie-cutters and tent maps.
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2.2. Chaotic dynamics

We start by giving a set of properties that we will use to characterize the
concept of chaotic dynamics. We would like to note that there is no universal
definition of chaotic dynamics. The notion of chaotic dynamics that we will
use is simple to state and shows the complexity of the dynamics of these
systems (see also R. Devaney (ref. 16) and C. Robinson (ref. 77)). Then,
we introduce the shift map in a symbolic space that we will use to prove
that the cookie-cutters and the tent maps are chaotic.

We say that a map G : C — C'is chaotic, with respect to a metric d in
C, if it satisfies the following properties:

(i) The closure of the periodic orbits of G is C;
(ii) There exists a point in C' whose orbit is dense in C;
(iii) There exists ¢ > 0 such that for every § > 0 and every
x € C, there exist y € C' and n > 0, such that d(z,y) < g
and d(G™(z),G™(y)) > 9.

Let o : {0,1}N — {0,1}" be the shift given by
0'(6182...) = x1Qg...,

where o; = ¢;41, for all i € N. Let d : {0,1} x {0,1} — R be the metric
givenby d(e1e2...,a1a2...) = > 0| 27 "€, —ay|. The shift map is chaotic
(see a proof for instance in (ref. 16)).

Let F': I — I be a cookie-cutter or a tent map. We will call n-cylinders
of I the intervals of the form

I, . ={zcl, :Flzcl

€j+17

1<j<n}

The invariant set of F' is given by Cr = N3%1 Uceo,1)n Ie. Hence, if F' is
a coockie-cutter the invariant set C'r is a Cantor set, and if F' is a tent
map the invariant set Cr is the interval I. The map h : {0,1} — Cp
which associates to a sequence €163 ... the unique point in Np>1/1;, ., is
well-defined (see (ref. 16)). Furthermore, the map h is Holder-continuous,
onto and F o h(g) = h o o(e), for every e € {0,1}". Thus, we note that
the map h transfers the chaotic properties of the shift map to the map F'
restricted to the invariant set Cp.

2.3. Teichmiiller spaces

We are going to characterize the topological conjugacy classes of cookie-
cutters and tent maps. Then, we study the fine structures of the invariant
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sets of these maps which lead us to the smooth classification of the smooth
conjugacy classes of these maps. This classification was essentially devel-
oped in the works of M. Feigenbaum, D. Sullivan, A. Pinto and D. Rand.
Finally, we present a result of F. Ferreira and A. Pinto on explosion of
smoothness for conjugacies between unidimensional hyperbolic dynamics.

We say that two maps F' and G are topologically conjugate, if there is
a homeomorphism h : Cr — Cg such that h o F(z) = G o h(z), for all
x € Cp, and h extends as a homeomorphism to the interval. If h has a
C't@ extension to the interval I, with 0 < a < 1, we say that F and
G are C**t% conjugate. We remind the reader that a diffeomorphism A :
I — Jis C'*  if h is smooth and if there is a constant C' > 0 such that
[W (z) — W (y)] < Clz — y|*, for all 2,y € I. Since the cookie-cutters are
topologically conjugate to the shift we obtain that two cookie-cutters F' e
G ( or two tent maps) are topologically conjugate, if and only if, for each
j €{0,1}, F'(z) and G'(y) have the same sign for z € I} and y € I

Now, we are going to introduce the solenoid functions which will allow
us to determine when F and G are also C'*® conjugate. A cookie-cutter
F determines a solenoid function sp : {0,1} — R* defined by

J.
sp(e1e2...) = lim |Jen..ea|

n— oo |I€n ’

.€1|

where the interval J;, . ., is such that (i) I, c,0UJde, e, Ul cn1 = Ic, . ey
and (ii) the interior of J, . ., is disjoint of the sets I, . .,0 and I, 1.

Theorem 2.1. The Hélder functions s : {0, 1}N — RT form a Teichmiiller
space for the smooth conjugacy classes of cookie-cutters, i.e.

(i) the maps F and G are smooth conjugate if, and only if,
SF = SG5

(ii) given a Hélder function s : {0,1}N — RT, there exists a
cookie-cutter F' such that sp = s.

Let us associate to each C'*® tent map F the corresponding solenoid
function. For simplicity of the exposition we will consider just the case
where F'(z) > 0, for every z € Iy U I;. We define the solenoid function
determined by F' through the following equality
|Iozn...a1 |

SF(Elé‘Q .. ) = lim

n—oo |I€n ’

€1|

where I, ., is the cylinder on the right of I, ., (we say that a cylinder
J is on the right of a cylinder K if K and J have a common endpoint
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and for every x € K and y € J we have that « < y.). Hence, the solenoid
function s : {0,1} — R* satisfies the following matching condition (see
Figure 2):

. |Ia L O| + |Ia e 1|
ciiEpe) =1 ne el
SF(5152 En ) ngréo |Isn...610| 4 |Isn...€11|

_ sp(0er...)sp(ler.. )1+ sp(0aq .. .)) 1)
14+ sp(0ey...) '

Let 3o be the subset of {0,1}" whose elements have the form Oz, . . ..

|
: Onp- g

|gn...510 |gn...511 .lo‘n'"“lo. IO(n---Gll
I I I

Fig. 2. Matching condition.

Let 3, be the subset of {0, 1} whose elements have the form 1(n)0ees. . .
for every n > 1, where 1(n) is a word with n symbols 1. We note that the
subsets of ¥, form a partition of {0, 1}".

Theorem 2.2. Let s: {0, 1} — RY be a function satisfying the following
properties:

(i) The function s|2,, is Holder continuous for every n > 0;
(i) The function s satisfies the matching condition introduced

in (1).

The set of all these functions form a Teichmiller space for the conjugacy
classes of tent maps.

Theorems 2.1 and 2.2, were proved for a more general class of maps con-
sisting of Markov maps on train tracks in A. Pinto and D. Rand (ref. 64).
These results also hold in a weaker regularity called uniformly asymptot-
ically affine (uaa). An important feature of the (uaa) conjugacy classes is
that they form the completion of the smooth conjugacy classes (see F. Fer-
reira (ref. 23) and D. Sullivan (ref. 87)). We note that the (uaa) maps are
not smooth, however the eigenvalues are well-defined (see F. Ferreira and
A. Pinto (ref. 25)).

In the context of C'*® cookie-cutters, M. Feigenbaum and D. Sullivan
introduced the notion of scaling functions that they used to classify the
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smooth conjugacy classes of cookie-cutters. D. Sullivan asked how to gen-
eralize this result to expanding circle maps. To answer this question D.
Rand and A. Pinto create the solenoid functions which are a simple modi-
fication of the scaling function. Together with D. Sullivan they associate to
the solenoid functions affine structures on the leaves of the inverse limit of
the expanding circle maps which allowed a better understanding of these
Teichmiiller spaces (see A. Pinto and D. Sullivan in (ref. 75), and A. Pinto
and D. Rand in (ref. 64)).

2.4. Ezxplosion of smoothness

The results in the previous subsection show the great diversity of fine struc-
tures for Markov maps on train-tracks. However, it is interesting to note
the following result which we call explosion of smoothness.

Theorem 2.3. If there exists a topological conjugacy between two Markov
maps on train-tracks that has a non-zero derivative at a point, then the
Markov maps are smooth conjugate.

This theorem was first proven for expanding circle maps by D. Sullivan
in (ref. 87). E. de Faria in (ref. 18) generalized this result supposing that
the conjugacy is just (uaa) at a point. F. Ferreira and A. Pinto, in (ref. 26),
generalized these two results to Markov maps on train-tracks. One of the
difficulties was to deal with the case where the invariant sets are cantori.
This generalization also applies to (uaa) Markov maps showing that the
conjugacy is (uaa). J. F. Alves, V. Pinheiro and A. Pinto, in (ref. 2), ex-
tended the above theorem for non-uniformly expanding maps.

3. Hyperbolic diffeomorphisms on surfaces

Before proceding to explain the route from order to chaos, we will present
the generalizations of the previous results on unidimensional hyperbolic
dynamics to diffeomorphisms on surfaces with hyperbolic basic sets.

Some classical examples of diffeomorphisms on surfaces are Anosov
diffeomorphisms, Plykin attractors and Smale horseshoes. In the case of
Anosov diffeomorphisms the basic set coincides with the manifold. In the
case of Plykin attractors the basic set is locally the product of a Cantor
set, contained in an interval, cartesian product with an interval. In the case
of Smale horseshoes the basic set is locally a Cantor set, contained in an
interval, cartesian product with a Cantor set, also contained in an interval.
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3.1. Smoothness of the holonomies

We start by introducing some basic definitions. A hyperbolic basic set A of
a C**7 diffeomorphism f : M — M, with v > 0, is a compact set, invariant
under f, with a dense orbit and a product structure (see definitions 4.1 and
8.10 in M. Shub (ref. 80)). For every x contained in a basic set A, and every
small € > 0, the local stable set of x is given by

W?(z,e) = {y € M :d(f"(x), f"(y)) <& ¥Vn =0},

where d : M x M — R is the distance induced by some riemannian metric
p on M. By the Stable Manifold Theorem, we get that the global stable set

of x
W2 () = Unzof " (W2 (f"(2),€))

is the image of a C1*7 immersion i, : R — M. We say that a set [ C W*(x)
is a stable leaf if I is the image by i, of an open interval. A stable segment
K is the intersection of a stable leaf with the basic set A. Similarly, we have
the notions of local unstable leaf, global unstable leaf and unstable segment.

Since an hyperbolic set A has a product structure, there are ¢ > 0 and
0 > 0 sufficiently small, such that, for every =,y € A with d(z,y) < d, the
set WH(z,e) N W#(y,e) is a single point belonging to A. We denote this
point by [z,y]. We call a subset R of A a rectangle if R is proper and for
every z,y € R the point [z,y] belongs to R.

Given a point « € R, there exists an unique stable segment ¢°(z, R) and
an unique unstable segment ¢“(z, R) such that [¢°(x, R),{"(z, R)] = R.
Given a rectangle R and two points z,y € R, the holonomy h : £*(z, R) —
0°(y, R) is well-defined by h(z) = [z,y] (see Figure 3). D. Rand and A.

/' (x,R) ¢ (Y.R)

z, "(z,R) @

Fig. 3. Holonomy.

Pinto in (ref. 68) have proved the following result on the regularity of the
degree of smoothness of the holonomies:
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Theorem 3.1. The holonomy h : *(z, R) — ¢*(y, R) has a C1** exten-
sion to the stable leaves containing €°(x, R) and ¢*(y, R), for some o > 0.

However, there exists an upper limit for the degree of regularity of the
smoothness of the holonomies in the case where A is a Plykin attractor. We
recall that A is an attractor if there exists an open set U C M containing
A such that A = Np>of™(U). We say that f is a Plykin attractor if the
basic set A is an attractor and A is locally an interval cartesian product
with a Cantor set, contained in an interval. By Theorem 3.1, we obtain
that all stable segments have the same Hausdorff dimension HD®, and that
all unstable segments also have the same Hausdorff dimension HD". F.
Ferreira, A. Pinto and D. Rand in (ref. 72) have proved the following result:

Theorem 3.2. Let f be a Plykin attractor. The stable holonomies are not
CY*8, for 3> HD?®.

J. Harrison in (ref. 29) has conjectured that the degree of smoothness
of Denjoy maps is bounded by 1 plus the Hausdorff dimension of the non-
wandering set. A related result was proven by A. Norton in (ref. 60) using
“box dimension” instead of Hausdorff dimension. The above result on the
degree of smoothness of the holonomies of the Plykin attractors lead us to
prove that there are no fixed points of renormalization for Denjoy maps
such that the degree of smoothness is greater than the sum of 1 with the
Hausdorff dimension of the non-wandering set (see F. Ferreira, A. Pinto
and D. Rand (ref. 73)).

3.2. Teichmiiller spaces

Surface diffeomorphisms are chaotic on their hyperbolic basic sets, since
they are semi-conjugated to the shift of finite type. The proof of this result
uses the existence of Markov rectangles for hyperbolic basic sets (see the-
orems 10.28, 10.33 and 10.34 in M. Shub (ref. 79), and see also R. Bowen
(ref. 10) and Ya. Sinai(ref. 81)). Furthermore, these dynamical systems are
structural stable (see theorems 8.3 and 8.22 in M. Shub (ref. 79), and see,
also, Anosov (ref. 3), Bowen (ref. 11), M. Hirsch, J. Palis, C. Pugh and M.
Shub (ref. 30), M. Hirsch and C. Pugh (ref. 31), M. Peixoto (ref. 62) and S.
Smale (ref. 83)). Like as in the unidimensional hyperbolic case, we can ask
if there is a Teichmiiller space for these diffeomorphisms. Here, we give a
positive answer to this question by constructing stable and unstable ratio
functions and, also, stable and unstable solenoid functions.
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The diffeomorphisms f and g with hyperbolic basic sets Ay and A, are
topologically conjugate, if there is a homeomorphism h : Ay — Ay such
that ho f = go h and h preserves the order along the stable leaves and
unstable leaves. If h has a C'T® diffeomorphic extension to an open set
of M containing Af, then we say that f and g are C'* diffeomorphic
conjugate. We denote by T(f, A) the set of all C'* hyperbolic diffeomor-
phisms (g, Ag) such that (g,Ay) and (f, A) are topologically conjugated by
a homeomorphism hy 4.

Let f be a diffeomorphism with a hyperbolic basic set Ay. If K is a stable
or an unstable segment, we define |K|, to be the length of the smallest
leaf containing K. Let T° be the set of all pairs (I,J), where I and J
are stable segments contained in a same leaf. We define the set T with
respect to the unstable leaves, similarly to the set T°. Let g € T(f,A) be
topologically conjugated to f by h = hy,. By (ref. 67), the stable ratio
function r§ : T® — R* is given by

e — o OO
. S e

and the unstable ratio function ry : T" — RT is given by
T (R()

Y(I:J)= lim ———28

! n—oo [f=7(h(J]))],

L
g9

r

Furthermore, for ¢ € {s,u}, we have that r* = r
properties:

satisfies the following

(i) the ratios determine an affine atlas on the segments, i.e.,
r(I:J)=r"(J: 1) and (LUl : K)=7r"(Iy : K)+r' (I3 : K),

where the segments I; and I> are contained in the segment
K and intersect at most in an unique point;

(ii) the ratios are kept invariant by f, ie., r*(I : J) =
r (£, F(D)):

(iii) there exist constants 0 < a < 1 and C' > 0 such that, given
a holonomy h : I;, — Jp, we have that

re(I:J)

o8 ) - h (7))

< C((d(In, Tn)*[K[7),

where the leaves I and J are contained in a same leaf
K C I.
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A. Pinto and D. Rand in (ref. 67) proved the following result on the
classification of the smooth conjugacy classes of diffeomorphisms with hy-
perbolic basic sets.

Theorem 3.3. The set of all pairs (r® : T* — RT, r4 : T% — RT) of func-
tions satisfying the above properties (i), (ii) and (iii) form a Teichmiiller
space for the smooth conjugacy classes of diffeomorphisms in the same topo-
logical conjugacy class of the diffeomorphism f with hyperbolic set A.

We note that the proof of this result uses Theorem 3.1 which says that
the holonomies of these dynamical systems are smooth.

Let S® be the set of all pairs (I, J) € T® such that (i) each segment I
and J cross an unique Markov rectangle and have endpoints belonging to
the unstable boundaries of these rectangles; (ii) I and J intersect only in
a common endpoint. Similarly, we define S* with respect to the unstable
segments. The stable solenoid function is the restriction of the stable ratio
function to the set S° and the unstable solenoid function is the restriction of
the unstable ratio function to the set S*. The invariance under f of the ratio
functions, allow us to rebuilt the ratio functions from the solenoid functions.
Hence, the pairs of stable and unstable solenoid functions also form a Te-
ichmiiller space for the smooth conjugacy classes of diffeomorphisms in the
same topological class of f. This implies that the Teichmiiller space of Smale
horseshoes is the set of all pairs (s* : {0, 1} — R* s%: {0,1} — R*) of
Holder functions.

As we have seen, the stable ratio function determines an affine structure
along the stable segments, which is invariant under f and varies Holder
continuous along transversals. The same properties hold for the unstable
ratio function with respect to the unstable segments. Since, the stable ratio
function does not impose any restriction to the unstable ratio function and
vice-versa, we obtain that the affine structure along the stable segments
does not make any restriction on the affine structure along the unstable
segments, and vice-versa.

However, the affine structure along the stable segments completely de-
termines the Lipschitz structure of the affine structure along the unstable
leaves for diffeomorphisms with hyperbolic sets, when we impose the exis-
tence of an invariant measure which is absolutely continuous with respect
to the Hausdorff measure (see A. Pinto and D. Rand (ref. 70)).
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3.3. Extension of A. N. Livsic and Ja. G. Sinai’s
eigenvalue formula

For every g € T(f,A), we denote by 64 5 (resp. dg.,) the Hausdorff dimen-
sion of the local stable (resp. local unstable) leaves of ¢ intersected with
A. Let Ay o(x) and Ay (x) denote the stable and unstable eigenvalues of
the periodic orbit of g containing a point . A. N. Liv§ic and Ja. G. Sinai
(ref. 39) proved that an Anosov diffeomorphism g has an invariant measure
that is absolutely continuous with respect to Lesbegue measure if, and only
if, Ag,s(2)Ag,u(x) = 1 for every periodic point x. In (ref. 70), we extend the
theorem of A. N. Livsic and Ja. G. Sinai to C''* hyperbolic diffeomorphism
with hyperbolic sets on surfaces such as Smale horseshoes and codimension
one attractors.

Theorem 3.4. A C'* hyperbolic diffeomorphism g € T(f,\) has a g-
invariant probability measure which is absolutely continuous to the Haus-
dorff measure on Ay if and only if for every periodic point x of g|Ag,

)\gys(x)’;g’s)\gyu(x)‘sw =1.

Since (f, A) is a C'* hyperbolic diffeomorphism it admits a Markov par-
tition R = {Ry,..., Rr}. This implies the existence of a two-sided subshift
7:© — O of finite type, © in the symbol space {1, ..., k}%, and an inclusion
i:© — Asuchthat (a) foi = tor and (b) i(0;) = R; forevery j =1, ...k,
where ©; is the cylinder containing all words ...e_j€p€e1 ... € © with €g = j.
For every g € T(f,A), the inclusion iy = hgg0¢: © — Ay is such that
goig=1ig07. We call such a map i, : © — Ay a marking of (g,Ay).

Definition 3.1. If ¢ € T(f,A) is a C'* hyperbolic diffeomorphism as
above and v is a Gibbs measure on © then we say that (g,A,,v) is a
Hausdorff realisation of v if (iy).v is absolutely continuous with respect to
the Hausdorff measure on Ag. If this is the case then we will often just say
that v is a Hausdorff realisation for (g, Ag).

We note that if g € 7(f, A) the Hausdorff measure on A, exists and is
unique. However, a Hausdorff realisation need not exist for (g, Ag).

Let 77 4 (ds, 0,) be the set of all C** hyperbolic diffeomorphisms (g, A)
in 7(f,A) such that (i) d,s = 05 and &4, = dy; (i) there is a g-invariant
measure ptg on Ay which is absolutely continuous with respect to the Haus-
dorff measure on Agy. We denote by [v] C Ty a(ds,0,) the subset of all
C'-realisations of a Gibbs measure v in Ty 4 (Js, 8y,).
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De la Llave, Marco and Moriyon (refs. 40,41,49,50) have shown that
the set of stable and unstable eigenvalues of all periodic points is a com-
plete invariant of the C'* conjugacy classes of Anosov diffeomorphisms. In
(ref. 70), we extend their result to the sets [v] C Tf A(0s,0y).

Theorem 3.5. (i) Any two elements of [v] C T A(0s,0.) have the same set
of stable and unstable eigenvalues and these sets are a complete invariant
of [V] in the sense that if g1, g2 € Ty a(0s,0u) have the same eigenvalues if,
and only if, they are in the same subset [v].

(1t) The map v — [v] C T A(0s,0u) gives a 1—1 correspondence between
CY* -Hausdorff realisable Gibbs measures v and Lipschitz conjugacy classes
in Tp A (ds,0u).

In (ref. 70), we also prove that the set of stable and unstable eigenvalues
of all periodic orbits of a C''* hyperbolic diffeomorphism g € 7(f,A) is
a complete invariant of each Lipschitz conjugacy class. We note that for
Anosov diffeomorphisms every Lipschitz conjugacy class is a C'* conjugacy
class.

Remark 3.1. We have restricted our discussion to Gibbs measures be-
cause it follows from Theorem 3.5 that, if g € 75 A (s, 0,) has a g-invariant
measure p that is absolutely continuous with respect to the Hausdorff mea-
sure then p is a C'*-Hausdorff realisation of a Gibbs measure v so that

= (ig)wv.

E. Cawley (ref. 12) characterised all C'*-Hausdorff realisable Gibbs
measures as Anosov diffeomorphisms using cohomology classes on the torus.
While it is possible that her cocycles could give enough information to
characterise other hyperbolic systems on surfaces up to lippeomorphism,
it is clear that they cannot encode enough for C'* conjugacy because, for
example, they do not encode enough information about gaps and so do not
determine the smooth structure of stable leaves in the case where they are
Cantor sets. To deal with all these cases in an integrated way, in (ref. 70),
we use measure solenoid functions and gap-cocycle pairs to classify C'1*-
Hausdorff realisable Gibbs measures of all C'* hyperbolic diffeomorphisms
on surfaces.

3.4. Ezxplosion of smoothness

As in the unidimensional case, we have the following result that we entitle
by explosion of smoothness:
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Theorem 3.6. Let f and g be any two diffeomorphisms with hyperbolic
basic sets Ay and Ay, respectively. If f and g are topologically conjugate
and the conjugacy has a derivative with non-zero determinant at a point,
then f and g are smooth conjugate.

We note that Theorem 3.1 is used in the proof of the above theorem
(see F. Ferreira and A. Pinto in (ref. 27)).

4. The frontier between order and chaos

The transition between order and chaos, through a cascade of period dou-
bling, was observed in several unimodal families of quadratic type and, in
particular, in the quadratic family fi(z) = —Ax?+A—1, with A € [0,2]. One
of the most surprising discoveries on this transition from order to chaos was
to find the existence of universal constants. To explain this phenomenon we
pass to describe some properties of unimodal maps that we use to classify
them as p-ordered and p-tent maps.

4.1. p-ordered and p-tent maps

We say that f : [-1,1] — [-1,1] is a C" unimodal map of quadratic type
if f(z) = ¢(2?), where ¢ : [0,1] — [~1,1] is a C" map with non-zero
derivative, and f(—1) = —1. Let U" be the set of all C" unimodal maps.

We say that an unimodal map f € U” is p-ordered if f has a periodic
orbit which attracts almost every point in the interval [—1, 1] with respect
to Lebesgue measure. We say that f is p-super stable if f is p-ordered and
the critical point of f belongs to the attracting periodic orbit.

We say that an unimodal map f € U" is a p-cookie-cutter if there are p
intervals Iy, ..., I, such that:

(i) f is a homeomorphism from I; to I;11, for 1 < i < p;
(ii) I, contains the critical point of f;
(iii) there exist two closed and disjoint intervals Jo and J; con-
tained in I, not containing the critical point, and contain-
ing the endpoints of I,;
(iv) the images of the maps fP|Jy and fP|J; coincide with I;.

For p-cookie-cutters, the result of Mané in (ref. 48) implies the existence of
n > p and of two intervals Jj C Jy and J| C Jy such that f"|JjU J] is a
cookie-cutter in the sense of Section 2.1.

We say that an unimodal map f € U" is a p-tent map if there are p
intervals Iy, ..., I, such that:
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(i) f € U" is a homeomorphism from I; to I;+1, for 1 <i < p;
(ii) I, contains a critical point of f € U" and the image of the
map fP|I; coincides with I;.

The p-tent maps with negative Schwarzian derivative (see definition in pg.
264 of (ref. 56)) and such that the point —1 is a hyperbolic expanding fixed
point have the following properties (see chapters III and V in (ref. 56)):

(i) The p-tent maps are chaotic in the sense of Section 2.1
(see Theorem of D. Singer in (ref. 82) and Theorem 6.2 in
Chapter III in (ref. 56));

(ii) The p-tent maps have an invariant measure with respect
to Lebesgue (see Misiurewicz (ref. 59) and S. van Strien
(ref. 84));

(iii) This measure satisfies the Sinai-Bowen-Ruelle property for
almost every point z in [—1,1] with respect to Lebesgue
measure (see Theorem 1.5 in Chapter V in (ref. 56));

(iv) The Lyapunov exponent A, is well-defined, is positive and
its value does not depend on z, for almost every point x
in [—1, 1] with respect to Lebesgue measure (see G. Keller
(ref. 35));

(v) The topological and metric entropy are both positive (ap-
plying Rochlin formula).

Since the p-tent maps of the quadratic family f) have negative Schwarzian
and the point —1 is an expanding hyperbolic fixed point, we obtain that
these unimodal maps satisfy the above (i)-(v) properties.

4.2. Feigenbaum-Coullet-Tresser universality

We are going to explain the existence of universal constants linked to the
transition from order to chaos for unimodal families of quadratic type using
the period doubling operator.

M. Feigenbaum in (ref. 22), and, independently, P. Coullet and C.
Tresser in (ref. 13), discovered the existence of sequences of values a; <
ag < ...and 1 > B2 > ... of the quadratic family f) with the following
properties:

(i) fa, is 2P-super stable;

(i) fa is 2P-ordered, for all ap < a < apt1;

(iii) fs, is a 2P-tent;

(iv) fs is a 2P-cookie-cutter, for all 8,11 > 8 > Bp;
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(v) the value v = lim,_.. «a, coincide with the value
limy o0 Bp;
(vi) the following limits exist and determine two universal con-
stants:
lim 2201 gy PPty 6602016001029

P=o0 Qpi1 —ap  P—o0 By — [

and

n+1
lim M =0.3995... .
n—oo | f2"(0)]
Hence, the unimodal maps f) are ordered for 0 < A < v and chaotic for
v < A < 2 which implies that the unimodal map fy is in the frontier
between order and chaos.

We remind the reader that the topological entropy (see definition in
pg.164 of (ref. 56)) is also an important tool to determine the complexity of
the dynamical behavior of the unimodal maps. M. Misiurewicz in (ref. 58)
proved the following: if the topological entropy h(f) of f is 0, then the
period of every periodic orbit of f is a power of 2. Hence, the p-cookie-
cutters have positive entropy (however they can also be p’-ordered maps). J.
Milnor and W. Thurston (ref. 57), have shown that the topological entropy
h(fx) varies monotonically and continuously with the parameter A such
that h(fx) =0 for all 0 < A <~ and h(fx) > 0 for all v < A <2 (see also
J.F. Alves and J. Sousa Ramos (ref. 1) and chapter IT in (ref. 56)).

Since the properties (i)-(vi) of the quadratic family are also satisfied by
other unimodal families of quadratic type, M. Feigenbaum and, indepen-
dently, P. Coullet and C. Tresser, have introduced the concept of period
doubling operator 7" which we define below, and conjectured the following:
(a) there exists an hyperbolic fixed point for the period doubling operator
with a unique unstable direction whose eigenvalue is § = 4.669. . .; (b) the
sets Ef consisting of all 2P-super stable maps and the sets Zg consisting of
all 2P-tent maps are transversal to the local unstable manifold. These con-
jectures explain why the unimodal families with quadratic type satisfy the
above (i)-(vi) properties. O. Lanford in (ref. 37) proved these conjectures in
a Banach space of real analytical unimodal maps (see also J.-P. Eckmann
and P. Wittwer in (ref. 17)).

Let us define the period doubling operator. We consider from now on
that the unimodal maps in U" are normalized such that f(0) = 1 (instead
of f(—1) = 1). This normalization allow us to construct the period doubling
operator and to do computations in a easier way than the previous normal-



93

ization. An unimodal map f € U" is 2-renormalizable if A\~ f2(\x) € U,
where A = f2(0). Let us denote by U the set of all unimodal maps in U"
which are 2-renormalizable. The period doubling operator T': Uy — U" is
defined by T'f(x) = A~1 f2(\x).

4.3. Rigidity in the frontier between order and chaos

We are going to explain the dynamical relevance of the set consisting of the
closure of the critical orbit of the unimodal maps contained in the stable set
of the period doubling operator. We will explain that these maps are rigid.
In fact, the conjugacy between any two of these maps defined in the closure
of the critical orbits has a C?11: extension to the reals, where 2.11...is a
universal constant.

The unimodal maps f of quadratic type in the stable manifold of
the period doubling operator 7" and so in the frontier between order and
chaos are infinitely 2-renormalizable. The unimodal maps f infinitely 2-
renormalizable and with negative Schwarzian derivative have the following
properties (see chapters III and V in (ref. 56)):

(1) the closure of the critical orbit C; of these unimodal maps
is a Cantor set;

(ii) the maps f restricted to Cy are topological conjugate to
the adding machine in the set of the 2-adic numbers (see
also L. Jonker and D. Rand (ref. 34));

(ili) the w-limit set of a point z is Cy for almost every point in
[—1,1] with respect to the Lebesgue measure (see also A.
Blokh and M. Lyubich (ref. 9));

(iv) there exists a probability measure whose support is C'f;

(v) this measure satisfies the Sinai-Bowen-Ruelle property for
almost every point in [—1, 1] with respect to the Lebesgue
measure.

These properties show the dynamical relevance of the set C'y in the study
of the infinitely 2-renormalizable unimodal maps. We note that given any
two unimodal maps f and g in the stable manifold of the period doubling
operator there exists a homeomorphism h : Cy — C, which topologically
conjugates f and g. D. Rand in (ref. 76) proved that h has a smooth exten-
sion to the reals proving the existence of rigidity for the fine structures of
these Cantor sets. D. Rand and A. Pinto in (ref. 63) improved this result
showing the following:
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Theorem 4.1. Let f and g be unimodal maps of quadratic type, real ana-
lytic, and infinitely 2-renormalizable. The conjugacy h : Cy — Cy between f
and g has a C*11 extension to the interval [—1,1]. The universal constant
2.11... is given by the formula

~ In0.13...
© 2In0.3995...
where 0.3995 ... and 0.13. .. are the second and third largest eigenvalues in
module of the period doubling operator, respectively.

2.11--. +1

This result is proven in (ref. 63) for real analytic unimodal maps con-
tained in the domain V defined by O. Lanford in (ref. 37) to prove the
hyperbolicity of the fixed point of the period doubling operator. By the re-
sults of G. Levin and S. van Strien in (ref. 38) and of D. Sullivan in (ref. 86)
the unimodal maps of quadratic type and infinitely 2-renormalizable after a
finite number of iterations under renormalization belong to V' which implies
the above theorem.

4.4. The renormalization operator

We are going to study the dynamical properties of the topological attractors
for unimodal maps with quadratic type. An important tool in this study is
the renormalization operator which is an extension of the period doubling
operator and that we pass to construct.

A unimodal map f € U" is renormalizable if there exists p > 2 such
that R, f(z) = A™' fP(Az) € U", where A = f?(0). If f is renormalizable we
choose the smallest value possible of p(f) > 2 of p such that R, f € U".
We call Ry, f the renormalization of f. Hence, the intervals f7([—|A[, |A]]),
for j =0,...,p— 1, are disjoint and their embedding in [—1, 1] determine
a unimodal permutation 6 : {0,...,p — 1} — {0,...,p — 1}. We denote
by P the set of all these unimodal permutations and by Uy the set of all
renormalizable unimodal maps with permutation 6. We define the renor-
malization operador R : UpepUy — U" by Rf = R,5) f. Let us fix a finite
subset L of P. We say that an infinitely renormalizable unimodal map f
has geometric type bounded by L if R™f determines a permutation in L for
every n > 1. We say that two infinitely renormalizable unimodal maps f
and g determine the same sequence of permutations, if R f and R"g have
the same permutation 6,,, for every n > 1.

We say that a set A is a topological attractor for f € U2, if (i) the closure
of its basin of attraction B(A) contains intervals, and (ii) there are no small
subset A’ C A such that B(A) \ B(A’) contains intervals. L. Jonker and
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D. Rand in (ref. 34), proved that the topological attractors A for f € U”"
are of the following type:

(i) a periodic orbit;

(i) a finite union of intervals with the following properties: (a)
A contains the critical point of f, (b) f acts transitively in
A, (¢) f has sensitivity to the initial conditions in A, (d)
f restricted to A is topological conjugate to a piecewise
affine map,

(ili) a Cantor set Cy in which f acts as an adding machine (see
definition in chapter IL5 in (ref. 56)) and, in this case, f
is infinitely renormalizable.

The renormalization operator allow us to study the transition from p-
ordered unimodal maps to tent unimodal maps through period doubling
(where p does not need to be a power of 2 and so the p-ordered unimodal
map can simultaneously be a g-cookie-cutter map). G. Swiatek in (vef. 88)
proved that the set of parameters A\ for which the maps f) in the quadratic
family are p-ordered for some p > 1 (and the attracting periodic orbit
is hyperbolic) form an open and dense set in [0, 1] (see also M. Lyubich
(ref. 45) and (ref. 43)). O. Kozlovski in (ref. 36) generalized this result to
unimodal maps of quadratic type in C2. In contrast with these results, M.
Jakobson in (ref. 33) proved that there exists a set of parameters A with
positive Lebesgue measure such that the maps f) in the quadratic family
have positive Lebesgue exponent and satisfy properties (i)-(vi) of the p-tent
maps (see also M. Benedicks and L. Carleson in (ref. 8) and chapter V in
(ref. 56)). M. Lyubich in (ref. 42) proved that for a set of total measure of
the parameter values A the maps f) of the quadratic family are p-ordered
or have positive Lyapunov exponent. A. Avila7 M. Lyubich, W. de Melo
and C. Moreira in (refs. 4, 5, 6) and (ref. 7) generalized this result of Lyu-
bich to generic families of unimodal maps in U”, with » > 3 and negative
shwarzian derivative, adding also that these maps are stochastic stable. In
(ref. 6), they proved the existence of a set X “with total measure” of real
analytic unimodal maps such that if f,g € X, f and g are topologically
conjugate and are not p-ordered then they are analytic conjugate.

4.5. Hyperbolicity of the renormalization operator

We are going to study the hyperbolicity of the renormalization operator
together with the rigidity features of the unimodal maps in the stable sets
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and also the rigid features appearing in the parameter space of unimodal
families.

O. Lanford and others generalized the hyperbolicity conjecture of the
period doubling operator to the renormalization operator. D. Sullivan in
(vef. 87) and in (ref. 86) proved the following:

(i) there exists a limit set Ay, such that all infinitely renor-
malizable maps in U? with geometric type bounded by L
converge under iteration by the renormalization operator
to AL;

(ii) the renormalization operator restricted to the set Ay, is
topologically conjugate to a shift in {1,...,#L}?%; where
#L is the cardinal of the set L;

(iii) the elements of Az belong to the set U of all real analytic
maps with holomorphic quadratic-like extensions.

We remind the reader that a holomorphic map f: V — W is quadratic-like
if the the following properties are satisfied: (a) V and W are topological
disks; (b) V is compactly contained in W; (c) f is a ramified double covering
with a continuous extension to the boundary of V. Using the above results
of D. Sullivan, C. McMullen in (ref. 52) and in (ref. 53) proved that if two
infinitely renormalizable unimodal maps f, g € U with bounded geometric
type have the same sequence of unimodal permutations, then the distance
|R"f — R"g||co(j—1,1)) converges exponentially fast to 0, when n tends to
infinity. As a corollary of this result, C. McMullen proved that the conjugacy
h:Cy — C, between f and g has a C'T* extension, for some a > 0. This
rigidity result was generalized by W. de Melo and A. Pinto in (ref. 55) to
unimodal maps in U?2.

Theorem 4.2. Let f,g € U? be infinitely renormalizable unimodal maps
with bounded geometric type and with the same sequence of permutations.
The topological conjugacy h : Cy — Cy between f and g has a C1+ exten-
sion to the real line, for some a > 0.

The proof of this result uses the work of D. Sullivan and C. McMullen
above mentioned, together with the following theorem of M. Lyubich (see
ref. 44): The set Ay, is embedded in a space of equivalence classes of germs of
maps in U¥ quotient by affine maps, where Ay, forms a hyperbolic set with
respect to the induced renormalization operator. M. Lyubich in (ref. 42),
proved that this result also holds in this space for the limit set A of all
infinitely renormalizable unimodal maps. E. de Faria, W. de Melo and
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A. Pinto in (ref. 21), using the above result of M. Lyubich in (ref. 44)
and inspired in the work of A. Davie in (ref. 15), proved that A forms a
“hyperbolic” set in U3.

Theorem 4.3. The renormalization operator R : U3 — U3 satisfies the
following hyperbolic properties:

(i) The local unstable sets of Ay, are real analytic submanifolds
with dimension 1;
(ii) The local stable sets of Ay, are C' submanifolds transversal
to the unstable submanifolds;
(iii) The global stable sets of Ar in U* are C' immersed sub-
manifolds;

We note that the renormalization operator is not even smooth in U3,
However, it is a smooth operator from U? to U? which allow us to construct
a formula for its derivative. This formula shows that the image of the maps
in U3 are still in U3 which allowed the development of estimates in the
U3 norm that are used to prove the above theorem. Several of the main
estimates used in the proof had to be done using different methods from
A. Davie in (ref. 15). To prove the estimates needed it was used that the
maps in Ay, are real analytic and satisfy the real and complex bounds as
proved by D. Sullivan in (ref. 86). It is also used in the proof the fact that
the local unstable sets of Ay, have dimension 1 which implies that they are
the same as the ones obtained in the real analytic case.

5. Conclusion

In this work, we have characterized the fine structures of fractals determined
by hyperbolic and chaotic dynamical systems and by dynamical systems
which are in the frontier between order and chaos.

5.1. Hyperbolic dynamics

We used solenoid functions in one dimensional hyperbolic dynamics to char-
acterize the fine structures of these systems (see Theorems 2.1 and 2.2). We
have stated that if there is a topological conjugacy which has a non-zero
derivative at a point then it is smooth everywhere (see Theorem 2.3).
Similarly, we have characterized the fine structures for basic sets of
diffeomorphisms on surfaces using ratio functions (see Theorem 3.3). We
have stated that if a topological conjugacy is differentiable at a point then



98

is smooth everywhere (see Theorem 3.6). Since the holonomies are smooth,
the fine structures along the leaves are similar. Furthermore, if the degree of
smoothness of the holonomy is sufficiently larger then the dynamical system
is rigid, i.e. it is smooth conjugate to an affine dynamical system with affine
holonomies. We also have explained that there are no affine dynamical
systems with affine holonomies for Plykin attractors which implies that the
degree of smoothness of the stable holonomies is bounded by 1 plus the
Hausdorff dimension of the basic set along the stable leaves.

The classification of the diffeomorphisms on surfaces allowed us to un-
derstand that the fine structures along the stable lamination does not
impose any restriction on the fine structures along the unstable lamina-
tion, and vice-versa. However, if we ask that these dynamical systems have
an invariant geometric measure (for instance, equivalent to the Hausdorff
measure) then the fine structures along the stable lamination determine
the fine structures along the unstable direction up to Lipschitz class, and
vice-versa.

We hope that in the future there will be similar progresses as the above
ones for laminations on surfaces and for flows in manifolds with dimen-
sion 3.

5.2. The frontier between order and chaos

We have described the existence of ordered and chaotic behaviour for uni-
modal families of quadratic type and that the maps in the frontier between
order and chaos have the property of being infinitely renormalizable. We
explained that the infinitely renormalizable maps form the stable manifolds
of a limit set with hyperbolic behaviour for the renormalization operator.
We stated the rigidity of the fine structures for infinitely renormalizable
unimodal maps with bounded geometric type (see Theorems 4.1 and 4.2).
We also stated the existence of rigidity on the parameter space and the
existence of universal constants (see Theorem 4.3).

The renormalization operator appears in a natural way in several other
families of maps, such as, unimodal families with type a > 1, multimodal
families, families of critical circle maps and of annulus maps (see, for ex-
ample, E. de Faria and W. de Melo (refs. 19 and 20), R. Mackay (ref. 46),
M. Martens (ref. 51), W. de Melo (ref. 54), S. Ostlund, D. Rand, J. Sethna
and E. Siggia (ref. 61) and M. Yampolsky (ref. 90)). In the future, we hope
that similar results to the ones presented here can be proved for some of
these families.
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Difference Equations with Continuous Time:
Theory and Applications
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We built basics of the qualitative theory of the continuous-time difference equa-
tions z(t + 1) = f(x(t)), t € Rt, with the method of going to the infinite-
dimensional dynamical system induced by the equation. For a study of this
system we suggest an approach to analyzing the asymptotic dynamics of gen-
eral nondissipative systems on continuous functions spaces. The use of this
approach allows us to derive properties of the solutions from that of the w-
limit sets of trajectories of the corresponding dynamical system. In particular,
typical continuous solutions are shown to tend (in Hausdorff metric for graphs)
to upper semicontinuous functions whose graphs are, in wide conditions, frac-
tal; there may exist especially nonregular solutions described asymptotically
exactly by random processes. We introduce the notion of self-stochasticity in
deterministic systems — a situation when the global attractor contains random
functions. Substantiated is a scenario for a spatial-temporal chaos in distributed
parameters systems with regular dynamics on attractor: The attractor consists
of cycles only and the onset of chaos results from the very complicated struc-
ture of attractor “points” which are elements of some function space (different
from the space of smooth functions). We develop a method to research into
boundary value problems for partial differential equations, that bases on their
reduction to difference equations.

Keywords: Difference equation with continuous time, infinite-dimensional dy-
namical system, 1D map, attractor, upper semicontinuous function, fractal,
random function, finite-dimensional distributions, deterministic chaos.

1. Introduction

We will deal with the continuous-time difference equation
a(t+1) = f(z(t), teRT, (1)

with f being a continuous map of a bounded closed interval I into itself.
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We would like to begin with feasible applications of Eq.(1): For which
purposes are these equations wanted ¢ Where can they be used ¢ Are there
convincing reasons for mathematicians to pay attention to this object ?
Mention in passing that back 40 years the same questions arose regard-
ing the “normal” difference equation

z(n+1) = f(z(n)), nezZt, (2)

and then the response of “serious” experts was negative: The properties
of this “simple” difference equation are of no importance in the view of
Fundamental Science.* Now it is well known that Eq.(2) has given a vital
impetus to the progression of discrete dynamical systems theory — one of
the principal mathematical instruments of modern nonlinear dynamics.

What can be said about the applications of continuous-time difference
equations now ?

The first “point of application” is DIFFERENTIAL-DIFFERENCE EQUA-
TIONS THEORY, that is actively developed since the 40s of the last century.
This theory should contain, at least formally, the theory of continuous-
time difference equations and, certainly, use that, especially to differential-
difference equations of neutral type.

The second field of application is PARTIAL DIFFERENTIAL EQUATIONS
THEORY. There are ample classes of boundary value problems for partial
differential equations, that can be reduced directly to continuous-time dif-
ference equations or to equations close these, for instance, to differential-
difference equations.

Lastly, continuous-time difference equations find many applications in
MODELLING SPATIAL-TEMPORAL CHAOS (TURBULENCE). These equa-
tions are surprisingly well suitable for simulating such phenomena as
‘chaos’, ‘cascade process of emergence of coherent structures’, ‘fractal
structures’, ‘intermixing’, and etc.

Why do we summarize investigations of Eq.(1) just today ¢ In our (with
Yu.L.Maistrenko) book,® published in Russian as early as 1986, one of

& A prominent example of this is the following. On the 4th International Conference
on Nonlinear Oscillations (Prague 1967), one of the authors of this paper reported his
results,! that concern the coexistence of periodic solutions of Eq.(2) in accord with the
ordering 3 > 5 > 7 > ... = 4 > 2 > 1; in particular, the statement: The existence
of a solution with period 3 implies the existence of periodic solutions with any period
m € Z1, was presented. These results, which now have been rendered as fundamental in
nonlinear dynamics, had been outlined only in the conference abstracts® but the report
text represented by the author had not been included into the conference proceedings.
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the four chapters was named ‘Difference Equations with continuous time’.
Nevertheless, we were exploring difference equations further at all the time,
and a number of fundamental steps have been done quite recently. In par-
ticular, a proof of the fact that the attractor of a deterministic system is
liable to contain random functions was published only in the last year.* Now
there are strong grounds for saying about the completion of a certain stage
of our research into continuous-time difference equations. One more reason
is that the achievements in continuous-time difference equations theory, as
our experience implies, are not sufficiently widely known. Therefore, it will
be useful to briefly describe our approach to the study of such equations
and present some relevant results, both those obtained earlier and recent
ones.

Certainly, the development of the theory of the difference equations (1)
should lean upon the theory of difference equations (2). At the same time,
both the theories have essential distinctions, if for the fact that: Eq.(2) in-
duces a one-dimensional dynamical system x — f(x), whose phase space
consists of points x € I, and Eq.(1) induces an infinite-dimensional
dynamical system ¢ +— f oy, whose phase space consists of functions
¢ :[0,1] — I. For this reason, of importance for Eq.(1) is the behavior of
the trajectories not of points but of the neighborhoods of points under the
map f. Typically, the trajectories of neighborhoods of points are found
asymptotically periodic. For instance,? the trajectory of any neighborhood
is asymptotically periodic in the following cases:

e f isa C2?-smooth map that is non-flat at critical points,
e [ is a piecewise linear map such that f(z) # const on any interval.

As a result, the generic solutions of Eq.(1) are likewise asymptotically pe-
riodic.” An explanation of why this is the case can be found in Ref. 6.

At present the QUALITATIVE THEORY OF CONTINUOUS-TIME DIFFER-
ENCE EQUATIONS includes the following basic topics:

(1) Two Main Types of Solutions: Uniformly Continuous and Asymptoti-
cally Discontinuous Solutions.

(2) Limit Properties of the Semigroup Generated by a Continuous Interval
Map.

b In this regard Eq.(1) is simpler than Eq.(2), among generic solutions of which exist, as
is well known, solutions that are not asymptotically periodic or asymptotically almost
periodic.
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(3) Dynamical Systems associated with Difference Equations:
Noncompactness of Trajectories. Completion with Upper Semicontinu-
ous Functions. w-Limit Sets of Generic Trajectories. Attractor. Topo-
logical Entropy. Bifurcations and Stability of Trajectories. Completion
with Random Functions. Self-Stochasticity Phenomenon.

(4) Asymptotically Discontinuous Solutions:

Generator of Jumps and Classification of Solutions. Nonstandard Prop-
erties of Solutions: Self-Similarity, Fractality and Self-Stochasticity.

(5) Difference Equations with Unimodal Nonlinearity:

Limit Semigroup, Separator and Spectrum of Jumps. Solutions of Re-
laxation and Turbulent Types. Stability and Bifurcations of Solutions.

Here we put forth only the central ideas and results of this theory, therewith
theorems are formulated in shortened and simplified form. For a deeper
discussion of this theory and its applications we refer the reader to our
works 3-28 and the references given there.

2. Idea of Investigation, Problems arising in so doing, and
Main Results

Eq.(1) is proposed to investigate with the method of going to its associated
infinite-dimensional dynamical system

S: ¢ = foop, ¢ € C([0,1],1). (3)

This method is used extensively in evolutionary problems. But here the
employment of the method is faced with obstacles, caused by the noncom-
pactness of the phase space C([0,1],I). As a consequence, some trajectories
may turn out to be noncompact, in which case their w-limit sets are non-
compact or even empty in C([0,1],I). Such trajectories are “trying” to
come out from the phase space: The behavior of functions f"(p(t)), that
constitute the trajectory, becomes increasingly complicated when n grows,
in particular, the gradient of f™(p(¢)) increases infinitely as n — oo and
gradient catastrophe happens.

This gives no way of representing the limit behavior of f™(¢(t)) with
continuous functions. The dynamical system needs to be extended on a wider
function space and the notion of global attractor should be modified. This
calls for the finding of a metric (different from the sup-metrics) such that
after completing the phase space C([0,1],I) via this new metric:

(1) We obtain a continuous extension of the dynamical system (3)
on the completed (extended) phase space;
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(2) Almost all trajectories of the dynamical system (3)
are compact trajectories of the extended dynamical system.

Here the significance of the term ‘almost all’ is as follows: By the words
‘almost all trajectories have a property A’ we mean that the set of the
functions ¢ € C([0,1],1) whose trajectories have the property A is massive
in one sense or another, as a task in hand requires (for instance, the term
‘massive’ set can be used in reference to a set of full or positive measure, a
dense set, a set of second Baire category, and etc).

If such a metric function space has been found, then we can modify the
notion of global attractor, fitting Milnor’s ideas?? for noncompact phase
spaces.

Definition 2.1. By the global attractor of a dynamical system on noncom-
pact phase space we mean the smallest invariant closed set in the phase
space of the extended dynamical system, that contains w-limit sets of al-
most all trajectories of the original system.

In the course of solving these problems — “the egress” from the phase
space in some wider function space and the construction of attractor — the
following results have been established.

e We have suggested a general approach to the study of dynamical sys-
tems on (noncompact) spaces of continuous or smooth functions. This
approach, in particular, proposes two special metrics which allow one to
complete the phase space respectively with upper semicontinuous and
random functions.

e We have introduced, based on the possibility to complete the phase space
with random functions, the notion of self-stochasticity in deterministic
systems: The global attractor of a deterministic system contains ran-
dom functions. This notion is meaningful — self-stochasticity occurs in
systems of the form (3), and ‘physically realized’ — self-stochasticity
takes place over a positive measure set of parameter values, once f is
parameter-depending.©

o We have substantiated a scenario of spatial-temporal chaos in infinite-
dimensional systems with regular dynamics on attractor: The attractor
consists of fixed points and cycles, and the system chaotization is due to

¢ How much would this model of changing from a deterministic behavior to a quasi-
random one be in conformity with the reality? Of course, this model is usable for an
adequate description of real processes only within limits and should most likely be ad-
justed beginning with some spatial-temporal scales.
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a very complicated inherent structure of the attractor points, which are
elements of some function space.

3. Metrics and Extended Phase Spaces

To realize the above-advanced general “strategy” in conformity to the dy-
namical system (3), we suggest two extended phase spaces endowed with
special metrics.

The former space, denoted by C?, is the completion of the phase space
C([0,1],I) with upper semicontinuous functions & : [0,1] — 27  via the
metric

Py (&1,62) = sup miﬂ{& sup disty (Vg (t), VE, (t))}a (4)
e>0 te[0,1]
where disty (-,-) is Hausdorff distance between sets, V() = {(V(t)),
Ve(+) is the e-neighborhood of a point.
The metric p2 is equivalent to Hausdorff metric for graphs of functions

p™ (&1, &) = disty (gréy, gréa), gré is the graph of ¢,

which is of frequent use in research into continuous and upper semicontinu-
ous functions, and is, in many cases, handier than the metric p2. This fact
allows one to understand the meaning of the convergence in the space C*:
The convergence of a function sequence &; to a function ¢ is equivalent
to the following:

Lt i—oo 8T {1 = gr §7 (5)
where Lt is for the topological limit of a sequence of sets.

The latter space, denoted by C#, is the completion of C([0,1],1)
with deterministic (measured) and random functions ¢ :[0,1] — I, given
by their finite-dimensional distributions F(z,t), z € I", t € [0,1]",
r=1,2,..., via the metric?

e>0

. L e re
p7(C1,¢2) = sup min {6, 22—T distp (Fcl’ (2,t), Fe, (z,t))}, (6)

r=1
where

distr (ng, FCZ’E) - sup |FLE(2,t) = FLE(2 )], (7)
(z,t)e I™x[0,1]"

d QOriginally we used a somewhat different metric as p#. As a recent close look revealed,
that metric can be replaced with the stronger metric (6), (7).
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FCT’ “(2,t) = Fcr’s(zl, oy Zry t1,. .., 1) is the average of the r-dimensional
distribution F¢(z1,..., %5, ...,+) over the e-neighborhood of the point
t = (t1,...,t,). Random functions with the same finite-dimensional distri-

butions are thought to be identical. It is worth noting that by a random
function (process) we actually mean the distributions of this function (in
other words, the measure on the space of selectors). We exploit the term
‘random function’ in the above sense for convenience sake (which is not
commonly accepted).

The meaning of the convergence in the space C# is as follows:
If a function sequence (; converges to a function (¢, then

Vi('vt) = V("t)7 (8)

where v;(+,t) and v(-,t) are the probability measures generated respec-
tively by the distributions F/7%(z,t) and F/""(z,t) (for any given r € N*
and € >0) and = is for the weak convergence of probability measures.

The space C2 always “works”: Completing the phase space C([0,1],1)
via the metric p2 results in that all the trajectories of the dynamical system
(3) become compact in the extended phase space C* (with respect to p2).
This is a consequence of the fact that the space 2[0:1x7
respect to Hausdorff metric. As to the space C#, its “capacity for work”
depends on the properties of the map f — the action of the dynamical
system. Below we present the conditions on f under which the space C#
“works”. The principal condition is the existence of an ergodic smooth

is compact with

invariant measure for f.

4. Attractor in the Space CA

As noted above, the global attractor for the dynamical system (3) in the
space C? always exists. Moreover, it consists, in sufficiently wide con-
ditions, of periodic and almost periodic trajectories of the C* -extended
dynamical system. “Points” of the attractor — upper semicontinuous func-
tions — possess an intricate inherent structure. In particular, it may oc-
cur that the values of these functions are (nondegenerated) intervals on a
Cantor-like set or on an interval .

Let wa [¢] be the w-limit set (nonempty and compact) of the trajectory
of the C* - extended dynamical system, which starts from the “point” ¢,
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and Q¢(z) be the domain of influence® of the point z, i.e.,

Qs (2) =Neso Njzo Unzj [P(Ve(z)), Velz) =(2—¢,2+¢)N 1.

In Sec. 4, we will use the term ‘almost all’ in the topological sense. In
particular, in Definition 2.1 ‘almost all trajectories’ now means that the
initial functions generated these trajectories form a set of second Baire
category in C([0,1], I).

Theorem 4.1. For almost oll f € C(I,I) and ¢ € C([0,1],1),
the set wa [p] 14s a periodic trajectory of the CA - extended dynamical
system. More precisely, there exists an integer N >0 such that

walpl = {fPop, fofPowp, ..., fNlofRop},  (9)
where f2: 1 — 21 is the upper semicontinuous function
f2) = Qp(2), =zel (10)

Now we need the following sets. Let

Q}r(z) and Q(z) be respectively the right and the left domains of
influence of z, i.e.,

Q7 (2) =NesoNjzo Unz; fP(VEN(2), VIF(z)=1[z2,24+¢)N1,
Q5 (2) = Nex0 Njzo Unx; (Ve (2)), Vi(2)=(2—e, 2N

e D(f) be the separator of the map f, ie.,

D(f)={z € 1: the trajectory of z under f is Lyapunov unstable};
o D(f)={z€D(f): Qf(2)#Q;(2)}
e  O(f) be the set of initial functions ¢ € C([0,1],I) such that:

o(ty) € D(f) if ¢(t) is a constant in the vicinity of ¢ = t,;
o(te) € D*(f) if p(t) attains extremum at t = t,. (11)

The principal significance of the conditions (11) is to ensure the fulfilment
of the relationship

Ne>0 Nj20 Unzj [P(@(Ve(t) = Neso Nyzo Unxi f2(Ve(p(1))).

¢ The notion ‘domain of influence’ made its appearance in,? wherein it was introduced
as a development of the well-known notion ‘prolongation’. Later the notion of domain of
influence was treated by another authors, but without resorting to this name.
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Theorem 4.2. If D*(f) is a set of first Baire category,” then the global
attractor of the dynamical system (3) in the space C® consists of peri-
odic and almost periodic trajectories of the C*-extended dynamical system,
namely:

A2 = Ugcaq Uiso fioflogp. (12)

5. Attractor in the Space C#

The employment of the metric p# allows us to substantiate the self-
stochasticity phenomenon: In sufficiently general conditions, the global at-
tractor of the dynamical system (3) in the space C# exists and consists
of cycles of the C#-extended dynamical system, therewith the “points” of
the attractor are random functions.

Let MC\,, , be the set of piecewise monotone maps f € C(I,I) such
that:

e the map [ is nonsingular, i.e.,
if mesB =0, then mesf ! (B)=0;
e the map f has a probabilistic smooth invariant measure pu, i.e.,
p(I)=1, p(@)=0, p(f~' (B))=p(B); if mesB=0, then u(B)=0;

e the support supp p of the measure p is the union of closed intervals
E., ..., E, that form a period-p (transitive) cycle of intervals;®

e the measure pu is equivalent to Lebesgue measure on its support, i.e.,
w(B)=0 ifandonlyif mesB =0, B Csupp y;
e the map fP is intermizing on each interval E;, i=1,...,p, ie.,
jli_{go p(ByN 77 (By)) =p-p(B1)p(Bs2), Bi,BayC Ej;
e mes ., = 0, where FE, isthe boundary of the basin of the measure p,
i.e., E, isthe boundary of the set
Er(n) =UZg Ujso int [ (Ey).

f This condition is sufficiently general; in particular,® D (f) is nowhere dense for
almost all unimodal C3-smooth f.

g Closed intervals FE1, Ea, ..., E, are referred to as a period-p cycle of intervals for a
map f if these intervals are moved cyclicly by the map f and are disjoint by interior
in pairs; if, in addition, the union Ule Es contains an everywhere dense trajectory of
the map f, then the cycle of intervals is referred to as transitive.
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For ample classes of continuous interval maps dependent on parameter,
the set of parameter values marked by the fulfilment of these conditions is
of positive Lebesgue measure (see for instance Ref. 30). In particular, the
conditions are realized when f isa unimodal C3-smooth map with negative
Schwartz derivative, that satisfies the Collet—Eckmann relationship:

1

d
Jlim inf p log = fEe)| > 0, ¢ is the critical point of f.

Let wyg[p] be the w-limit set (which may turn out to be empty) of
the trajectory of the C# -extended dynamical system, which starts from
the “point” ¢;

We restrict our consideration to the simplest case:

(i) feMC, 1, thatis, suppp consists of a single interval;

(i) I = &Ef(pn), thatis, suppp attracts under f all the points from I
outside of a zero Lebesgue measure set.

In Definition 2.1, we now take ‘almost all trajectory’ to mean ‘the trajec-
tories generated by nonsingular initial functions’.

Theorem 5.1. In conditions (i) and (i), for any nonsingular function
p € C([0,1],I), the set wy [p] consists of a single random function, which
is a fized point of the C# -extended dynamical system. More precisely,

wg [Pl = {o*}, (13)

where % :[0,1] — I is the random process given by the distributions

Fou(z1, . 20 1,00y ty) = 1:[1 u((oo, z(i)]ﬂsupp,u), z(i) = 15211\1411{2;@},

where My,...,Ms, s < r, are the equivalence classes into which the
set {1, . m} is subdivided by the equivalence relation defined as follows:

i~goif ot) =ety), i,j=1,...,7.

Theorem 5.2. In conditions (i) and (ii), the global attractor A% of the
dynamical system (38) in the space C# consists of the only point {¢*},
which is a fized point of the C#-extended dynamical system.

If fe MC,,, where p > 1, but (ii) remains valid, then every
nonsingular function ¢ is matched by its own w-limit set; more precisely,
every set wy [p] is a period-p trajectory of the C#-extended dynamical
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system and consists of random functions, whose distributions are given by
the invariant measure g and depend on ¢. The attractor A# consists
just of these period-p trajectories.

Theorems 4.2 and 5.2 show that the hypothetic scenario of spatial-
temporal chaos in parameter distributed systems with reqular dynamics on
attractor do can occur in dynamical systems of the form (3). Moreover,
Theorem 5.1 and its generalization on the case p > 1 provide a means of
describing deterministic chaos in the probabilistic terms.

6. Long-Term Properties of Solutions

Based on the results obtained for the dynamical system (3), we can describe
the long-term behavior of solutions for the nonlinear continuous-time dif-
ference equations (1)

z(t+1) = f(z(t)), teRT.

The relation between the solution (t), generated by the initial function
¢ :]0,1] — I, and the trajectory S™[p] ={¢, fop, ...}, originating at
the “point” ¢, is as follows:

zo(t) = SY I ({t}), teRF, (14)

with (-) and {-} being respectively for the integral and fractional parts of
a number. Hence the long-term properties of the solutions can be charac-
terized with help of the w-limit sets of the trajectories.

Definition 6.1. We say that a continuous function wu : Rt — I ap-

proaches to a periodic (or almost periodic) upper semicontinuous function
PRt — 2l if

p (u(t+T), Pt+T)) -0 as T —oo for t€[0,1].  (15)
If (15) holds, we refer to P(t) as the limit function of u(t).
Formula (14) and the above theorems concerning the dynamical system (3)
allow us to the characterize long-term properties of the solutions of Eq. (1).

Here we present only some results that steam from the asymptotic dynamics
of the system (3) in the space C2.

Theorem 6.1. For any ¢ meeting (11), the solution x,(t) of Eq. (1)
is asymptotically periodic or asymptotically almost periodic. In particular,
if walp] is a period-N trajectory of the C*-extended dynamical system,



115

then x,(t) approaches to the period-N upper semicontinuous function
Po(t) = (fI0mNo fRop)({t}), teR™. (16)

Thus, the limit function P, (t) of the solution x,(t) is obtained by
“sewing tail to head” the elements of the corresponding w-limit set wa [¢].
Each limit function can be treated as a generalized solution for Eq. (1).

Theorem 6.1 and the properties of the upper semicontinuous function
2 imply the following peculiar features of the long-term behavior of the
solutions.

e Representative of Eq.(1) are asymptotically discontinuous solutions
— continuous bounded functions that are not uniformly continuous on R™.
In typical situations, the number of undamped oscillations and the gradient
of such a solution on [T',7+1] increase indefinitely as T — oo. Solutions
of this kind are named turbulent. They can be classified by the cardinality
of the generator of jumps — the set of points ¢ € [0,1] at which the values
of the solution limit function are intervals. The amplitudes of undamped
oscillations for a turbulent solution are characterized by the spectrum of
jumps — the collection of intervals that are the values of the solution limit
function on the generator of jumps. The conditions for existence of one or
other type of turbulent solutions is best shown by Eq. (1) with f being
a unimodal map. In this case, a description of long-term properties of so-
lutions are derived from the spectral decomposition of the nonwandering
points set of the map f.

e Turbulent solutions have a number of nonstandard properties, which
testify that the solutions behave very irregular. The graphs of limit func-
tions for turbulent solutions are locally self-similar, and, in wide conditions,
fractal. These properties take place, in particular, where the generator of
jumps contains intervals. Then the graph of a solution becomes with time
similar to a space-filling curve, as a result of which the solution comes out
the horizon of predictability: The solution values at ¢ large enough cannot
be calculated with assurance.

e The results on the asymptotic dynamics of the system (3) in the space
C# make, in many cases, it possible to give a probabilistic representation
of the above-mentioned “unpredictable” solutions. When f € MC\, ,, the
long-term behavior of an “unpredictable” solution of Eq.(1) can be described
with a certain random process, defined in terms of the invariant measure of
f- More specifically, the averaged finite-dimensional distributions of the
solution are close to the corresponding finite-dimensional distributions of
the random process when time is large enough.?®
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7. Application to boundary value problems

In Introduction we have mentioned three major areas of application of the
continuous-time difference equations. Now we dwell slightly on the second of
these — the applications to the theory of boundary value problems (BVPs)
for partial differential equations (PDEs) — because it is quite promising.
Further reason is that the advances in the field of boundary value problems
provide a highly efficient mathematical means for the third area of applica-
tion — modelling spatial-temporal chaos (indeed, the most frequently used
type of mathematical models for nonlinear wave processes are just BVPs
for PDEs).

Examples of BVPs reducible to difference, functional, differential-
functional and other relevant equations have long been known", but their
effective study has been made possible only in the last years due to the
progress of the theory of continuous-time difference equations. Hyperbolic
PDEs are a rich source of reducible BVPs. Here we will not detail this ques-

tion (which is fairly fully considered in®21:24) and only present the simplest
example:
ou ou
a, . A 60717 t6R+7 17
o = oy Y [0,1] (17)
uly=1 = f(u) [y=0, (18)

where f € CY(I,I) is a nonlinear map, I is a closed bounded interval.
By substituting the general solution of Eq. (17)

u(y,t) =w(y +t) with w bing an arbitrary C''-smooth function,
into (18), the BVP is reduced to the difference equation
w(r+1) = f(w(r), 7R, (19)

Every initial condition u(y,0) = ¢(y) for Eq. (17, (18) induces the initial
condition w(r) = ¢(r), 7€ [0,1], for Eq. (19). Thus, if u, and w,
stand for the solutions of the corresponding equations, which are generated
by the initial function ¢, then

up(y,t) = wy(y +1). (20)

h Such a reduction is due to the fact that the general solution for the PDE entering into
a BVP can be written as an analytic formulae involving only elementary operations on
arbitrary functions.
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Formulae (20) allows one to extend without trouble the results obtained for
Eq. (1) to the BVP (17), (18). In particular, a reformulation of Theorem 6.1
is as follows.

Theorem 7.1. For any ¢ meeting (11), the solution wu,(y,t) of the
BVP (17), (18) is asymptotically periodic or asymptotically almost periodic
in t. In particular, if wa [p] is a period-N trajectory of the C*-extended
dynamical system, then uy(y,t) approaches to the upper semicontinuous
function

Po(yt) = (fFLH0modNo fRop) ({y+1}), yel0,1], te R, (21)
in the sense that

pA(uw(y7T)7 Po (y7T)) —0 as T — 0.

The problem (17), (18) is the simplest conceivable nonlinear BVP. As a
model problem, we have taken just it for the ease of explanations. There
are, of course, many other one- and many-dimensional BVPs reducible to
continuous-time difference equations. The reduction of such BVPs and the
subsequent study, on this basis, of their solutions calls, generally speaking,
for much more efforts.

8. Conclusion

Continuous-time difference equations are in our view respectively simple
and very profitable instrument for the study of various evolutionary prob-
lems modeling wave processes. This paper have hopefully given a rough idea
of continuous-time difference equations and shown that even the simplest
nonlinear equations of the form (1) have very complicated behavioral so-
lutions up to quasirandom ones whose asymptotic properties are described
in terms of random processes. All this not only leads to the no less com-
plicated dynamics of the original evolutionary problems but also provides
comparatively simple scenarios for intricate nonlinear phenomena such as
the cascade process of structures emergence, producing fractal sets, chaotic
mixing, and self-stochasticity.

Further investigation should be aimed at the following lines:

(1) Systems of continuous-time difference equations;
(2) Perturbed and nonautonomous difference equations;
(3) Differential-difference equations;
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(4) Boundary value problems for partial difference equations, which are
reducible to equations close the difference ones.

Something has already been done in these lines: There have been made
the study of the so-called completely integrable differential-difference equa-
tions? and some classes of perturbed difference equations.?-31:32
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We present an adapted version of the classical Lyapunov-Schmidt reduction
method to study, for some given integer ¢ > 1, the bifurcation of g-periodic
orbits from fixed points in discrete autonomous systems. The approach puts
some particular emphasis on the Zg-equivariance of the reduced problem. We
also discuss the relation with normal form theory, consider special cases such
as equivariant, reversible or symplectic mappings, and obtain some results on
the stability of the bifurcating periodic orbits. We conclude with an application
of the approach to the generic bifurcation of g-periodic orbits for ¢ > 3, and
showing how for ¢ > 5 Arnol’d tongues appear as an immediate consequence
of the Zg4-equivariance.
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systems; normal forms; stability.

1. Introduction

In this review paper we describe how the Lyapunov-Schmidt reduction
method can be used to study the bifurcation of periodic orbits from fixed
points in discrete autonomous systems. The approach which we will present
here is not so well known, as the method was mainly developped to study
the bifurcation of periodic orbits in continuous systems. We will emphasize
the advantages of the method, in particular the symmetry induced by it,
and show how the method can be combined with normal form reductions to
give additional information (such as stability properties) on the bifurcating
periodic orbits.

Our starting point is a parametrized family of local diffeomorphisms
with a fixed point at the origin; more precisely we consider smooth map-
pings f : R" x R™ — R™ with f(0,\) = 0 and Ay := D, f(0,)\) € L(R"™)
invertible for all A € R™. Fix some integer ¢ > 1 and some critical param-
eter value \g € R™; for convenience of notation we will take Ag = 0. The



121

problem we want to discuss is then the following:

(P4) Determine, for all values of A near the critical value A\g = 0, all small
g-periodic orbits of fy := f(-,\).

The classical approach to this problem is to look for (small) fixed points
of the ¢-th iterate f{ := fiofao---ofy (¢ times) of fr. Such approach
overlooks some of the hidden symmetries of the problem and hence can not
take advantage of these symmetries. The approach which we will describe
here reformulates the problem in such a way that the symmetry becomes
explicit from the outset.

Our formulation is based on the notion of the orbit space for the given
problem. Every g-periodic orbit of f) can be seen as a bi-infinite sequence
z = (z;) ez of points in R™ which is g-periodic: xj44 = z; for all j € Z.
Therefore we introduce the orbit space

Oy :={2 = (zj)jez | xj € R" and xj44 = x;, Vj € Z}. (1)

Observe that this space is finite-dimensional, isomorphic to (R™)4. The fact
that an element z of O, forms an orbit under the mapping f) is expressed
by the relation x;41 = fa(z;), valid for all j € Z. To write this as an
equation in the orbit space we define for each mapping g : R® — R" the
lift of g to O, as the mapping § : Oy — O, given by

9(2) = (9(z)))jez, Vz = (zj)jez € Oq.
We also define the linear shift operator o € L(O4) by
(0-2)j :=xj41, YjE€L V2= (xj)jez € Oq.

The relation z;11 = fi(x;) (for all j € Z) then takes the form

fA(Z,A):O'-Z, (2)
where we have written f(z, \) for f\(z). The problem (Pg) is equivalent to
finding all solutions (z,A) € Oy x R™ of (2) near (0,0).

An important property of (2) is its Zg-equivariance, as follows. Clearly

= Idp,, and hence o generates a Zg-action on the orbit space O, (here
Zq = Z/qZ is the cyclic group with g elements). Moreover it is trivial to
verify that for each mapping g : R® — R" we have that oo = oog; in
particular

o4

flo-z,0) =0 f(z,X), Y(z,A) e O, xR™

Hence both sides of (2) commute with o, and if (2, A) € Oy xR™ is a solution
of (2), then so is (07 - z, \) for all j € Z. In the next section we will apply a
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Lyapunov-Schmidt reduction to (2), and when doing so it is important to
make sure that the reduced problem retains this Z,-equivariance.

Not only the existence part of the problem (P,) can be reformulated as
solving an equation in the orbit space O, but also the stability properties
of the bifurcating ¢-periodic orbits can be obtained from this equation. It
is well known that the stability properties of a g-periodic orbit z = (2;);ez
of fy are determined by the eigenvalues of

Df5(xo) = Dfs(xg-1)e- oD fx(x1)°Dfa(wo) € LIR™);

if all eigenvalues are strictly inside the unit circle the the periodic orbit is
asymptotically stable, if some of the eigenvalues are strictly outside the unit
circle then the periodic orbit is unstable. (In certain particular cases, such as
for symplectic or reversible maps, one will rather distinguish between elliptic
and hyperbolic periodic orbits, depending on whether all eigenvalues are on
the unit circle or some are off the unit circle). Some easy manipulation of
the eigenvalue-eigenvector equation shows the following.

Theorem 1.1. For each smooth mapping g : R™ — R", each z = (z;) ez €
O, and each € C (1 # 0) we have the following: u? is an eigenvalue of
Dg(xg—1)°---°Dg(x1)°Dg(xo) € LIR™) if and only if p is an eigenvalue of
o~ 1eDg(2) € L(O,), that is, if and only if the nullspace of

Dj(2) — o € L(O,)
18 nontrivial.

In relation to this result (and for counting multiplicities) one should ob-
serve that if u € C is an eigenvalue of o~ 1eDgj(z), say with eigenvector
Z = (%) ez, then so is pexp(2mip/q) for each p € Z; the corresponding
eigenvector is (exp(27ijp/q)Z;) cz. It follows that if z € Oy is close to zero
then the eigenvalues of o~toDg(z) will be close to the set

{pexp(2mip/q) | p € Z, p = eigenvalue of Dg(0)}.

In the next sections we will apply a Lyapunov-Schmidt reduction to the
equation (2), taking into account the Z4-equivariance of that equation, and
use Theorem 1.1 to obtain some information on the stability of bifurcat-
ing periodic orbits. We will also explore the relation between the reduced
equation and the normal form of the mappings fx. More details on certain
parts of the exposition can be found in our earlier paper.®
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2. Lyapunov-Schmidt reduction

The first step in studying the solution set of (2) near (0,0) is to linearize
(in the z-variable) at that point. This gives the linear equation

Apz =02, with Ao := D;f(0,0) € L(R"). (3)

If this equation has only the zero solution z = 0 then, by the implicit
function theorem, the branch of trivial solutions {(0,A) | A € R™} of (2)
is isolated for small A\, and there is no bifurcation of non-trivial ¢-periodic
orbits near A = 0. So we will further on implicitly assume that (3) has
some non-trivial solutions. If z = (z;);ez € O4 is a solution of (3) then
zo € ker(Af — Idgn) and xj11 = Agx; for all j € Z. Conversely, if z €
ker(A¢ — Idg») then z := (Aéxo)jez belongs to O, and is a solution of (3).
Hence there exists an isomorphism between the subspace ker(Ag — Idgn)
of R™ and the solution space of (3). Assuming this space is nontrivial an
application of the standard Lyapunov-Schmidt method then reduces the
problem to solving an equation on ker(Ag —Idg~) (see e.g. Vanderbauwhede”
for a survey on the Lyapunov-Schmidt method). However, the precise details
of this reduction will depend on whether the eigenvalue 1 of A is semi-
simple or not. Since we do not want to make any hypotheses on the spectrum
of Ag (except for the fact that Ag should be invertible) we choose a slightly
modified approach in which we do not reduce to an equation on ker(A¢ —
Idg~) but to an equation on the generalized nullspace of Af — Idgn.

Each linear operator A € £(R") has a unique Jordan-Chevalley decom-
position A = S+ N such that S is semi-simple (i.e. complex diagonaliz-
able), N is nilpotent, and SN = NS. There exist a polynomial P(s) with
P(0) = 0 such that S = P(A) and N = A — P(A); as a consequence
ker(A) = ker(S) Nker(N). Also R™ = ker(S) @ im(S), and this decomposi-
tion is invariant under S, N and A.

Denote the Jordan-Chevalley decomposition of Ag = D, f(0,0) as Ag =
So -+ No; then the Jordan-Chevalley decomposition of (Ag — o) € £(O,) is
given by (Ag — o) = (S — o) + Np, and

O, = ker(Sy — o) ®im(Sy — o). (4)

This splitting is invariant under o, So, ]\70 and flo. Observe that such
splitting will in general no longer be valid if we replace Sy by Ayp; this
is the reason for introducing the Jordan-Chevalley decomposition of Ag. If
z = (2j)jez € O, belongs to ker(Sy — o) then zo € ker(S{ — Idg») and
xjy1 = Sox; for all j € Z. Conversely, for each z € ker(S{ —Idrn) we have
that z := (S)x0)jez belongs to O, and is actually an element of ker(Sy — )
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(observe that Sy is invertible since it was assumed that Ao is invertible).
This allows us to introduce the subspace

U = ker (S¢ — Idz») (5)

of R™ which will play a basic role in the further reduction; for reasons
that will become clear later we will call U the reduced phase space. This
space is invariant under Sy, Ny and Ag; we denote the restrictions of Sy,
Ny and Ay to U by respectively S, N and A. One can easily show that
ker(A} —Idgn) = {u € U | Nu = 0} C U. The argument which led to the
definition (5) shows that the linear mapping

C:U — ker(Sy — o), ur— C(u) = (S7u)jez

forms an isomorphism between U and ker(S; — o), such that we can rewrite
(4) as

O, =(U)® im(go —0). (6)

The splitting (6) will form the basis for our reduction, but before work-
ing this out we should pay some attention to the Z,-symmetry. We have
already observed the splitting (4) is invariant under o, and therefore also un-
der the Z4-action generated by o on O,. Moreover, S generates a Zg4-action
on U (since S? = Idy by definition of U and S), and (S = go(, i.e. the
isomorphism ¢ commutes with the Z,-actions on U and ker(Sy — ¢). This
will allow us to preserve the Zg,-equivariance of (2) under the Lyapunov-
Schmidt reduction.

It follows from (6) that we can write each z € O, as z = ((u) + v for
some (unique) u € U and v € V := im(Sy — o). Similarly there exist smooth
mappings g : U x V xXR™ — U and h: U x V x R™ — V such that

fCw) +v,A) =C(g(u,v,A) + h(u,v, A), Y(u,v,\) €U xV xR™.

Bringing this in (2) shows that this equation can be rewritten as a system
of two equations

{ (a) g(u,v,A) = Su, )

(b)  h(u,v,\) =0-v,
which has to be solved for (u, v, A) near (0,0,0) in U x V x R™. It is easy to
obtain the following properties of the mappings g and h appearing in the
equations (7):
(i) g(0,0,)\) =0 and h(0,0,A) =0 for all A € R™;
(ii) D,g(0,0,0)= A =S+ N and D,g(0,0,0) = 0;
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(iii) Dyh(0,0,0) = 0 and D,h(0,0,0) = A, ;
(iv) g(Su,o-v,A) = Sg(u,v,A) and h(Su,0 -v,\) = o - h(u,v,\) for all
(u,v,A) e U xV xR™.
This last property expresses the Zg-equivariance of the equations (7).
Next we consider the equation (7)-(b). Since V = im(Sy — o) is invariant

under (Ag—0) and ker(Ag—o) C ker(Sy—0o) it follows that ker(Ag—o)NV C
ker(So— )NV = {0} and that (A — o) is an isomorphism on V. Hence we
can apply the implicit function theorem, starting at the solution (0,0, 0),
to solve (7)-(b) for v = v*(u, A). The mapping v* : U x R™ — V is smooth,
with v*(0, A) = 0 for all A\, D,,v*(0,0) = 0, and v*(Su,A\) = o - v*(u, A) for
all (u,\) (Zg-equivariance). Bringing the solution v = v*(u, A) of (7)-(b)
into (7)-(a) gives us the determining equation

frea(u, \) = Su, (8)
to be solved for (u, A) near (0,0) in U x R™, and with
fred :UXR™ — U, (u,A) — frea(u, A) := g(u, v (u, A), ). (9)

The reduced mapping freq is smooth, with fieqa(0,A) = 0 for all A, and
Dy freda(0,0) = A = S + N; moreover, fred is Zq-equivariant:

frea(Su, ) = Sfrea(u, \), V(u,\) € U x R™. (10)

The foregoing means that we have reduced our problem to solving the Z,-
equivariant determining equation (8) on the reduced phase space U. To
each (sufficiently small) solution (u, A) of (8) there corresponds a solution
of (2), given by (2*(u, A), A) with z*(u, \) := ((u) + v*(u, A). Conversely, if
(z,A) € Oy x R™ is a sufficiently small solution of (2), with z = ((u) + v,
then v = v*(u, ) and (u, A) is a solution of (8). Clearly the solutions of
(8) come in Zg,-orbits, and the same holds for the corresponding solutions
of (2). Returning to the original problem (P,) we can conclude that for all
sufficiently small A € R™ all small ¢g-periodic points of f) have the form
x = z*(u, A), where (u, ) € U x R™ is a sufficiently small solution of (8),
and where z* : U x R™ — R" is given by z*(u,\) = u + v§(u, A) (here
vg(u, A) is the 0-component of v*(u, A) € Oy).

There is, however, a different way to formulate the reduction, as we
explain next. Consider the following problem:

(Pie4) Determine, for all values of X near the critical value Ao = 0, all small
g-periodic orbits of frea,n = fred(-,A), where freqa : U x R™ — U
is the reduced mapping obtained from the foregoing reduction for
the problem (Py).
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This problem is analogous to the problem (Py), and hence we can apply the
reduction procedure we just explained. When we work out this reduction
we find that the new reduced phase space Upey is just U itself (so no further
reduction in dimension), Spew = S, v, (1, A) = 0, and the new determining
equation is just the old one, i.e it coincides with (8). Moreover, we have for
each (u,\) € U x RM that (u,)) is a solution of (8) if and only if the
frea,x-orbit { rjed’A(u) | 7 € Z} coincides with the Z,-orbit {S7u | j € Z}.
Combining these observations with our earlier conclusion of the Lyapunov-
Schmidt reduction for the problem (P,) we obtain the following result.

Theorem 2.1 (Main reduction theorem). Let f : R" xR™ — R"™ be a
smooth mapping such that f(0,A) =0 and D, f(0,\) € L(R™) is invertible
for each A € R™. Fix some q > 1. Let Ay = So+ Ny be the Jordan-Chevalley
decomposition of Ay := D, f(0,0), let U := ker(S¢ — Idgn), and let A, S
and N be the restrictions of respectively Ay, So and Ny to U. Then there
exist smooth mappings freq : U X R™ — U and z* : U x R™ — R” such
that the following holds:

(1) frea(0,A) =0 for all X € R™, and D, f.q(0,0) = A;

(i1) frea(Su, A) = Sfrea(u, A) for all (u,\) € U X R™, i.e. freq is equiv-
ariant with respect to the Zq-action generated by S on U;

(iii) «*(0,A) =0 for all A € R™, and D,z*(0,0) - u =u for allu € U;

(iv) for each sufficiently small (x,\) € R™ x R™ we have that x is a q-
periodic point of fx := f(-,\) if and only x = x*(u, \), where u is a
g-periodic point of freax = fred(-s A);

(v) for each sufficiently small X € R™ all sufficiently small q-periodic
orbits of freax are also orbits under the Zg-action on U, i.e. they

are generated by the solutions of (8), and for such solutions we have

that f(x*(u, A),\) = 2*(Su, \).

The advantage of the foregoing formulation of the Lyapunov-Schmidt
method (in contrast to more classical formulations) is twofold: first, there is
no explicit reference to the splitting (6) behind the reduction, but second,
there is an explicit reference to the Zg-equivariance of the reduced problem.

In the next sections we will further elaborate on the reduced problem,
and more in particular on the reduced mapping fred(u, ). Indeed, there
remain a number of questions one can ask:

(1) what is the relation of the foregoing formulation, and in particular

the determining equation (8), to the bifurcation equation obtained
from a classical Lyapunov-Schmidt reduction?
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(2) how does the reduction described by theorem 2.1 deal with additional
structures of the mapping f, such as equivariance, reversibility, sym-
plecticity, and so on?

(3) how can one calculate or approximate the reduced mapping
fred (u, )\)?

(4) is it possible to obtain a relationship between the stability properties
of a bifurcating periodic orbit of f) and the stability properties of
the corresponding periodic orbit of fieq x?

In the next sections (some of them quite short) we will try to give some
answers to these questions; in particular the answer to question (3) will give
us a relationship between the Lyapunov-Schmidt reduction and normal form
theory.

3. The bifurcation equation

When N # 0 then ker(Ag —Idg») is a strict subspace of U = ker(S§ —Idgn),
and ker(flo — o) is a strict subspace of ker(S’o — o). As a consequence
the determining equation (8) has a higher dimension than the bifurcation
equation obtained from a “strict” Lyapunov-Schmidt reduction. This is the
reason for calling (8) the “determining equation” and not the “bifurcation
equation”.

However, it is rather easy to further reduce (8) and obtain a “real”
bifurcation equation. Indeed, (8) has for A = 0 the form

Nu+O([Juf?) = 0.
One has then to consider two different splittings of U, namely
U =ker(N) @ Uaux and U=im(N)aU,

where the subspaces Unux and U should be chosen to be invariant under S,
such that both splittings are invariant under the Zg-action on U generated
by S; since ker(N) Nim(N) is nontrivial it is not possible to take Uaux =
im(N) and U = ker(NN). Using the first splitting one writes the unknown
we Uin (8) as u = (@, Uaux), with @ € U := ker(N) and tauy € Unux.
The second splitting is used to rewrite the equation (8) itself as a system
of two equations. The im(V)-part of this system can then be solved by the
* (U, A). Bringing this solution in
the remaining U-part of the system gives the bifurcation equation

implicit function theorem for u,ux = u

b(a, \) = 0, (11)
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with b : U x R™ — U a smooth mapping such that b(0,\) = 0 and
D3b(0,0) = 0. The mapping b is also Zg-equivariant, in the sense that
b(S1, \) = Sb(ii, \) for all (@i, A), where S and S denote the restrictions of
S to respectively U and U. So the remaining Zg-equivariance involves in
principle two different Z,-actions, namely one on U and one on U, but it is
possible to show that these actions are equivalent, i.e. they coincide after a
proper identification of U and U.

The foregoing shows that in case N # 0 the classical Lyapunov-Schmidt
reduction to a problem on the nullspace of the linearized problem is less
straightforward, requiring appropriate choices of complements and iden-
tifications. This is one of the reasons why we think a reduction to the
generalized nullspace is more natural; a second reason has to do with the
stability properties of bifurcating g-periodic orbits, see Section 6.

4. Additional structures

In a very loose way one can say that when the original family of local
diffeomorphisms f) has some additional structure, then this structure is
inherited by the reduced family fieq,, with the Z,-equivariance as a surplus.
In this section we make this more precise for three particular structures:
equivariance, reversibility and symplecticity.

We begin with the easiest one, equivariance. Actually, one can treat
equivariance and reversibility in one common framework by adopting the
following definition.

Definition 4.1. We say that the family of local diffeomorphisms fy is
equivariant-reversible (or more precisely (I, x)-equivariant-reversible) if
there exist a compact subgroup I' of GL(n,R) and a group character (i.e.
group homomorphism) y : I' — {+1,—1} such that

ylefroy= 7, wyel, vAeR™ (12)

There are two important particular cases: the pure equivariant case when
Xx(v) = +1 for all v € T, and the pure reversible case when I' = {Idg», Ry}
and x(Ro) = —1, with Ry a linear involution on R”, i.e. R? = Idg~. In
order not to make the notation too heavy we will discuss here these two
particular cases separately; it is then easy to formulate and prove the cor-
responding results for the general equivariant-reversible case as described
in definition 4.1.

We will need two conclusions which can be drawn from the reduction in
section 2 and which we reformulate here for convenience:
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(A) if (2,A) = ((u) + v,A) € Oy x R™ is a sufficiently small solution of
(2) then v = v*(u, A) and freqa(u, A) = Su;
(B) for each sufficiently small (u,a,v,A) € U x U x V x R™ we have

fC(w) +v,\) = ((a) + o -v if and only if v = v*(u,\) and @ =
fred(uvA)-

4.1. Equivariance
In the equivariant case we assume that
Y lefxev=1fr, Vyel, VAeR", (13)

where I" is a compact subgroup of GL(n,R). This clearly implies that if
x € R™ is a g-periodic point of fy, then so is yx for each v € I'; this property
should of course also appear in the reduced problem. It follows from (13)
that Ag, Sp and Ny commute with every «v € I', and that the reduced phase
space U is invariant under the I'-action on R™; we will denote the restriction
of v € ' to U again by -, hoping that the precise status of v is clear from
the context. Also fy o4 =40 fr, 004 =400 and C(yu) =4 - ((u) for all
~v € I'. Applying 4 to the identity

FC(u) + 0" (w4, N), ) = ((frea(u, N)) + 0 - 0™ (u, A) (14)

(see property (B) above) and using the commutation relations just men-
tionned gives

F(C(yvu) +4 - v (u, A), A) = ((Vfrea(u, A) + 0§ - 0" (u, A).
Again using (B) we conclude that
U*(’yu, A) = :Y : ’U*(U, )\) and fred(7u7 )\) = ’VfYEd(U’a A)v V’Y erl. (15)

This also implies that z*(yu, \) = yz*(u, \) for all v, and we can conclude
that both the reduced mapping fred(:, A) and the mapping x* relating the
reduced problem to the original one inherit the I'-equivariance of the orig-
inal mapping.

The reduced mapping is not only I'-equivariant, but also Z4-equivariant
(where the Zg-action on U is generated by S). We have then to distinguish
two different cases, depending on whether or not there exists some vy € T’
such that you = Su for all u € U. In case such g exists the Z, action on
U is already contained in the I'-action, and fi.q is just ['-equivariant. For
each solution of the determining equation freq(u,A) = Su we have then
that f(z*(u,\),\) = z*(Su,\) = x*(yu,\) = yox*(u,A), which shows
that each g-periodic orbit of fy is contained in a T'-orbit: all (sufficiently



130

small) g-periodic orbits are relative fized points (i.e. fixed points modulo
the T'-action). In the other case (no such 7y exists) the reduced mapping
is I' X Zg-equivariant (the I'-action commutes with the Z,-action since S
is I'-equivariant). When using this symmetry and interpreting results one
should keep in mind that the I'-action corresponds to space symmetries
(symmetries on the phase space), while the Zg-action encodes temporal
behaviour, as follows from f(z*(u, A), \) = 2*(Su, A).

4.2. Reversibility

Next we turn to the case of reversible mappings. In addition to our standing
hypotheses we assume that there exists some Ry € L£(R") such that R3 =
Ian and

RoofroRy=fy', VAeR™ (16)

We say that the family fy is Rg-reversible, or that Ry is a reversor for the
family fy. It follows from (16) that also Ao, Sp and Ny are Rp-reversible:

RO OA() OR():AEI, ROOS() ORozsal and ROONO OR():N(;l,

and that the reduced phase space U is invariant under Ry. We denote
the restriction of Ry to U by R. Then SR = RS~!, which together with
89 = Idy and R? = Idy shows that S and R generate on U a Dg-action
(D is the symmetry group of a regular g-gone and contains 2¢ elements).
When we define p € £(Oy) by

p-z:=(Rox_j)jez.  Vz=(x;)jez € O, (17)

1

then one can easily verify that p? = Idp, and gop = peo™", ie. 0 and p

generate on O, a D4-action. Moreover
pofrep=fy" and (oR=po(.

Applying p to the identity (14) and using the foregoing commutation rela-
tions gives us

FMC(R) + p- 0" (w, ) = C(Rfrea(u, A) + 071 - p- 0% (u, A)
and hence
((Ru)+ o (07" p-v*(u,N) = A(C(Rfrea(u, X)) + 071 p-v*(u, V).
An application of conclusion (B) above then shows that

V¥ (Rfrea(u, \),N) =01 p-v*(u, \) (18)
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and
frea(Rfrea(u, A),A) = Ru = Ro freax°R = f ], (19)

This last relation shows that the reduced mapping f,cq is R-reversible, or, in
combination with the Z,-equivariance, (D, x)-equivariant-reversible, where
the character x : Dy, — {41, —1} is defined by x(S) = +1 and x(R) = —1.

The relation (18) is much more complicated and it is hard to give it an
interpretation. However, when we assume that (u, A) satisfies the determin-
ing equation frea(u, A) = Su then (18) shows that

v (RSu, \) =0~ p-ov*(u, N,
and since also (S~1u, \) satisfies the same determining equation we get
v (Ru, ) =o - p-v (ST, N) =0 poomt vt (u, N) = p-ot(u, )
and
¥ (Ru, A) = Roz™(u, \). (20)

The same relations can also be obtained in a more direct way. If (u, )
satisfies (8) then z*(u,A) = ((u) + v*(u, \) is a solution of (2), and so is
p- 2% (u,A) = ((Ru) + p-v*(u, \) (just use the reversibility). Property (A)
above implies then that v*(Ru, \) = p - v*(u, A), which in turn gives (20).

The fact that (20) is only valid for the solutions of the determining
equation is somewhat unpleasant, but there is a way out. When we define
*: U xR™ — R" by

7, \) = % (" (1, ) + Roa” (Ru, \))

then the foregoing shows that Z*(u, A\) = x*(u, ) when (u, A) satisfies (8).
Therefore the statement of the main reduction theorem 2.1 remains valid
if we replace z* by z*, and we have the additional relations

Ro frearx°R = foi, and &}°R=Rgoij, (21)

meaning that the reversibilty is fully preserved by the reduction.

There is one further remark which is important enough to make here,
namely that it is possible (in the reversible situation discussed in this sub-
section) to replace the determining equation (8) by an equivalent equation
which is fully D4-equivariant in an appropriate sense. Since both fieq,x and
S are Zg-equivariant and R-reversible it follows that if (u, A) is a solution
of the determining equation (8) then so are (S7u,\) (j € Z), by the Z,-
equivariance, and (Ru, A), by the R-reversibility. However, this last property
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is not an immediate consequence of some kind of explicit equivariance of
(8) (it involves taking inverses of the mappins itself); since explicit equiv-
ariances imply restrictions on the possible form of the equation it would be
nice if we could translate the reversibility of (8) into such explicit equivari-
ance. This can be done by showing that (8) is equivalent to the equation

F(u,\) := S frean(u) — Sfr;i)\(u) =0. (22)

It is easy to verify that F'(Su,\) = SF(u,\) and F(Ru,\) = —RF(u, \),
i.e. the mapping F': U x R™ — U satisfies the equivariance condition

F(yu,A) = x(V)VvF(u, A), Vv €Dy, (23)

where the Dg-action on U and x : Dy — {+1,—1} are as described be-
fore. To prove the equivalence of (8) and (22) we notice that by the Z,-
equivariance of fieqx it is immediate that (8) implies (22). Conversely,
(22) implies (by the same Zg-equivariance) that ffed) y(u) = 5%u and hence
(since S?7 = Idy) ffeqd7/\(u) = u, i.e. the solutions of (22) are 2¢-periodic
points of freq,x. Applying our foregoing Lyapunov-Schmidt reduction to
the problem of finding (small) 2¢g-periodic orbits of the family freq x shows
that this problem reduces to solving the equation (8), which means that all
2¢-periodic orbits of freq,x are automatically g-periodic. Hence (22) implies
(8), as we wanted to show.

For further information on the reversible case we refer to the paper
of Ciocci et al.? which also contains an application which illustrates the

advantage of (22) over (8).

4.3. Symplectic mappings

The third special class of mappings we consider here are symplectic dif-
feomorphisms. To define such diffeomorphisms we have to give the phase
space R™ the structure of a symplectic vectorspace, i.e. we must have an
anti-symmetric and non-degenerate bilinear form wgp : R™ x R" — R;
the existence of such symplectic form requires n to be even. Given any
scalar product (-,-) on R™ the symplectic form wp can be written as
wo(wy,w2) = (w1, Jw3), where J € L(R") is anti-symmetric (J7 = —.J)
and non-singular. (Actually, one can show that there exists a scalar prod-
uct such that J? = —Idg», and hence J~' = J7T; for the proof, see e.g.
Vanderbauwhede®).

Definition 4.2. A smooth mapping ® : R™ — R" is symplectic if
wo(DP(x) - 21, DP(x) - x2) = wo(x1, x2), Vo, z1,x0 € R™. (24)
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This condition is equivalent to
DO(z)TJD®(z) = J, Vr € R™,
and can only be satisfied if D®(z) € L(R™) is invertible for all x € R™.

Let us assume now that the family fy is symplectic:
Dfy(x)'IDfr(x) = J,  V(x,\) € R" x R™. (25)

This implies immediately that also Ag = Dfx=0(0) is symplectic, i.e.
AT JAy = J, or equivalently, J-'A%J = Aj'. Consider the Jordan-
Chevalley decomposition Ay = Sy + Ny of Ap; the corresponding decompo-
sitions of A and A" are then given by respectively A} = S’ + N and
Agt =S5t + S5 [(Idrn + S5t No) ™ — Idg«]. Bringing this into J~1ATJ =
Ay ! and using the uniqueness of the Jordan-Chevalley decomposition one
finds that J=1STJ = Sy ! meaning that also Sy is symplectic. This in turn
implies that the reduced phase space U = ker(S¢ —Idgn) forms a symplectic
subspace, in the sense that the restriction w of the symplectic form wg to
U x U is still non-degenerate. To prove this fix some ug € U and assume
that w(ug,u) = 0 for all w € U. Since R™ = ker(S§ — Idgn) & im(S{ — Idgn)
we can write an arbitrary € R™ in the form z = u + (S§ — Idg»)w, with
u € U and w € R™; it follows then that

wo(uo, ) = w(ug, u) + wo(ug, (Sg — Idrn )w) = wo((Sy ¢ — Idrn)ug, w) = 0.

Since this holds for all x € R™ and wg is non-degenerate we conclude
that ug = 0, and hence (U,w) forms itself a symplectic vectorspace. Since
w(Su1, Sug) = w(ui, us the Zg-action on U is symplectic. Next we will show
that the reduced family freq,x is symplectic with respect to the symplectic
form w on U.

The symplectic form wy on R™ can be lifted to a symplectic form @y :
O4 x Of — R on the orbit space O, by setting

2
=

. - 1 - - -
Wo(z,2) = . wolwy, T;),  Y(2,2) = ((7))jez, (Tj)jez) € Og x Oy.
i

Il
o

It is then immediate to verify that the family f \ is symplectic:
@ (Df;(z) . zl,DfA(z) . z2> = Wo(z1,22), Vz,21,22 € Og, VA € R™. (26)
Also Sp and o are symplectic:

LDQ(SQZl, SOZQ) = UAJO(Zl, ZQ) and (.:}()(O' * 21,0 ZQ) = (.:}0(2’1, 22)
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for all (21, 22) € O x O4; moreover
QO(C(ul),C(uQ)) = w(ul,uQ), V(ul,uQ) eU xU.

Consider an arbitrary (u,v) € U x V; writing v as v = (Sy — o) - 2 for some
z € O4 we find that

G0 (w),v) = o (¢u), (S0 = 0) - ) =0 (55" = 1) - C(w), 2) = 0;
it follows that for all u1,us € U and all v1,v2 € V we have
Wo(C(u1) + v1, C(u2) + v2) = w(ug, uz) + @o(vy, v2). (27)
Now fix some u, u1,us € U and some A € R™, and set
z="C(u) +v"(u,\) and z; = ((u;) + Dyv™(u, A) ~u; (1=1,2)
in (26). Differentiating (14) shows that
Dfx(2) - zi = C(D frean(w) - wi) + o - Dyv* (u, ) -wgy, (i =1,2).
Bringing all the foregoing relations together we finally get
W(D frean(u) - ut, D frea,n(u) - u2) = w(ui, uz), (28)

which proves that the reduced family freq,» is indeed symplectic. This sim-
plecticity is complemented with the equivariance with repect to the sym-
plectic Z4-action generated on U by S.

For more information on this symplectic case and for an application of
the reduction results we refer to Ciocci et al.!

5. Approximation of the reduced mapping

Since the Lyapunov-Schmidt reduction just uses the Implicit Finction The-
orem and appropriate substitutions the obvious choice for approximating
the reduced mapping feq is to use Taylor expansions. In principle it is
possible to obtain the Taylor expansion of freq(u,\) around the origin up
to any order, but the expressions become quickly unwieldy, so that this
approach is impractical for orders higher than two or three. Here we de-
scribe a different approach based on normal form reduction; although the
main result (see Theorem 5.2) is rather theoretical and admittedly hard to
implement on concrete examples we will describe at the end of this section
a way in which the result could be used for practical calculations.

We start by formulating a basic result on the normal form reduction of
parametrized families of diffeomorphisms such as considered in this paper.
Even giving some hints on the proof would bring us too far away from the
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main topic of this paper; therefore we refer to the appendix of Vander-
bauwhede® for a detailed proof.

The mappings f) studied in the foregoing sections belong to the group
Diffy(R™) of (local) diffeomorphisms on R™ with a fixed point at the origin
(the group operation is just composition of mappings). There is a natural
action of the group Diffy(R™) on itself, given by

(U, ®) € Diffo (R™)x Diffg (R") — Ad(¥)- & := Todol ! € Diffy(R"). (29)

This action corresponds to a change of coordinates on the phase space R".
The general aim of normal form theory is to find, for a given ® € Diffy(R"™),
a “sufficiently simple” element ® of the group orbit

O(®) := {Ad(¥) - & | T € Diffy(R")};

the precise meaning of “sufficiently simple” depends on a detailed analysis of
the elements of O(®) but typically amounts to imposing certain restrictions
on the truncated Taylor expansion of ®. In the context of this paper the
situation is further complicated by the fact that we do not work with a single
diffeomorphism but with parametrized families of such diffeomorphisms; in
such context one wants the normal form transformation to depend smoothly
on the parameter and to be valid in at least some neighborhood of some
critical value of the parameter (A = 0 in our case). Under the standing
hypotheses and notations of this paper one can prove the following.

Theorem 5.1 (Normal Form). For each k > 1 there exist a neighbor-
hood Qy, of the origin in R™ and a smooth mapping Vg : R™ x R™ — R",
with Ui(0,\) = 0 for all \, D,¥,(0,0) = 0, and such that for all A € Qi
the transformed local diffeomorphism Ad(¥y »)- fx commutes with Sy up to
terms of order k+ 1, i.e.

(Ad(Trn) - fa)(@) = fae(@, A) + Ri(z, A), (30)
with
Fre(Sox, A) = So faw(@, A), V(z,A) € R" x Q, (31)
and Ry(z,\) = O(||=||*+1), uniformly for A € Q.
When Ny # 0 one can impose next to (31) some further conditions on
fur(z,\) (see Vanderbauwhede®); however, these additional conditions will
play no role in our main result of this section (Theorem 5.2), but they may
simplify the study of the determining equation for particular cases. Also,

there exist versions of the foregoing normal form theorem for the special
cases when the family f) has any of the additional structures discussed in
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Section 4; for such cases the normal form reduction can be done in such a
way that the additional structure is fully preserved by the transformation.
The neighborhood €, appearing in Theorem 5.1 will typically shrink to {0}
as k — oo.

Definition 5.1. When the family f) is such that
f(vaA) :fNF(xﬂ)‘)+Rk(x7)‘)ﬂ (32)

with fyr satisfying (31) and Ry (z,\) = O(||z||**1) uniformly for all X in
some neighborhood Q of A = 0 in R™ then we say that the family fy is in
normal form up to order k, and we call fyr the normal form part of f.

The normal form theorem tells us that the family f) can be brought into
normal form up to any finite order £k > 1 by an appropriate parameter-
dependent near-identity transformation.

Assume now that we first bring the family f) into normal form up
to some order k > 1, and then apply the Liapunov-Schmidt reduction
as descibed in section 2. What would be the outcome? The normal form
transformation does not change Ag, Sy and Ny, hence the reduced phase
space U will remain unchanged. Using (31) it is very easy to check that if
the remainder term Rj(z,A) would be missing in (32) then the resulting
determining equation would take the form

fNF(u7 )\) = Su,

while z* (u, ) would be equal to u. Stated differently: if the family f is fully
in normal form (i.e commutes with Sp) then all sufficiently small g-periodic
orbits are contained in the reduced phase space U and are also orbits under
the Zg-action on U. Taking the remainder Ry(x,\) into account will only
add terms of order k£ + 1 to the different expressions; this leads to the
following result.

Theorem 5.2. Under the assumptions of the main reduction theorem, as-
sume also that the family fx is in normal form up to some order k > 1,
with normal form part fue(x, ). Then

¥ (u, A) = u+ O([ful**1) (33)
and
freax = faealy + 7k with i x(uw) = O(||ul[*), (34)

both uniformly for sufficiently small values of \.
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In order to use theorem 5.2 directly one has to bring the family f) into
normal form up to some appropriate order k, something which is not an
easy task for larger values of n and k. A more practical approach is to obtain
an approximation (to a convenient order) of the center manifold and the
restriction of the family f to this center manifold, then bring this restricted
family in normal form, and then apply the Lyapunov-Schmidt reduction.
The reduction to the center manifold results in a new family of mappings
living on the tangent space to the center manifold at the origin. The reduced
phase space U is contained in this tangent space, in particular cases (namely
when all eigenvalues of Ay on the unit circle are ¢g-th roots of unity) U will
coincide with this tangent space. Let us assume for simplicity that we are
in this last situation. Then the starting point for the normal form reduction
is a family of mappings f : U x R™ — U, with f(0,\) = 0 and D, f(0,0) =
A = S+ N, and only known explicitly up to a certain order k in |ju]|.
We know from center manifold theory that all (sufficiently small) periodic
orbits of the original family f) will be contained in the center manifold,
and will hence be periodic orbits for the family f. Applying a normal form
reduction to the family f \ is more manageable because typically dim U will
be relatively low. Assume that this normal form reduction brings the family
fA in the form

f(u7>‘) = fNNF(uv)‘) + Rk(ua /\)7

with fur(Su, \) = S fur(u, ) and Ry (u, A) = O([lul|*+1). Finally, by theo-
rem 5.2, an application of the Lyapunov-Schmidt reduction to the family
fx gives the reduced mapping

Frea(u, N) = far(uy A) + 75 (u, N),

with 7y (u, ) = O((|u*+1).

One can ask about the advantage of adding a Lyapunov-Schmidt reduc-
tion on top of the center manifold plus normal form reduction. Without
the Lyapunov-Schmidt reduction one has to find the g-periodic points of
f (u, \), after the reduction we have to solve the same problem for the map-
ping frea(u, A). Since both f and freq are approximated (up to the same
order) by the normal form part fNF the first step will in both cases be
to study the g-periodic orbits of fNF(u, A), which amounts (because of the

Zg-equivariance of fyr) to solving the approximate determining equation
fNF(u, A) = Su. (35)

But proving the persistence of the approximate bifurcation picture obtained
from (35) under the perturbation by the higher order terms is quite different
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for the two cases. For the reduced mapping frea(u,A) the perturbation
ri(u, A) is also Zg-equivariant, and we just have to add it at the left hand
side of (35) and prove persistence. This no longer works for the mapping
f (u, A) since the perturbation term Ry, (u, A) has in general no symmetry;
one is forced to use other means to prove the persistence. There is of course
a further advantage when the dimension of the center manifold is strictly
bigger than dim U, because then the Lyapunov-Schmidt reduction not only
gives an added Z,-symmetry, but also results in a problem with a lower
dimension. And clearly the Z,-equivariance given by the Lyapunov-Schmidt
reduction will always be a bonus in theoretical discussions.

6. Stability of bifurcating periodic orbits

In this section we describe some recently obtained results on the stability
of bifurcating g-periodic orbits; detailed proofs will be given in a forthcom-
ing paper. According to theorem 1.1 the stability of the g-periodic orbit
2*(u, A) = ((u) + v*(u, A) of fx generated by a solution (u, \) of the deter-
mining equation (8) is determined by the eigenvalues of the linear operator
oo fr(2*(u, \)) € L(O,); by the remark after theorem 1.1 these eigenval-
ues will (for sufficiently small (u, \)) be close to the set

{pexp(2mip/q) | p € Z, p = eigenvalue of Ag}.

If this set contains some elements strictly outside of the unit circle then
all sufficiently small bifurcating ¢-periodic orbits will be unstable. In the
other case one has to study the eigenvalues of o= o fy (2*(u, \)) which are on
or near the unit circle. In particular, our hypotheses imply that there will
be some eigenvalues near +1, with total (algebraic) multiplicity equal to
dim U; we will call these the critical eigenvalues, and the aim of this section
is to describe some results on these critical eigenvalues. Since we will not
use the fact that (u, \) should be a solution of (8) these results will be valid
for all sufficiently small values of (u, A); to draw stability conclusions one
should restrict to solutions of (8).

We start by writing L(u, \) := o~ 'eDf\(z*(u,\)) € £(O,) in block
form with respect to the splitting (4) of Oy:

Loo(u, A) Lo (u, A))
Lu,\) = :
(w,2) (Llo(u, ) L (u, \)
Setting U := ker(Sy — o) = ((U) and V = im(Sy — o) we have Loo(u, \) €

L(U), Loi(u,\) € L(V,U), Lio(u,\) € LU, V) and Lii(u,\) € L(V).
For (u,\) = (0,0) we have that Loo(0,0) — Id; = Sg ' Nol; is nilpotent,

(36)
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L01(0,0) = 0, L10(0,0) = 0, and L11(0,0) — Idy = o Lo(Ag — o))y, is in-
vertible. By means of the implicit function theorem and a similarity trans-
formation using linear operators of the form

W(K) = (1;1(0 I(?V) . KeL,v),

one can show that there exists a smooth mapping K* : U x R™ — E(U, V)
with K*(0,0) = 0 and such that

WK™ (u, )L, )T (K™ (1, A)) L = (LO(S"A) ijoll((;"?))) W, \).

In this expression

LQ(U, )\) = Loo(u, )\) — L01(u, )\)K*(u, )\)

and

Li(u, \) = L1y (u, \) + K*(u, N) Lot (u, A).
From this one can easily deduce that the critical eigenvalues of L(u,))
are precisely the eigenvalues of Lg(u, A); defining ® : U x R™ — L(U) by
®(u, A) := S¢" Lo (u, \)¢ we obtain the following result.

Theorem 6.1. Under the hypotheses of theorem 2.1 there exists a smooth
mapping ® : UxR™ — L(U) with ®(0,0) = S+ N and such that for all suf-
ficiently small (u, \) € UxR™ the critical eigenvalues of o~ oD fx(z*(u, \))
coincide with the eigenvalues of S™1®(u, \).

Next consider the g-periodic orbits of the Zg-equivariant reduced map-
ping freda(u, A), given by the solutions of (8). The stability of such periodic
orbit is determined by the eigenvalues of

Dfrqed,A(u) = Dfred,A(Sq_lu)o e ODfred,A(Su)onred,A(u)§

differentiating the equivariance relation fredq x(Su) = S fred,x(u) shows that
Dy frea(Su, A) = SDy frea(u, N)S™1, from which we get

D fed,)\(u) = (SilDufred(u, /\))q .

We conclude that the stability of a g-periodic orbit {S7u | j € Z} of frea,x
is determined by the eigenvalues of S™1D,, fieqa(u, A). Comparing with the-
orem 6.1 one can ask whether there is any relation between the eigenvalues
of S™1®(u, \) and the eigenvalues of S~!D,, fred(u, A). The answer can be
obtained by a careful comparison between the expressions for ®(u, A) and
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Dy, frea(u, A), taking into account the equation satisfied by K*(u,\); this
leads to the following result.

Theorem 6.2. Under the hypotheses of theorem 2.1 we have for all suffi-
ciently small (u, \) € U x R™ that

D(u, \) = (Idy + n(u, A)) Dy frea(u, A, (37)
where n: U x R™ — L(U) is a smooth mapping such that
n(u, A) = O(([[u]] + [AI)?).

When the original mapping f(u,\) is in normal form up to order k > 1
(see theorem 5.2) then

n(u, A) = O([[ul**).

In combination with theorem 5.2 this suggests to study the eigenvalues
of ST1D, fur(u, )\)|U as a first approximation for the critical eigenvalues of
ailonA(z*(u, A)). For an application of this approach in case of reversible
diffeomorphisms see Ciocci et al.?

7. A basic example

In this last section we describe a simple application of the foregoing
Lyapunov-Schmidt reduction which shows how a generic bifurcation of g-
periodic orbits with ¢ > 3 leads to so-called Arnol’d tongues in parameter
space; in fact, as we will see the particular shapes of these tongues are just
a consequence of the Zg,-equivariance of the reduced problem.

We start by fixing some ¢ > 3 and some primary g-th root of unity xg,
ie.

Xq = exp(2mip/q), with 0 < p < g and ged(p,q) = 1.

We make the following spectral hypothesis about the family fy:

(S) The linear operator Ay := D, f(0,0) has x, and X, as simple eigen-
values, and these are the only eigenvalues of Ay which are ¢-th roots
of unity.

This implies that Ay := D, f(0, A) has for sufficiently small A\ € R™ a pair
of complex conjugate simple eigenvalues {u(N), (M)}, with p : R™ — C
smooth and such that p(0) = x,. We also assume the following transver-
sality condition:

(T) The mapping p: R™ — C is at A = 0 transversal to {x,}-
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This transversality condition requires m > 2 and will be made more explicit
further on. Another consequence of (S) is that dim U = 2 and that U can
be identified with C (which should be considered as a 2-dimensional real
vectorspace). To make this more explicit, let x,+iy, € C™ be an eigenvector
of Ay corresponding to the eigenvalue x,, and define ¢ : C — R™ by
p(u) == R(u(zq +iy,)) for all u € C; then ¢ is an isomorphism between
C and U = ¢(C). As we will see the identification of U with C (via ¢)
is quite convenient for the notations; in particular, the restriction A of
Ao to U takes the form Au = xq4u, and therefore Su = Au = x,u and
Nu = 0. The reduced mapping freq takes the form of a smooth mapping
fred : Cx R™ — C, with fieq(0,A) =0 and

fred (Xqua )‘) = qured (u7 )\) (38)

This last relation expresses the Zg-equivariance of froq and imposes some
strong restrictions on the form of f,.q. Indeed, using singularity theory one
can show the following.

Theorem 7.1. The Z,-equivariance (38) implies that the smooth mapping
frea : C x R™ — C has the form

Frea(u, A) = d(v, w, N + (v, w, N)a?™?, (39)
where
v =ov(u) = |ul? and w = w(u) := R(u?),

and where ¢ : Cx CxR™ — C and ¢ : C x C x R™ — C are smooth
functions, with ¢(0,0,0) = x4.

A proof is given in Golubitsky et al.?; a somewhat weaker result but with
a classical proof can be found in Vanderbauwhede.® It follows from (39)
that the linear part of freq(u, A) is given by Dy frea(0, A) - u = (0,0, M)u;
using the approximation results of sections 5 and 6 we can (by bringing the
original mapping f(x,\) in normal form up to any order k > 1) without
loss of generality assume that

$(0,0,)) = u(\),  VreR™ (40)

Suppose (for simplicity) that m = 2; the transversality condition (T) then
takes the form

(R, I¢)
m(o,o, 0) # 0. (41)

Now consider (8), with u € C, fieq of the form (39), and Su = xqu.
Setting u = pe? (with p > 0 and # € S' = R/27R), multiplying by
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z = pe~ " and dividing by p? we see that the non-trivial solutions of (8)
are obtained by solving the equation

$(p%, p?cos(h), N) = xq + p* 2T Y (p?, p? cos(gh), A) = 0. (42)

This equation is satisfied for (p, A) = (0,0); using (41) and splitting into
real and imaginary parts it can be solved by the implicit function theorem
for A = \*(p, 6). Tt follows from (42) that A*(p,#) must have the form

N (p,8) = Mp®) + O(p*~?), (43)
with A : R — R? smooth and such that A(0) = 0. The set
Ty = {\(p,0) | 0<p<po, §€S'} (44)

(with pp > 0 sufficiently small) contains those parameter values A for which
the mapping fy has a non-trivial g-periodic orbit near its trivial fixed point
x = 0; this fixed point has then a pair of eigenvalues near x, given by
{:u* (,07 9)7 B (pa 0)}’ with g (p7 9) = d)(oa 0, )\*(,O, 9))

For describing the set T, we will restrict to the case ¢ > 5 (the cases ¢ =
3 and ¢ = 4 have to be studied separately) and assume that D, ¢(0,0,0) # 0
and 1(0,0,0) # 0 in (39); this implies in particular that \’'(0) # 0 in (43).
The set T, U {0} has then a typical sharp conelike form originating from
the origin and known as a resonance horn or Arnol’d tongue. The following
proposition describes the main feature of these Arnol’d tongues and is easy
to prove using (43).

Proposition 7.2. Let ¢ > 5 and assume that 5\'(0) # 0. Then
diam({\ € T, | ||\ = d}) = O(d"2/2) asd — 0 (d > 0). (45)

A more detailed analysis shows that for each A in the interior of the
Arnol’d tongue T, the diffeomorphism fy has two different g-periodic orbits,
corresponding to two different solutions (p, ) of the equation A*(p,8) = A;
as one crosses the boundary of T, these two g-periodic orbits collide and
disappear in a saddle-node bifurcation (of periodic orbits). Moreover, the
assumptions we have made so far together with a stronger version of the
hypothesis (S), namely that {x4, X4} are the only eigenvalues of Ay on the
unit circle, imply that the family fy undergoes a Neimark-Sacker bifurcation
as the pair of eigenvalues {p(A), i(A)} crosses the unit circle, i.e there is a
bifurcation of an invariant curve from the fixed point at the origin. The set
T, is contained in the set of parameter values for which such invariant curve
exists, and for each A € T, the g-periodic orbits of fy are contained in the
invariant curve. For each A in the interior of Tj; one of the two g-periodic
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orbits will be stable on the invariant curve, and the other one unstable:

the flow on the invariant curve is phase-locked. We refer to Kuznetsov?* for

a more detailed discussion of the Neimark-Sacker bifurcation and phase-

locking.
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We present an one-to-one correspondence between (i) Pinto’s golden tilings;
(ii) smooth conjugacy classes of golden diffeomorphism of the circle that are
fixed points of renormalization; (iii) smooth conjugacy classes of Anosov difeo-
morphisms, with an invariant measure absolutely continuous with respect to
the Lebesgue measure, that are topologically conjugated to the Anosov au-
tomorphism G(z,y) = (x + y, z); (iv) solenoid functions. As we will explain,
the solenoid functions give a parametrization of the infinite dimensional space
consisting of the mathematical objects described in the above equivalences.

Keywords: Anosov diffeomorphisms; arc exchange systems; renormalization;
tilings; train tracks.

1. Introduction

A. Pinto and D. Sullivan (Ref. 5) proved a one-to-one correspondence be-
tween: (i) C'T conjugacy classes of expanding circle maps; (ii) solenoid
functions and (iii) Pinto-Sullivan’s dyadic tilings on the real line. Here,
instead of expanding dynamics, we consider dynamics with minimal sets
determined by golden diffeomorphisms. In this case, the expanding dynam-
ics are hidden in the renormalization operator that acts on the minimal
set.

2. Pinto’s golden tilings

Let (a;) i>2 be asequence of positive real numbers. We are going to establish
certain conditions that will give rise to the definition of golden tilings.
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2.1. Fibonacci decomposition

The Fibonacci numbers, Fi, Fy, Fs, ..., are inductively given by the well-
known relation F, 1o = F,,41+F,,n > 1, where F and F; are both equal to
1. We say that a finite sequence Fy,, ..., F,, is a Fibonacci decomposition
of a natural number ¢ € N if the following properties are satisfied: (i)
i=Fp, +---4 Fpny; (ii) Fy, is the greatest Fibonacci number less or equal
to i and, for each 0 < k < p, F,,, is the greatest Fibonacci number less
or equal to i — (F,, 4+ -+ F,,,,); (iii) if no = 1 then n; is even, and if
ng = 2 then ny is odd.

Like this, every natural number ¢ € N has a unique Fibonacci decom-

position.
We define the Fibonacci shift op : N — N as follows: For every i € N
let Fry, Fny, ..., Fp, be the Fibonacci decomposition associated to i. We

define op(i) = Fpn, 41 + -+ + Fyoq1. Hence, letting Fy, Fyy, ..., Fy, be
the Fibonacci decomposition associated to ¢ € N, if ng # 1 then agl(i) =
Fn,—1+ -4 Fyy—1, and if ng = 1 then 0;1(2') = (). For simplicity of
notation we will denote o (i) by o(i).

2.2. Matching condition
We say that a sequence (a;) i>o satisfies the matching condition if, for every
i =Fpy,+1+ "+ Fyy41, the following conditions hold:

(i) If ng = 1 or, ng = 3 and ny odd, then ay ;) = a; (ap(i)41 + 1)71 (see
Fig. 2).

(ii) If ng = 2 or, ng > 3 and even, then a,(;) = a; (a;(li)fl + 1)

(iii) If ng = 3 and ny even or ng > 3 and odd, then

a; (1 + aa(i)_l)
Go(i)—1 (1 + Ga(i)+1)

Go(j) =

Let L = {i € N : i > 2}. Therefore, every sequence (b;);c1, 51 deter-
mines, uniquely, a sequence (a;),.; as follows: for every i € L\o(L), we
define a; = b; and, for every i € L, we define aq(;) using the matching
condition with respect to the elements of the sequence (a;)
determined.

2<j<o (i) already

2.3. Boundary condition

A sequence (a;),;.; satisfies the boundary condition, if the following limits
are well-defined and satisfy the inequalities:
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() tim apys (1+ag,) #0

(i) lim ap, (1+ap,+1)#0

n

2.4. Ezxponentially fast Fibonacci repetitive

A sequence (a;);¢; is said to be exponentially fast Fibonacci repetitive, if
there exist constants C' > 0 and 0 < p < 1 such that |a;+p, —a;| < Cpu™
for every n > 3 and 2 < i < Fj11.

2.5. Golden tilings

A tiling T = {Izg CR : g > 2} of the positive real line is a collection of
tiling intervals I, with the following properties: (i) the tiling intervals are
closed intervals; (ii) the union Ug>s I is equal to the positive real line; (iii)
any two distinct intervals have disjoint interiors; (iv) for every 8 > 2 the
intersection of the tiling intervals Ig and Ig4; is only a point, that is an
endpoint, simultaneously, of both intervals.

The tilings 71 = {Ig CRY : f>2} and Tz = {Js CR§ : 3 > 2} of the
positive real line are in the same affine class, if there exists an affine map
h: Ry — Ry such that b (Ig) = Jg, for every B > 2. Thus, every positive se-
el determines an affine class of tilings 7 = {Im C Rar Tm > 2}
such that a,, = Im+1l/|1,,|, and vice-versa.

quence (a;)

Definition 1 A golden sequence (a;),, is an ezponentially fast Fibonacci
repetitive sequence that satisfies the matching and the boundary conditions.
A tiling T = {I,, CR: m > 2} of the positive real line is golden, if the
corresponding sequence (a; = Wi+1l/|1;]),55 is a golden sequence.

Hence, there is a one-to-one correspondence between golden tilings and
golden sequences.

3. Golden diffeomorphisms

We will denote by S a clockwise oriented circle homeomorphic to the circle
S! = R/(1+7)Z, where + is the inverse of the golden number (1 + +/5) /2.
We say that g : S — S is a golden homeomorphism if g is a quasi-symmetric
homeomorphism conjugated to the rigid rotation r : St — S!, with rota-
tion number equal to 7.
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3.1. Golden train tracks

Let us mark a point in S that we will denote by 0 € S from now on. Let
A = [g(0),¢*(0)] be the oriented closed arc in S, with endpoints g(0) and
¢2(0), containing the point 0, and let B = [¢%(0),g(0)] be the oriented
closed arc in S, with endpoints g(0) and g2(0), not containing the point
0. We introduce an equivalence relation ~ in S by identifying the points
g(0) and ¢2(0). We call the oriented topological space T'(S,g) = S/ ~ by
train track. We consider T' = T'(S, g) equipped with the quotient topology.
Let my : S — T be the natural projection. We call the point 7,(g(0)) =
74(g%(0)) € T the junction of the train track T' and w denote it by &. Let
Ap = Ap(S,g) C T be the projection by m, of the closed arc A, and let
Br = Br(S,g) C T be the projection by 7, of the closed arc B.

3.2. Golden arc exchange systems

The C'* golden diffeomorphism g : S — S determines three maximal diffeo-
morphisms, g(a,4), g(4,B) and g(p,a, on the train track, with the property

Fig. 1. The arc exchange maps for the train track T'= T'(g).

that the domain and the counterdomain of each diffeomorphism are either
contained in A or in B, in the way that we pass to describe. Let [ (1?47 4) be
the arc 7y ([0, 9%(0))), let I/} g, be the arc my([g(0),0]), and let I/ ,) be
the arc m,([g2(0), g(0)]). Let I(CA)A) be the arc 7, ([g(0), g3(0)]), let 18413)
be the arc 74([g%(0), g(0)]), and let I(CB,A) be the arc 7m,([g°(0), g*(0)]). Let
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9(A,A) 1(1347A) — I&)A) be the homeomorphism given by g4, 40Ty = 7404,
let ga,p) : I@LB) — I(%,B) be the homeomorphism given by g(a,p) o 7y =
g © g, and let gp a) : I(%,A) — I(CB7A) be the homeomorphism given by
g(B,A) 0Ty = Ty 0 g (see Fig. 1). We call these maps and their inverses by
arc exchange maps. The arc exchange system

-1 -1 -1
E=E(g)= {g(A,A)vg(AyA)vg(A,B)vg(AyB)ag(B,A)vg(B_’A)}

is the union of all arc exchange maps defined with respect to the train track
T(S,9).

Lemma 1 (1) If g is a C** golden diffeomorphism with respect to a
CT atlas A, then the arc exchange system E(g) is C1T with respect
to the extended pushforward (m4), A of the C'T atlas A.
(2) If E is a C'T arc exchange system with respect to a C'* atlas A,
then the golden homeomorphism g(E) is C1* with respect to the
pullback (my), A of the C** atlas A.

See proof in (Ref. 1).

3.3. Golden renormalization

The renormalization of the triple (g,S,.A) is the triple (Rg, A, B|a) where
A = [g(0),9%(0)]/ ~ is a topological circle, B|4 is the restriction of the atlas
Bto A, and Rg: A — A is the map given by

Row) = | dwa@ drela )
9(B,4) © g(a,py(x) if & € I} p

For simplicity, we will refer to the renormalization of the triple (g, S, .A)
by renormalization of g, and we will denote it by Rg.

Let us consider the rigid rotation 7 : St — S! with the atlas Aj;s, given
by the local isometries with respect to the natural metric in S' induced
by the Euclidean metric in R. Then there is an isometry A : S' — A with
respect to the atlas B|a in A and with respect to the atlas A in S, uniquely
determined by h(0) = m, (0) € A. Furthermore, the map h is a topological
(isometric) conjugacy between (r,S', A) and (Rr., A, B|a).

Let G'* be the set of all C'* golden diffeomorphisms (g, S, .A).

Lemma 2 The renormalization R, of a C'* golden diffeomorphism g is a
C'™t golden diffeomorphism, i.e. there is a well defined map R : G'T — G'*
given by R(g) = Ryg.
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See the proof in (Ref. 1).

The marked point 0 € S determines a marked point 7,(0) in the circle A.
Since Rg is homeomorphic to a golden rigid rotation, there exists h : S — A,
with h(0) = m,4(0), such that h conjugates g and Rg. When h is C'* we
say that g is a fized point of renormalization. We will denote by RG'™ the
set of all C'* fixed points of renormalization.

4. Anosov diffeomorphisms

The (golden) Anosov automorphism G4 : T — T is given by Ga(z,y) =
(r+y, x), where T is equal to R? / (vZx wZ) with v = (y,1) and w = (-1, 7).
Let 7 : R? — T be the natural projection. Let A and B be the rectangles
[0,1] x [0,1] and [—~,0] x [0,~] respectively. A Markov partition of G4 is
given by 7(A) and 7(B). The unstable manifolds of G4 are the projection
by 7 of the vertical lines of the plane, and the stable manifolds of G4
are the projection by 7 of the horizontal lines of the plane. A C't golden
Anosov diffeomorphism G : T — T is a C'* diffeomorphism such that (i)
G is topologically conjugated to Ga; (ii) the tangent bundle has a C'*t¢
hyperbolic splitting into a stable direction and an unstable direction. We
denote by Cg the C'* structure on T in which G is a diffeomorphism.

Theorem 1 There is a map G — g(E¢q) that determines a one-to-one
correspondence between C'T conjugacy classes of Anosov diffeomorphisms,
with an invariant measure absolutely continuous with respect to the Lebesque
measure, and C't golden diffeomorphisms that are fized points of renormal-
1zation.

See the proof in (Ref. 2).
In (Ref. 1), it is proved that the local holonomies determine C'* golden
diffeomorphisms.

4.1. Golden tilings

Using the mean value theorem and the fact that G is C1*<, for some a >
0, for all short leaf segments h(K) and all leaf segments h(I) and h(J)
contained in it, the unstable realised ratio function rg given by

I e (e
o+ 0) = i 1 G=th)

is well-defined. Let sol denote the set of all ordered pairs (I, J) of unstable
leaf segments spanning the Markov rectangles such that the intersection of
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I and J consists of a single endpoint. The ratio functions rg restricted to
the solenoid set sol, determine the solenoid functions rg|so1- By (Ref. 4),
we get the following equivalence:

Theorem 2 The map G — r¢|sol determines a one-to-one correspondence
between O conjugacy classes of Anosov diffeomorphisms with an invariant
measure that is absolutely continuous with respect to the Lebesgue measure
and stable ratio functions.

See the proof in (Ref. 4).

Let W be the unstable leaf with only one endpoint x, that it is the
fixed point x of G and passes through all the unstable holonomies of the
Markov rectangles 7w(A) and 7(B). Let I, Is,... € W be the unstable
leaves with the following properties (see Fig. 2): (i) The boundaries 9I,, of
I,, are contained in the stable boundaries of the Markov rectangles, and the
interiors int(I,,) of I,, do not intersect the stable boundaries of the Markov
rectangles, for every n > 2; (ii) I, N I, +1 = {2, } is a common boundary
point of both I, and I,,41 for every n > 1. Let I; € W be the union of all
the unstable boundaries of the Markov rectangles. By construction, the set

L= {(Inuln—i-l)a n 2 2}

is contained in sol and it is dense in sol. For every golden sequence A =
(an)7122 let s4 : £L — RT be defined by sa ((In, [ny1)) = an.

Theorem 3 The map A — s gives a one-to-one correspondence between
golden sequences and solenoid functions.

See the proof in (Ref. 1).

5. Conclusion

Putting together Theorem 1, Theorem 2 and Theorem 3 and since, by
Definition 1, there is a one-to-one correspondence between golden tilings
and golden sequences, we get that there is a one-to-one correspondence
between:

(i) golden tilings,
(ii) smooth conjugacy classes of golden diffeomorphism of the circle that
are fixed point of renormalization,
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(iii) smooth conjugacy classes of Anosov diffeomorphisms, with an invari-
ant measure absolutely continuous with respect to the Lebesgue mea-
sure, that are topologically conjugated to the Anosov automorphism
G(z,y) = (x +y,z), and

(iv) solenoid functions.

|

g (n)+1 lf

B

!

matching }
line -

o(u)/”
N

T
|
|
|
|
|
|

Fig. 2. The matching condition for the case (i).
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We consider stochastic difference equation
Tn+1 :-'En(l_hf(mn)+\/ﬁg(xn)£n+l>v n=0,1,..., z0€R,

where functions f and g are nonlinear and bounded, random variables &; are
independent and h > 0 is a non-random parameter.

We establish results on asymptotic stability and instability of the trivial
solution x, = 0. We also show, that when f and g have polynomial behavior
in zero neighborhood, the rate of decay of x5 is approximately polynomial: we
find o > 0 such that x, decays faster than n~®*¢ but slower than n~*—¢ for
any € > 0.

Keywords: Nonlinear stochastic difference equations, almost sure stability, de-
cay rates, martingale convergence theorem.
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1. Introduction

We investigate global stability and the rate of decay of solutions of the
difference equation

Tpt1l = Tn <1 — hf(zn) + \/ﬁg(xn)an), n=0,1,..., z0€eR, (1)

where &,4+1 are independent random variables. The functions f and g are
nonlinear and are assumed to be bounded. The small parameter h > 0
usually arises as the step size in numerical schemes. Equation (1) may be
viewed as a stochastically perturbed version of a deterministic autonomous
difference equation, where the random perturbation is state-dependent. In
general, it does not have linear leading order spatial dependence close to the
equilibrium. As a consequence of the non-hyperbolicity of the equilibrium,
the convergence of solutions of (1) to its equilibrium zero cannot be expected
to take place at an exponentially fast rate.

In this note we analyze sufficient and necessary conditions for solutions
Z, to converge to zero as n — oo (“stability”) and the rate at which
such convergence happens for different types of the nonlinearities f and
g. Our results should be compared to an earlier work [5] (see also [4])
in which similar differential equations had been analyzed. We also mention
here papers [2] and [6], where a.s. stability (and also instability) was proved
for nonhomogeneous stochastic difference equations.

One of the technical difficulties arising in the study of stability of
stochastic difference equations is dealing with unbounded noise. Many re-
sults have been only available for the case of bounded noises (e.g. [6]). Yet,
one of the most applicable scenarios, discretization of the white noise, in-
volves normally distributed (and thus unbounded) random variables. To
overcome this difficulty we apply a special discrete variant of the Ito for-
mula. The corresponding theorem (Theorem 3.1) is presented in Section 3.
In particular, it is instrumental in proving the instability result (Theo-
rem 4.2 in Section 4) in this paper and can also be used to prove instability
in several related models (e.g. in [7,8]).

Armed with Theorem 3.1, in Section 4 we present criteria for almost
sure asymptotic stability and instability of solutions to equation (1). In
Section 5 we concentrate on the decay rate of the solutions (assuming they
converge to 0). The principal result here is the comparison theorem which
provides implicit information on asymptotic behavior of solution x,, via the
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limit

lim 7ln|xn|

e S S ()
where S(z) stands for either g2(x) or |f(x)|. In the special (but typical)
cases of polynomially decaying f and g, we extract explicit information
(see Corollary 5.1) on the decay rate of x,, in the form of the limit

L . B Y

n—oo Inn

The above limit allows one to conclude that the decay rate of z, is of
polynomial type. More precisely, for any € > 0, the following bound is valid
eventually as n — oo,

n e < |xn] < n- e, (2)

More detailed analysis of the rate of decay of x,, is given in [1]. In particular
it is shown that when f(z) is dominant, as x tends to 0, the convergence
of ,, happens at an exact power-law rate, n~*. If the noise term g(x)¢ is
significant, an exact rate result is impossible.

2. Auxiliary Definitions

In this section we give a number of necessary definitions and a lemma we
use to prove our results. A detailed exposition of the definitions and facts
of the theory of random processes can be found in, for example, [9].

Let (Q,F,{Fn}nen,P) be a complete filtered probability space. Let
{&n}nen be a sequence of independent random variables with E¢,, = 0. We
assume that the filtration {F, } nen is naturally generated: F,, 11 = 0{&41 :
i=0,1,...,n}.

Among all the sequences {X,,}nen of the random variables we distin-
guish those for which X,, are F,,-measurable Vn € N.

A stochastic sequence {X,}nen is said to be an F,-martingale, if
E|X,| < oo and E[X,|F,_1] = X1 forall n € N a.s.

A stochastic sequence {&,}nen is said to be an F,-martingale-
difference, if E|£,| < oo and E(fn‘]-"n_l) =0 qa.s. for all n € N.

We use the standard abbreviation “a.s.” for the wordings “almost sure”
or “almost surely” throughout the text.

If {X,}nen is a martingale, in the form X, = .| p;, then the
quadratic variation of X is the process (X) defined by

n

(Xn) = Z E[p}|Fi—1].

=1
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The following lemma is a variant of martingale convergence theorems
(see e.g. [9]) and is proved in [3].

Lemma 2.1. Let {Z,}nen be a non-negative F,-measurable process,
E|Z,| < oo Vn €N, and
Zn+1§Zn+un_vn+Vn+la n=0,1,2,...,

where {Vn}nen is an Fn-martingale-difference, {tn}neN, {Un}tnen are
nonnegative F,, -measurable processes and E|u,|, E|lv,| < oo Vn € N.
Then

{w:Zun<oo} - {w:Zvn<oo}ﬂ{Z—>}.

Here by {X,, —} we denote the set of allw € Q for which lim X, (w) exists

n—oo

and is finite.

3. Discretized It~ formula

We will make use of the notation o(-):

afr)=o0(B(r)) as r—ro & lim a(r) =0.

2% ()
here rg can be a real number or oo and the argument r can be both
continuous and discrete.

Assumption 3.1. We will make the following assumptions about the noise

n:
(1) &, are independent random variables satisfying
E¢, =0, E§,2L =1, E|§n|3 are uniformly bounded,
(2) the probability density functions p,(§) exist and satisfy
2pn(z) — 0 as|z| — oo  uniformly in n.

The following theorem can be thought of as a discretized relative of the
1t6 formula.

Theorem 3.1. Consider ¢ : R — R such that there exists § > 0 and
¢ : R — R satisfying

(1) p=p onUs=1[1-61+7],
(2) ¢ € C*(R) and |¢" (x)| < M for some M and all x € R,
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(3) gl —@ldz < co.

Let f and g be F-measurable bounded random variables; & be an F-
independent random variable satisfying Assumption 3.1. Then

E [ (1+ fh+gVhe)| F| = <p(1)+<p’(1)fh+@g%mjfo(nmg?om,
(3)
where the error terms o(1) satisfy

(1) if |f],1g9] < K then o(1) — 0 as h — 0, uniformly in f and g,
(2) if h < H then o(1) — 0 as f — 0 and g — 0 uniformly in h.

To prove Theorem 3.1 we derive formula (3) for E[g] and show that
E[p — @] = hg®o(1).

4. Stability and instability

We consider equation
Tpil = Tn (1 — hf(zn) + \/Eg(xn)ﬁ,ﬂ_l) , n=0,1,..., (4)

with nonrandom initial value z¢p € R, and independent random variables
&, satisfying E¢,, = 0, E€2 = 1 for all n € N. The functions g, f : R — R
are nonrandom, continuous and bounded:

lg(w)],[f(w)] <1 VueR. (5)

We formulate two theorems about stability and instability of solution to
equation (4). Their proofs are based on Theorem 3.1 and Lemma 2.1.

Theorem 4.1. Let functions f and g be bounded and &, satisfy Assump-

tion 3.1. Let also
2f (u)} _
e { PN )

If h is small enough then lim,,_ o x,(w) = 0 a.s. where z,, is a solution to

equation (4).

Remark 4.1. If g(u) = 0 for some v # 0, we consider (6) fulfilled iff
f(u) < 0. Thus we impose no restrictions on g(u) when f(u) < 0 for all

nonzero u.

To prove Theorem 4.1 we fix some « > 0 and define ¢, (y) = |y|*, D, =
E [(ba(l + hf(z,) + \/Eg(xn)fnﬂ)} — 1. Using Theorem 3.1 we show that
®,, < tahg?(z,) (B+a—1+o0(1)) and then apply Lemma 2.1.



160

It turns out that condition (6) is close to being necessary for stabil-
ity. For the same equation we now ask the opposite question: under what
conditions on f and g solutions of (4) do not tend to zero.

Theorem 4.2. Let f and g be bounded and &, satisfy Assumption 3.1. Let
also

f(u) >0 and g(u)#0 when u#0

liminf{m} > 1. (7)

u=0" | g*(u)
If x,, is a solution to equation (4) with an initial value xo € R and h is
small enough then P {lim,_oc n(w) = 0} = 0.

and

To prove Theorem 4.2 we fix a < 1 and define ; = {w : limz,(w) = 0},

—Q

o, =B [}1 T hf () + Vhg(@)Ein

al
We show that ®,, < 1 on ; for big enough n which leads to a contradiction:
z, > 0 on Q7. Thus PQ2; = 0.

5. Decay Rate
5.1. A comparison theorem
Theorem 5.1. Suppose that f and g are bounded with f(0) = g(0) = 0

and the random variables &, satisfy Assumption 3.1. Assume, further, that
Zn — 0 a.s., where x,, is a solution of (4).

a) If

2f(w)
A 92 ()

=L, LEeR, (8)

then, a.s.,
lim 21n |z,
n—oo 3301 g2 ()
b) If f(u) <0 in a neighborhood of u =0 and
1)

u=0 g(u)?

=h(L-1). (9)

= 00, (10)

then, a.s.,

: 21n|z,|
lim —f——— = —h.
n—oeo 21':1 | f (z:)]
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Remark 5.1. If the initial value x( is non-zero and the distributions of &,
are non-atomic, then x,, is a.s. non-zero for any n.

Remark 5.2. Theorem 4.2 imposes restrictions on possible values of L. To
have convergent z,, we must have L < 1/2. Then, in equation (9), —h+2Lh
is non-positive which one would expect with z,, — 0.

5.2. Rate of decay of In|x,,|

Theorem 5.1 provides some information on the decay of solutions z, to
zero, but does it in a rather implicit way. We will now show how one can
extract an explicit estimate on the decay of In |x,| as a function of n.
Consider the following example. Let it be given that =, — 0 a.s. as
n — oo (see Theorem 4.1 for a set of sufficient conditions) and let condition
(8) be satisfied. Assume that the function g(u) behaves like a power of u
around zero,
lim M

u—0 yMg

= const.

Then, using the following lemma we can conclude that
In |z, |

e T (V)

Lemma 5.1. Let A > 0 and x,, be a positive sequence satisfying

Inz,
nh—{lgo z, =0 and nh—{r;o % =-b<0. (11)
Then
Inz,
lim — =-1/\

Next we formulate a corollary which extends and formalizes the discussion
at the start of the present section.

Corollary 5.1. Suppose that f and g are bounded with f(0) = g(0) = 0
and the random variables &, satisfy Assumption 3.1. Assume, further, that
Zn — 0 a.s., where x,, is a solution of (4). If one of the following conditions

is fulfilled,

a)
fw)

w2 Tul®

lim () =

=c <0, =
Wb gu)?

or



162

b)

the

2
g9°(u) f(u) 1
u—0 |’u,|)‘ c=>0 u—0 g(u)2 < 27
n, a.S.,
lim Injon| _ 1
n—oo Inn A

We would also like to mention that Lemma 5.1 can be extended to

include other forms of the functions f(u) and g?(u) around the origin.
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We construct a discrete-time stochastic process that mimics the incidence of
finite-time explosion in the solutions of a scalar nonlinear stochastic differential
equation.
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1. Introduction

The goal of this paper is to construct discrete—time models of solutions of
the stochastic differential equation

dX(t) = f(X(t))dt+ g(X(t))dB(t), t>0, (1a)
X(0) =1 € RT. (1b)

that reliably reflect the occurrence of a finite-time explosion. We require
that f, g € C(R;R) be locally Lipschitz continuous functions. Protter! then
guarantees the existence of a unique strong solution up to an explosion time
7%, where the solution grows without bound when approaching 7. If 7% is
finite with probability one, then we say that an explosion has occurred a.s.
(almost surely).

The simplest possible discretisation of (1) is an Euler-Maruyama ap-
proximation (see, for example Kloeden & Platen?) over a uniform mesh of
step length h > 0:

Xn+1 = Xn =+ hf(Xn) + \/Eg(Xn)fn+1; t> 07 XO = ¢ (2)

Here, {&, }n>0 is a sequence of independent N (0, 1) random variables. How-
ever it is easy to see that that solutions of (2) cannot achieve an infinite
value in a finite number of time steps. An alternative discretisation must
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be applied in order to yield a discrete process that can mimic a finite-time
explosion.

This question is addressed in Dé&vila et al.? There, the authors apply
Euler-Maruyama over a state-dependent, and therefore random, mesh. It is
seen that, in circumstances where solutions of (1) explode a.s., the state-
dependent meshpoints converge to a random finite value. Therefore, even
though solutions of the discrete process will remain finite after any finite
number of time steps, the convergence of the mesh can be interpreted as an
a.s. explosion in discrete time. The authors also examine various notions of
convergence of the numerical method as the overall density of mesh points
increases. Additionally they show that, under certain circumstances, the
growth rate of solutions of (1) in the neighbourhood of the explosion time
can be reproduced by the discrete approximation.

In this paper, we attempt to develop this analysis in two directions.
First, our analysis should yield a test for explosion. This requires that, not
only should the discrete process mimic an a.s. explosion in the solutions of
(1), but it should also mimic the absence of such explosions. Second, our
analysis should apply over a wider range of coefficients f and g. However,
we do not restrict ourselves to Euler-type numerical discretisations - we
seek to construct a discrete model for explosion, rather than developing a
numerical method.

In Section 2, we outline the problem in further detail. In Section 3 we
describe the method of discretisation used in the paper, and define the
general form of a state-dependent mesh. In Section 4 we present our main
results. Finally, in Section 5 we draw conclusions and outline the future
development of the work.

2. Statement of the Problem

Let (2, F,(F(t))t>0,P) be a complete probability space with a filtration
(F(t));, satisfying the usual conditions (increasing and right continuous
while F(0) contains all P-null sets). Let B = (B(t)),s, be a scalar Brownian
motion defined on the probability space. Since we will consider equations
with deterministic initial conditions, we set F(t) = FB(t), where FB(t) =
o(B(s) : 0 < s <t).

Let f,g € C([0,00);R) be locally Lipschitz continuous on [0,00) and
satisfy

fx)>0, =>0; f(0)=0; g¢g*z)>0 x>0; g0)=0. (3

This guarantees the existence of a unique continuous positive F—adapted



165

process X satisfying

X(tNTE, ) :w—i—/o " f(X(s))ds—i—/O " g(X(s))dB(s), t>0, as,

for each k € N, where 7, = inf{¢t > 0: X (¢,¢) = k}. The explosion time is
defined to be

TV = klirn T = inf{t >0 : li?th(s,d)) = 00}. (4)

We generally choose to suppress the dependence of the solution of (1) on
the initial function by writing the solution at time ¢ as X (¢).

Definition 2.1. Solutions of (1) are said to undergo an a.s. finite time
explosion if 7¥ < oo a.s.

In the following theorem, we classify the solutions of (1) according to Defi-
nition 2.1 across a parameter range which describes the relative asymptotic
properties of f and g.

Theorem 2.1. Suppose that (3) holds, and that there exists L € (0, 00]
such that

L:= lim /(@)

w00 g*(x) ©)
Then solutions of (1) can be classified in L as follows:
(i) If L € (0,1/2) then ¥ = ¢ a.s.
(it) If L € (1/2,00] then lim,, » X (t,¢) = 00, a.s., and additionally,
(a) if
/OO L dzr < o0, (6)
" f(z)
then ¥ < oo a.s.,
(b) if
/OO L dzx = oo, (7)
P f(z)

then 7¥ = oo a.s.

Proof. The first two statements follow from an analysis of a scale function
of X by use of e.g., Proposition 5.5.22 in Karatzas and Shreve.* The results
in parts (a) and (b) follow from Feller’s test (see e.g., Theorem 5.5.29 and
Proposition 5.5.32 in Karatzas & Shreve.* O
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Our goal in this paper is to construct a discrete process that captures this
behaviour in the parameter L.

3. Method of Discretisation

We start out by defining the general form of a discretisation on a random
mesh. Suppose that {£,}n>0 is a sequence of i.i.d random variables, with
zero mean and unit variance. Since we are now operating in discrete time,
we define a discrete-time filtration {F,},>0 associated with the sequence
{&}n>0, where F, = 0{§; : 0 < j <n}.

3.1. Defining the mesh

Define a sequence of F,,-measurable random variables {h(n)},>0. We define
the general form of a state-dependent, and therefore random, mesh to be
M = {t, : n € N}, where ty = 0 and

t, = h(j), n>1. (8)

Thus each ¢,, is F,,_1—measurable, and h(n—1) = t,, —t,,_1 is the step length
of the n-th interval [t,—1,t,]. The precise form of the mesh is specified by
defining the sequence {h(n)}n>0.

3.2. Defining the discrete-time model

For an appropriate choice of {&,},>0, the equation

Xnp1r = Xo +h(n)f(Xn) + VA()g(Xn)ént1, 120, (9a)
Xo = 1/) > 0, (gb)

can be considered a discretisation of (1) over M. For example, setting to = 0
and tp41 = t, + h for n > 1, and choosing {&,} to be a sequence of i.i.d.
N(0,1) random variables yields the usual Euler-Maruyama discretisation
of (1). However, we do not restrict ourselves to the Euler class of discretisa-
tions. For any mesh M and random sequence {£,}, we view each X, as an
approximation, to a greater or lesser extent, of X (¢,), the solution of (1) at
time t,. We judge the quality of the approximation according to whether
or not the incidence of explosion and non-explosion in solutions of (1) is
captured in the solutions of (9).
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3.3. Dziscrete-time explosions

Definition 3.1. We say that (9) exhibits an almost sure explosion on the
mesh M if

lim X,, =0, a.s., and lim ¢, < oo, a.s. (10)

n—oo n—o0

The random variable 7 := lim,,_. ¢, is called the positive a.s. discrete
explosion time, and satisfies

T =Y h(n). (11)
n=0

3.4. Prior analysis in the literature

The following result can be found in D4vila et al.? The authors apply an
Euler-Maruyama discretisation to solutions of (1) over the mesh M defined
in Subsection 3.1, where they specify, for any h > 0,

(12)

Theorem 3.1. Let f be a positive, nondecreasing function. Assume that
there exists ki, ko > 0 such that

k1 < g(@)? < ko f(2), for all x>0, (13)

and
/ —ds < 00. (14)

Then the discretisation (9), where {ﬁn}nzo is a sequence of independent
N(0,1) random variables, exhibits an a.s. discrete finite-time explosion on
the mesh M.

Remark 3.1. Note that (13) implies that L = co. Therefore by (14), all
solutions of (1) undergo a ﬁnite time explosion. However, Davila et al® do
not address the behaviour of (9) when

/f -

a condition which guarantees that the solutions of (1) do not explode, nor
is the parameter range 0 < L < oo considered. Finally, we remark that
condition L = oo allows the diffusion term to grow more rapidly as z — oo
for a given f than (13).
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By addressing some of these questions, we seek to develop a more general
theory that excludes the possibility of false positives and which applies over
a wider range of values of L.

4. Main Results

Throughout what follows we will assume that

frxz f(z)and f:2— fz) are non—decreasing functions on (0, co),
x

(15)
and

there exists x > 0 such that &, > —« for all n € N, a.s. (16)

We present two main theorems, but prove only the second, as the proofs are
quite similar. In the first, we address the case where L = oo. This represents
an improvement over Theorem 3.1 in that the discrete explosion time of
the discrete process will be finite if and only if the explosion time of the
solutions of (1) are finite. However, we do not apply an Euler-Maruyama
discretisation, since we must impose the condition (16) on the sequence
{&€n}n>o0.

We specify our first new mesh M following the template described
in Subsection 3.1 by defining for a deterministic C' > 0 the F,,—adapted
sequence

Xn
C———.
f(Xn)
It transpires that for appropriate C, X,, > 0 for all n € N a.s., so h(n) > 0

for all n € N, a.s.

h(n) = (17)

Theorem 4.1. Suppose f, g are locally Lipschitz continuous on [0,00),
obey (3), and that (5) holds with L = co. Suppose that f obeys (15), and
that the i.i.d. sequence {£(n)}n>0 obeys (16).

(i) If f obeys (6), then there is a deterministic C > 0 such that the solution
of (9), evolving on the mesh M given by (17), exhibit an a.s. positive
explosion at the a.s. discrete explosion time T defined by (11).

(ii) If f obeys (7), then there is a deterministic C > 0 such that the solution
of (9), evolving on the mesh M given by (17) obeys lim,,_,oc X,, = 00,
a.s., and

7 = lim t, =0, a.s.

n—oo
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In the second of our main theorems, we address the case where L < oo.
We specify our second new mesh M following the template described
in Subsection 3.1 by defining, for an appropriate deterministic C > 0

- (33)"

Theorem 4.2. Suppose f, g are locally Lipschitz continuous on [0,00),
obey (3), and that there exists L € (0,00) such that (5) holds. Suppose that
f obeys (15), and that the i.i.d. sequence {£{n}n>0 obeys (16).

(i) If f obeys (6), then there is a deterministic C > 0 such that the solution
of (9), evolving on the mesh M given by (18), exhibits an a.s. positive
explosion at the a.s. discrete explosion time T defined by (11).

(i) If f obeys (7), then there is a deterministic C' > 0 such that the solution
of (9), evolving on the mesh M given by (18) obeys lim,, oo X,, = 00,
a.s., and

7 = lim t, =00, a.s.

n—oo
Remark 4.1. Theorem 4.2 incorrectly predicts an explosion in the solution
of (1) in the case when L € (0,1/2).

The proof of Theorem 4.2 requires the following lemma.

Lemma 4.1. Let {z,}n>0 be a positive sequence. Suppose f satisfies the
conditions of (3) and (15), and that there exist a1, an € (1,00) and N > 0
such that of <z, <aj,n> N.

(i) If f obeys (6), then Zjil xj/f(z;) < +oo.
(i1) If f obeys (7), then Zjil xj/f(z;) =00

Proof. If a} <z, < af, n> N by then (15) for any M > N we have
M j M ;

S

0[2. Ln a, . 19
J;Vf(a%)g < ) = 25 () 1)

| 1 1 ot
J+ J _ 1
/aj fz )da: (017 — o) ot (- 1/Oq)f oty

In the case when f obeys (6), we have

Z/a / f dx<oo

1—1/&1

O
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Therefore by (19) we have

M T N— N-1 0 Ozj
- y y < ~

which is finite and independent of M, proving part (i). The proof of part
(ii) is similar, and hence omitted. |

Proof of Theorem 4.2. Let C > k2 in (16). First, we show that
lim, .. X, = o a.s. By assumption, Xy is Fp-measurable and positive.
Suppose X, is F,-measurable and positive. Then h(n) defined by (18) is
also F,,-measurable and the relation

Xn+1 = Xn(]- + v C/\(Xn)[ e + §n+1]) (20)
holds, where the function A\ defined by
2
9°(x) +
Azx) = , x€RT 21
@=L (21)

is in C(R*T;R*), by the continuity of f and g and (3). Since C' > k2, by
(16), VC + &n+1 > 0, and therefore X, 11 > 0 and is F,,+1-measurable. By
induction, this holds for all n € N. Additionally we see that X, 11 > X,
n € N. Therefore, lim, . X;, exists, and is a positive, possibly infinite,
random variable. Assume that the event A = {w : lim, . X, (w) < o0}
has nonzero probability. By (20), for almost all w € A,

. 1 Xn+1
| n lim —-1)-vC=-VC.

This implies that C' < k2, which contradicts (16). Therefore we must con-
clude that

nlgréo X, =00, as. (22)
Next, we look at the behaviour of the discrete explosion time 7', and deter-
mine the circumstances under which it is finite or infinite. Note that (22),
(21) and (5) imply that lim, oo A(X,,) = 1/L > 0, a.s. Therefore, for every
w € Q, there is Ni(w) such that A(X,,) > (2L)~!. By (16), (20), and since
each X, is positive, we have

c C

Xnt1 > X, <1+i+ 5T §n+1> n > Ni(w).



171

Next define each term in a sequence of independent random variables
{vn}n>o0 by

C C
vy = log 1+£(\/5+§n) > log 1+£(\/5—/1) =,
2L 2L
and vy > 0. For n > Nj(w) we have
N1(w)71 n
log Xy 41 > log X, (w) — Z Vi1 + Z Vjt1.
3=0 7=0

n—1

By the Strong Law of Large Numbers it follows that lim,,_, % Zj:o vj =
v* a.s., where v* = Ellog (1 +VC(2L)" VO + C])], and ¢ is a random

variable with zero mean and unit variance satisfying (16). Thus v* > vy > 0
and

n—oo

1
liminf —log X,,11 > v* >0, as.
n
A similar argument shows that there exists u* > v* > 0 such that

1
limsup —log X, 11 < p*, as.
n

n—oo

So, for any 0 < v; < v* and p; > p*, there is an a.s. finite random variable
N such that

< X, <eM™  p>N, as. (23)

Now, applying Lemma 4.1, and using the facts that h(n) = CA(X,,)- %,
and lim,_, AM(X,,) = 1/L € (0,0) a.s., the remainder of the proof follows.
O

5. Conclusions and Further Work

We have seen that over the range L € (1/2,00], it is possible to con-
struct discrete processes that mimic the phenomena of explosion and
non-explosion in the solutions of (1), by choosing an appropriate state-
dependent mesh. This process is not an Euler-Maruyama discretisation as
we must truncate the left tail of the distribution of the perturbing random
variables, as described in (16).

It seems likely that this restriction results in the occurrence of spurious
discrete finite-time explosions solutions of (9) in the range L € (0,1/2),
as this skews the stochastic perturbation in such a way that growth is
encouraged. In the future we hope to develop techniques that do not require
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the restriction on the distribution of the perturbing random variable. The
application of a logarithmic transformation to the solutions of (1) prior to
discretisation looks promising. This may allow us to develop models that
correctly reflect not only the occurrence of explosion and nonexplosion in
the parameter region L € (0,1/2), but also mimic the associated asymptotic
growth rates of solutions in both explosive and non—explosive cases.

Acknowledgements

The first author was partially supported by an Albert College Fellow-
ship, awarded by Dublin City University’s Research Advisory Panel. The
third author was supported by the Mona Research Fellowship Programme,
awarded by the University of the West Indies, Jamaica, and by the Inter-
national Society of Difference Equations.

References

1. P. E. Protter. On the existence, uniqueness, convergence and explosion of
solutions of systems of stochastic integral equations. Ann. Probab., 5:243-261,
1977.

2. P. E. Kloeden and E. Platen. Numerical Solution of Stochastic Differen-
tial Equations. Volume 23 of Applications of Mathematics, Springer—Verlag.
Berlin, 1992.

3. J. Dévila, J. F. Bonder, J. D. Rossi, P. Groisman and M. Sued. Numercial
Analysis of Stochastic Differential Equations with Explosions. Stoch. Anal.
Appl., 23(4): 809-825, 2005.

4. 1. Karatzas and S. E. Shreve. Brownian Motion and Stochastic Calculus.
Second Edition, Springer—Verlag. New York, 1991.



173
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We associate to cellular automata elementary rules a class of interval maps
defined in [0,1]. The considered configuration space is the space of the one-sided
sequences in the set {0,1} and with the appropriate choice of the update
procedure the interval maps do not depend on the boundary conditions. We
study the rule 184 and obtain a family of transition matrices that characterizes
the dynamics of the cellular automaton. We show that these matrices can be
obtained recursively by an algorithm that depends on the local rule.

1. Introduction and preliminaries

In our work we deal with cellular automata, interval maps and subshifts of
finite type. We associate to an elementary cellular automata rule an interval
map, as in Wolfram,” and we show that this interval map is characterized
by a functional equation. The considered configuration space is the space
of the one-sided sequences in the set {0,1} and with the appropriate
choice of the update procedure the interval maps do not depend on the
boundary conditions, obtaining different results from those in a previous
work, Bandeira et. al.' Next, we define a family of partitions of the interval
[0,1] and in each partition the effect of the interval map is codified by
a transition matrix. Naturally, the structure of the transition matrices
is directly related with the elementary cellular automaton rule. Each
transition matrix determine a subshift of finite type which approximately
describe the behavior of the interval map. In this work we study the interval
map that arises in this way from the cellular automata elementary rule 184.
The rule 184, is a particular case of the Fukui-Ishibashi model which consist
in a family of cellular automata traffic rules. It has been studied in several
contexts, see for example Boccara et. al.? and Fuks.?

*This work is supported by FCT/POCTI/FEDER and CIMA.
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Let ¢ be defined by ¢ : {0,1}N — [0,1], ¢ (&) = > o, &27F,
¢ e {o, l}N. Every point z in the unit interval [0,1] is an image under ¢,
that is, z = ¢ (§) = Yooy &27F, where £ = (&),en € {0, 1} corresponds
to the binary expansion of x. Note that this is expansion may not be
unique. In fact, the sequences of the type &1£1...£,01°° and £1&;...£,10%°
give origin under ¢ to the same real number. Since we are interested in
dealing with all binary sequences we consider the lateral limits of every
point x € [0,1], denoted by z~ and z*. Therefore, ¢ (£1&2...£,01%°) = 2~
and ¢ (£1&2...6,10%°) = 2+ with x = Y77 | €27, This expansion is related
to the piecewise linear interval map

(o if z €[0,1/2]
b(w)—{zx—1 if z € [1/2,1],

since & = 0 if b*~1 (z) € [0,1/2] and & = 1 if b¥~! (z) € [1/2, 1], where
b¥(z) = b(b*~1(x)). Particularly, the map b, acting in [0, 1], induces the
usually called shift map on {0, 1} given by o(&k)ren = (€xt1)ren. For
convenience we assume that b is multivalued at z = 1/2. Nevertheless no
problem arises since we have to consider the lateral limits of 1/2 in order to
deal with the two different expansions associated with 1/2. For these lateral
limits, the image under b is well defined, in fact, b (1/27) =2(1/27) =1~ =
land b(1/2%) =2(1/2%) = 0% = 0. This, in turn, is in agreement with our
assumption on ¢ applied to the boundary of I = [0,1], p (1) =1"=1€ [
and ¢ (0°)=0"=0¢€1.

Let Iy and I be the intervals [0,1/2] and [1/2, 1] respectively. Denote the
inverse branches of b by by’ : I — Iy with by ' (z) = z/2 and by' : [ — I
with by (z) = 2/2 + 1/2. Observe that bo by ' (z) = id(z) and bo by (z) =
id(x). We denote by I¢ the set of points with binary expansion having the
block ¢ as a prefix, i.e., I¢ = {z € [0,1] : @ = &271 + .+ §27F + ..}
The set I is an interval for every £ € £F, for some k € N, and is given by
b o b o b ([0,1)).

More generally, consider the pair (€Y, o), where £ = {1,....,n}. &Y is
the space of one-sided sequences in &, and o is the usual shift map in
EN o EN — EN g (£1&..) = (£¢&3...). The set EN is a compact totally
disconnected topological space and the shift map is a continuous, onto
n-to-one map, see Kitchens.* A block is a finite sequence of symbols from
EN. The length of a block u is the number of symbols it contains and is
denoted by |u|. We denote the block, in £ = (&;)¢n, indexed by the integer
interval [Z,j] by g[%}j] = &'&'4_1...5]', with ¢ Sj

Let A = (a;;) be a n x n {0,1}-matrix, usually called a transition
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matrix. A subshift of finite type A 4 is a subset of Y, invariant for the shift
map, defined by Asy = {(&);en € €V : age,, = 1,7 € N}. The set Ay
is a compact, totally disconnected topological space and the shift map is
a continuous, onto map, see Kitchens.* Denoted by A7 is the collection
of blocks of size n in A4. Consider a map ¢ : A} — & which we call a
local block map. Then a block map of type (np,nr), with ny, < ng, and
nr,nr € 7, associated to the local map ¢ is a map verifying

DAy — Ay

@ (f)z =¢ (f[i—&-nL,HnR])

When ny < 0, in the context of one-sided subshifts, it is necessary to
specify boundary conditions in order to the map ® be well defined. More
precisely to compute ® (£);, ¢ (£),,..., D (§) | it is necessary to specify
Enr—1,- §-1, &0-

A one-dimensional cellular automaton can be defined as a continuous,
shift commuting, map from a subshift of finite type to itself. It can be
proven that every map satisfying such conditions is a block map, see for
example Kitchens* or Marcus et. al.’

Consider the subshift of finite type A4, characterized by a transition
matrix A. Suppose that we choose an interval map 7, in [0, 1], that realizes
the subshift A4, i.e., there is a map ¢ : Ay — [0,1] so that Top = poo.
Naturally, the properties of 7 will depend on the properties of ¢. Namely,
if ¢ is a homeomorphism then the pair (p(A4),7) will be topologically
conjugated to (A4, o), see Kitchens* or Marcus et. al.®

Suppose that for the subshift A4, and for the map ¢ : Ay — [0,1], is
given a block map ® of type (nr,ng), with local block map ¢, and fixed
boundary conditions. Then we can find an interval map g depending on the
block map and on the boundary conditions chosen, such that the associated
cellular automaton is realized, that is g o ¢ = ¢ o ®. Similarly to the shift
map, o, and its realization on the interval, 7, some properties of the interval
map g depend on the properties of .

[nr

2. Functional relations for g arising from rule 184

Let £ = {0,1}. The rule 184, of type (0,2), is given by the following local
block map

£(000) =0, f(001)=0, f(010)=0, f(011)
£(100) =1, f(101)=1, f(110)=0, f(111)

1
1
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Since we are considering the rule of type (0,2) we have a unique global
block map associated to this automata rule F : EY — &N with F (¢), =
f (f[i7i+2]) and F (£), = [ (§0&1&2). As it was explained in the introduction
the interval map g associated to the global block map F' will be defined in
a way that go ¢ = @ o F', where ¢ was introduce in the previous section.
In Figure 1 we show the graph of the interval map g.

1 7 7
/ / rl
J J J
/ / /
0.8
! ’I 'I 'I
l/ l/ l/
J iy Y
0.6 ,’,
Y
! ) ’ )
') 'l 'l
0.4 /7 /
;W ¥
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: )
12 ’
7
Y
002 04 06 0.8 1

Fig. 1. Graph of the map g(z).

Note that g can be given explicitly by
2) = [ (Erérrrrra) 2
k=1

Lemma 2.1. The interval map g satisfy the following general functional
equation

29 (f) =g (b (.’E)) + f (615253) , with x € 1515253'

Proof. Let = > 27", Then g(z) = Zf(£k€k+1€k+2) 27%. On the
k,

other hand b (z) = Z€k+12 k. Then g (b(z)) = Zf(€k§k+1€k+2) 27kl
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The expression Y f (&x&ri1&raz) 27 will be equal to g (b(z)) —
k=3

[ (&838) 270, and equal to 2 (9(x) = f(&26283) 271 — [ (£2638a) 272).
Then we get

g(b(x)) = f(£28360) 27 =2(g(2) — [ (&1626) 27" — [ (&£2684)277)
which is equivalent to 2g (z) = g (b(x)) + f (§1&263). O

Proposition 2.1. The interval map g satisfies the following functional
relation:
g9 (2z) if € Ino, Io1o
g (233) +1 fo € 1011
2 =
g(x) g(2(E— ].) Zfl‘ € .[110
g(2$—1)+1 ’if:L‘EIlo, Ii11

Proof. Let z = Y &.27F. Suppose = € Iyg, then & & = 00. Following the
k=1
result in the Lemma 2.1, and recalling that b (z) = 2x for z € Ipg, we get

29 (x) = g (2x) + f (00&3) .

As f(00&3) = 0, we get 2g () = g (2z) for x € Ipo. The other cases x € Ip1p,
x € Io11, x € I110, ¢ € I19 and x € I111 are analyzed in a similar way, noting
that b(z) =2z — 1 for x € I. m|

3. Transition matrices

When we consider a piecewise monotone interval map 7 : I — I such that
the orbits of the singular points (critical or discontinuity points) under 7
are finite then it is possible to give a Markov partition P = {I3,..., I, } of
I and a transition matrix A associated to 7 in the following way
A — {1 if T(IZ) DIj
1 0 otherwise.

The Markov partition is determined by the union of the orbits of the
singular points. This procedure is given, for example, in the case of the
bimodal interval maps in Lampreia et. al.® Thus, there is a subshift of
finite type (A4, o) associated to (I,7) which is codified by the matrix A,
and some properties of the dynamical system (I, 7) can be studied with the
help of (A4, o). For example the topological entropy of (I,7) is given by
log A4 where A4 is the spectral radius of A.
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In a similar way, we will associate to the map ¢ certain transition
matrices. Since g has an infinite number of discontinuity points we cannot
build a unique finite transition matrix. However, we will show that it
is possible to define a family of partitions of the interval [0,1], and in
each partition the map ¢ induces a transition matrix. Each matrix is
a coarse-grained approximation to the infinite matrix which codifies the
transition of an infinite configuration ¢ € EN to its image F(¢) € EY, under
the global block map F'.

Let us define the family of partitions of the interval [0, 1], given by
Py = {Iy, 1}, and P, = {I¢ : £ € ¥}, where I are the intervals introduced
in the section 2. Note that each Py is a refinement of P,. We will also use
the following notation for the intervals on the partition Pg. The interval
denoted by I(,,), where n = 0, ..., 2% — 1, is equal to the interval I¢ with the
block £ being the binary expansion of n.

The map g acting on the partition Py induce a transition matrix denoted
by Ay, with k& € N, and defined as follows

1 if g(I(i))ﬂI(j)#@ . — k
(Ak)ij = {0 otherwise, with 4,5 =0,1,...,2 1.
Recall that the interval I is the set of all numbers in [0, 1] with the
binary expansion having the block £ = &;...£,, as prefix.
We will show that the matrices A; have a natural block structure and
that this block can be obtained from a recursive algorithm. For k£ = 2 we
have

1100
0111
A=10011
0111
In fact, for Iyg we have
9oo) U Trooe) roscs)-

By the rule 184, f(00£3) = 0. If {5 = 0 then f(0&3&4) = f(00&4) = 0. If
& =1 and & = 0 then f(0£3&4) = f(010) =0 or if £&5 =1 and £ = 1 then
f(0&3&4) = f(011) = 1. We obtain

9 (Zoo) C Loo U o1,

thus there are no transitions from Iyg to I1o and I1;.
For Iy, 119, and I;; we obtain with the same reasoning

g(Io1) CIon ULig Ui, g(lwo) C LioUli, ¢i1) C Io1 Ulig U,
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Consider now the intervals of the partition Py, I;j¢, with || = k—2 and
i,j € {0,1}. Let us define the blocks Byj i i (k), i,7,7,j" € {0,1}, as the
submatrices of A which codifies the transition, under g, from intervals of
type Ijje to intervals of type Iy, for blocks &, of size kK — 2. In the
same way the blocks Bjj i (k+ 1) are the submatrices of Ajy; which
codifies the transition, under g, from intervals of type I;j¢ to intervals of
type Iy, for blocks &,n of size k — 1. The key point is to determine,
for k fixed, the decomposition of the blocks B;j s ; (k + 1) into the blocks
Bij,i’j’ (k’)7 1,7, il,j/ S {07 ].} Consider the intervals Iijg, Ii’j’n S Pk+1, with
E=¢&1...6k—1 and n = ny..mK—1. We have

Biju (k4 1) = (’Y(ijO,iIJIO) Bjo ;0 (k) V(ijovi/jll)BjO,j’l(k))
s v (ig1,4'5'0) Bj1 jro (k) v (i51,4'5'1) Bjy o1 (k)

where 7 (ij€1,4'5'm) = 0,1 depends on if there is a transition, under g,

between the interval Ijj¢, .., , to the interval Iy, .y, ,. A transition

from Ije,..e,_, t0 Litjrg, . .m_,, under g, can occur if

f(ij61) f(j€&2) f(€1€283) =i j'm.
Then we have

 (ijEr, i) = {1 if f(ij&) f (J&is1) f(&1s1s2) =4'5'm, s1,s2 € {0,1}

0 otherwise.

It is straightforward to determine every +(ij&1,4 j'n1). Here we show those
which are equal to 1.

~(000,000) = 1 (000,001) = 1 v(001,001) = 1 (001, 010) = 1
~v(001,011) = 1 (010, 010) = 1 v(010,011) = 1 4(011,101) = 1
~v(011,110) = 1 (011,111) = 1 (100, 100) = 1 (100,101) = 1
~v(101,101) = 1 (101,110) = 1 (101, 111) = 1 (110,010) = 1
~v(110,011) = 1 4(111,101) = 1 4(111,110) = 1 (111,111) = 1

Therefore, we obtain the decomposition of the blocks B;;(k + 1)
expressed in the following result

Theorem 3.1. The transition matriz Ay, k > 2, has the block structure

k
k
k
k

k
k
k
k

k) Boo,11(k)
k) Bo1,11(k)
k) Bio,11(k)
k) Bi1,11(k)

Boo,10
Boi 10
Bio,10

Boo,o1
Bo1,01
Big,01

Boo,00

Bo1,00
A, =

Bio,00

~ N N
—_— — —
S~~~ —~
NN AN N
P~ o~~~

Bi1,00(k) Bi1,01(k) B11,10
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and the transition matric Axy1 is given by

Boo,00(k) Boo,o1(k) 0 0 0 0 0 0
0 Bo1,01(k) Bo1,10(k) Bo1,11(k) 0 0 0 0
0 0 Bio,10(k) B1o,11(k) 0 0 0 0
0 0 0 0 0 Bi1,01(k) Bi1,10(k) Bi1,11(k)
0 0 0 0 Boo,00(k) Boo,o1(k) 0 0
0 0 0 0 0 Bo1,01(k) Boi,10(k) Boi,11(k)
0 0 Bio,10(k) B1o,11(k) 0 0 0 0
0 0 0 0 0 Bi1,01(k) Bi1,10(k) Bi1,11(k)

Example 3.1. Consider the case k = 3. Then the matrix Ag is given by

11000000
01110000
00110000
00000111
00001100
00000111
00110000
00000111

Az =
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We study non-linear difference equations X411 = F(Xy), where X, belongs
to a certain matrix algebra A, and F' is a polynomial map defined on A. We
are interested in analyzing the type of periodic orbits and their stability. We
also will discuss the dependence of the dynamical behavior on parameters in
different situations, since we can consider the parameters to be in the algebra A
or in some sub-algebra of A. We study the concrete cases when F' is a quadratic
map and A is M2(R), or some sub-algebra of Ma(R).
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1. Introduction

We study non-linear difference equations X,, 1 = F(X,,), where X,, belongs
to a certain matrix algebra A, and F' is a polynomial map defined on A. In
a similar way as in the real or complex situation, we discuss the dependence
of the dynamical behavior on parameters in different situations, since we
can consider the parameters to be in the algebra A or in some sub-algebra
of A. We are interested in analyzing the type of periodic or aperiodic orbits,
bounded or unbounded, and their stability.
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The motivation of this work came from some questions: How can the
algebraic structure of the algebra of matrices be useful in the study of the
dynamics of various applications? Will its structure be strong enough to
allow reach general conclusions about the dynamics of these applications
on matrices? Can the understanding of these properties and relations allow
us to understand some facts about the dynamics in lower dimensions?

The aim of this work is to focus on the dynamical behavior of subalge-
bras A of M>(R) with the quadratic map

Fcng (R) —>M2 (R)
X— X24C

associated to the discrete dynamical system (Ms (R), F), where C' is the
parameter matrix.

Note that, from the beginning, this study in M3 (R) is trickier than
the case in R or C, because of the non-commutative nature of matrices
multiplication.

Along the text, we will refer to the one-dimensional case of the quadratic
map in C as f., that is, f.(z) = 2% + ¢, where ¢ is the complex parameter.

2. Preliminaries
2.1. The Jordan canonical forms

There are some powerful results in the algebraic structure of matrices that
allow us to obtain important conclusions, for example, the Jordan canonical
form classification.

Let X € M3 (R) be not a multiple of the identity and let J(X) denote
the Jordan canonical form of X. In M3(R), the Jordan classification gives
us one of the three following Jordan canonical types:

Type I: (g 2) - matrix with distinct real eigenvalues x and y

1
Type 1T : (g > - matrix with identical real eigenvalues x
x

Type III : (_xy i) - matrix with complex eigenvalues x + yi

Now we can consider the inner automorphism of Ms (R) defined by

ap: My (R) — M (R)
ap(X)=PXP!
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The discrete dynamical system (M3 (R),Fc) is equivalent to
(M3 (R), Fpgp-1). Therefore, we can assume that the parameter matrix
C is in the Jordan canonical form and, along the study, we must consider
the three types distinctly.

The commutator [Xo,C] := XoC — CX is decisive for the resulting
dynamics. If [Xo, C] = 0 then there is a basis of R? in which X and C are
simultaneously in the Jordan form. That is, there is P € GL2(R), so that
PXoP~!'=J(Xy) and PCP~1=J(C).

If Xy and C commute, then we work in three distinct Jordan canonical
subspaces, and have the following situations:

o If X and C are of type I, we work in the subalgebra of the diagonal
matrices with distinct real eigenvalues. If

_|®0 O _|a0
XO_[Oy0:| and C_|:Ob:|
the dynamical system Xy — Fo(Xp) is equivalent to the product
space of the dynamics of f, and fp,

{ Thr+1 = fa(xk)

)

Yrt+1 = fo(yr)
with diagonal entries independent of one another.
o If Xy and C are of type II, we work in the subalgebra of the trian-
gular matrices with identical real eigenvalues. If

_ |0 1 _|a1l
XO_[Or0:| and C_[Oa:|
the dynamical system Xo — Fo(Xj) is equivalent to
Try1 = fa(Tk)
Yet1 = fo(zp)ye +1 7
In this case, the diagonal entries are independent, however the other
non zero entry depends on the behavior of the diagonal entry.

e If Xy and C are of type III, we work in the subalgebra of the real
matrices with complex eigenvalues. If

Xo = ¥o Yo and C= ab

0= | —yo =0 | -ba
the dynamical system Xy — Fo(Xo) is equivalent to zx+1 = fe(2k)
with ¢ = a 4 bi the complex eigenvalue of C' and zyp = x¢ + yoi

the complex eigenvalue of X, following the canonical isomorphism
between matrices X and the points ¢ (X) in the complex plane,

. Ty .
b = .
given y¢(—y;v) T4y
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2.2. Invariant 3-dimensional spaces

The Cayley-Hamilton theorem is another strong result in the algebraic
structure of matrices. For X in My(R), it gives X? = 7X — 61 where
7 =1trX and é = det X, and has important consequences, because

X, = F(X()) = X02 +C =71Xg—90l +C € <I7X0,O> and
X9 = F(Xl) = X12 +C =mn1mXo — (7’150 +51)I+ (7’1 + 1)0 € <I,X0,0>
where 7; = trX;, §; = det X; and (I, X, C) the subspace spanned by the
matrices I, C' and Xj.

In fact, A. Serenevy' referred the following result:

Proposition 2.1. The dynamics of F¢ is restricted to the 3-dimensional
subspace (I, Xo,C) of Ma(R).

3. The orbit of the critical point 0 in M, (R)

Consider the matrix 0 in M3(R), a critical point of F, with Fo seen as a
map in R%. The orbit of this critical point is

0-C—-C?+C—-C*+2C°+C%*+C — ...,

and it remains on the invariant subspace spanned by the identity matrix I
and the parameter matrix C.

Note that the algebraic expression is exactly the same as the orbit of
the critical point 0 in the one-dimensional case of f.(z) = 22 + ¢, with ¢ the
complex parameter.

The dynamical behavior of the critical point of F is given by the fol-
lowing result:

Theorem 3.1. Let C be of type I or II1. Then the orbit of the zero matrix
0 is bounded (periodic) under Fe if and only if:

e For C of type I with distinct eigenvalues a,b the orbits of 0 under
fa and fy are bounded (periodic).

e For C of type 111 with complex eigenvalue ¢ the orbit of 0 under
fe is bounded (periodic).

Proof. Since the zero matrix commutes trivially with any matrix, we
have from previous argument that the iterates of the zero matrix re-
duces to two different situations, according to the Jordan form of C. If
C is of type I, with distinct real eigenvalues a,b the orbit of the zero
matrix is reduced to the orbit of 0 under f, and the orbit of 0 under
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fv. Therefore, the orbit of the zero matrix is bounded (periodic) if and
only if the orbits of 0 under f, and f, are both bounded (periodic).
If C is of type III the dynamics is reduced to the iteration of 0 under
fe, where ¢ = a + bi. Therefore, the orbit of 0 is bounded (periodic) if and
only if the orbit of 0 under f. is bounded (periodic). |

Theorem 3.2. Let C be of type II with eigenvalue a. Then Fc(0) is pe-
riodic if and only if the orbit of 0 under f, is periodic. Moreover, if the
orbit of the zero matriz is bounded then the orbit of 0 under f, is bounded.

Proof. First note that C' can be considered in the form C = (8 clb) and

the k'-iterate of the zero matrix is denoted by FZ%(0) = (xok zi >, with
ZTe+1 = fao(zr) and yr41 = 2z,yx + 1. For the first part, if Fo(0) is periodic
then necessarily 0 is periodic under f, since the only possible pre-image
of a is 0. On the other hand, if 0 is periodic this means there is a natural
number k so that x, = f¥(0) = 0. Since yr41 = 22xyx + 1 = 1 then F(0)
is periodic. The second part is direct. |

4. Non-critical attractive cycles
4.1. The existence of non-critical attractive cycles

In the real and complex case, for polynomial maps of degree at least 2,
every attractive cycle must attract the orbit of a critical point. Is this true
when we work in matrices, with the map F¢o? No, in fact, as pointed by A.
Serenevy! , the existence of attractive cycles that do not attract the orbit
of the critical point 0 is possible. We call them non-critical attractive
cycles.

Recall that the orbit of the critical point 0 remains on the invariant
subspace spanned by the identity matrix I and the parameter matrix C,
so, if it exists an attractive cycle outside the subspace (I, C), we prove the
existence of attractive cycles which do not attract the orbit of 0 € M2 (R).

It will be interesting to observe the behavior, under the action of F¢,
of the orbits with Xy and C' being of distinct types.

Example 4.1. Let’s consider the initial matrix X of type I, that is, in the
Jordan canonical form with distinct real eigenvalues, and C of type III, in
the Jordan canonical form with complex eigenvalues:

0 -1 022
Xo = {ﬁy] and € = [—0,22 —1]
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We verify that, under the action of F¢ :

e The orbit of the critical point Xy = 0 is attracted to an attracting
cycle with period 2, remaining, as expected, in the subspace (I, C) :

00 Ii)y F_‘c; 0.039 —0.204| F¢ |—1.039 0.204 Ii)y 0.039 —0.204| F¢
00 0.204 0.039 —0.204 —1.039 0.204 0.039 ’

e The orbit of some points is attracted to a non-critical attractive
cycle with period 2, which doesn’t remain on the subspace (I, C):

Fe | 0.012 0.11 Fc | —1.012 0.11 | F¢ | 0.012 0.11 Fo
—0.11 —1.012 —0.11 0.012 —0.11 —1.012

e The Julia set in Figure 1, the set of starting matrix X, for
which the iterations under F remain bounded, associated with
this parameter matrix C, has a checkerboard pattern, pointed
by A. Serenevy' , that describes the behavior of the orbits:
the orbit of the points in the subsets with the circle mark is at-
tracted to the same attracting orbit of the critical point; the orbit
of the points in the subsets with the square mark is attracted to
the non-critical attractive cycle.

Fig. 1. The geometric description of the orbits

In fact, for some values of the parameter matrix C' with complex eigen-
values, the orbit of the critical point 0 € M3(R) is not bounded, therefore, it
is not attracted to any attracting cycle, however an attracting cycle exists.
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Example 4.2. Let’s consider the initial matrix Xg of type I, that is, in the
Jordan canonical form with distinct real eigenvalues, and C of type I11, in
the Jordan canonical form with complex eigenvalues:

z0 ~1.28 0.2
Xo = {0 y] and €' = [—0.2 —1.28:| ’

Consider the Julia set in Figure 2 associated with the parameter matrix C' :

Fig. 2. The Julia set associated with the parameter matrix C' of Example 4.2

In this example, we see that the orbit of the critical point is not bounded,
however an attracting cycle exists. In this case, the non-critical attractive
cycle has period 4.

4.2. Non-critical attracting cycles of period 2 when C is of
type 111

If we consider the one-dimensional complex case, when the quadratic map
is f.(2) = 22 + ¢, the complex Mandelbrot set gives us information about
the period of the attracting cycles in the complex case. The matricial Man-

“ b] for which
—ba

the orbit of the critical point 0 € M(R) is bounded under the action of F¢,
is similar to the one on the one-dimensional complex case. In fact, it is pos-
sible to get some information about the period of the attracting cycles by
observing the geometry of this set and recalling the canonical isomorphism
between matrices X and the points ¢ (X) in the complex plane, given by

delbrot set, composed by the parameter matrices C' = [

¢ < _xy z> = x+14y. The main cardioid is the region of parameter matrices

C for which F¢ has an attracting fixed matrix. To the left of the main
cardioid, we can see a circular-shaped bulb. This bulb consists of those
parameters for which the critical point has an attracting cycle of period 2
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under the action of Fo. This attracting cycle, when it exists, attracts the
orbit of the critical point and has the form
Re (z1) —Im (22) Re (z2) —Im (21)
- [Im(zg) Re (z1) :| - [Im(zl) Re (z2) :| - Im (22) Re(z1)
1 1 . 1 1 .
where z; = 5 5\/—3—4(a—|—bz) and zo = —3 + 3 -3 —4(a+ bi).

Note that z; and zo are such that f.(z1) = 22 and f.(22) = 21,
that is, we have an attracting cycle with period 2 with respect to f..
Suppose that we have z and y such that the iterates, under f., con-
verge to this attractive cycle with period 2: {z, f. (z),..., 21, 22, 21, ...} and
{y, fe (Y), ..., 21, 22, 21, ... } . If X has distinct real eigenvalues z and y, two si-
tuations may occur. In the first one, the orbits are such that they ocurr “syn-
chronized”, that is, there is a n € N such that f (z) = 21 and f2 (y) = #.
In the second, they don’t ocurr “synchronized”, that is, from some n € N|
we have f7 (x) = z; and f?*!(y) = 2z;. When X has identical real eigen-
values x, we have similar situations: “synchronized” orbits or “non synchro-
nized” orbits.

Transposing this two different situations to the matricial case, the first
situation leads to the case where X converges to the orbit of the critical
point, under the action of F; the second one leads to the case where X
converges to the non-critical attracting cycle. Taking this into account, we
reach to the following result:

Re(z1) —Im (22) :|

Theorem 4.1. If, in the complez case, ¢ = a+bi is a complex parameter for

which the orbit of the attracting cycle has period 2, then, for C = {_ab 2]

with complex eigenvalues, for Xg in type I, Xog = [g(; 2} , or Xo in type 11,

1 ) iy .
X = [g x} , when the iterates converge to a non-critical attracting cycle
of period 2 under the action of F¢, the 2—cycle has the form
| T Yk ek | | Yk N with
h —Yr —rp— 1 ~Yk Tk —yr —x — 1
1 1l —— b
Ik:<_§_5\/_3_4a+b2> and Uk = 5
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1. Introduction

The difference equation

vK,x,
Ko+ (v =1z,
where v > 1, K, > 0, and x¢ > 0 is known as the Beverton—Holt equation
and has wide applications in population dynamics. The positive sequence

{K,} is the carrying capacity and v is the inherent growth rate. A peri-
odically forced Beverton-Holt equation is obtained by letting the carrying

Tn41 = ne NO; (1)

*Supported by NSF Grant #0624127
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capacity be a periodic positive sequence {K,} with period p € N so that
Knyp = K, for all n € Ny.

The Beverton—Holt equation has been treated in the literature as a
rational difference equation (see [1-4]). In this paper we show that the
Beverton—Holt equation is in fact a logistic difference equation. A sim-
ple substitution transforms this equation into a linear difference equation,
which can be solved employing the usual variation of parameters formula.
This, via an application of the definition of a strictly convex function, also
provides an elementary proof of the so-called Cushing—Henson conjecture,
which says that any periodic variation in the carrying capacity of the en-
vironment is deleterious to the average population size. The results in this
paper essentially make use of the key ideas in our previous articles [5,6].

2. Conversion to a Linear Difference Equation

We begin by introducing

v—1
o= so that v =
v

— a :
Suppose {x,,} solves (1). Then we have

K’nxn
1—a)K, +ax,

Tn1 = (
Now the substitution u,, = 1/, yields the linear difference equation

Auy, = —au, + %. (2)
We solve the problem (1) with the p-periodic boundary condition Ty = T, by
solving the equivalent problem (2) with the p-periodic boundary condition
Uy = Uy, where we assume

K :Z —R" is p-periodic, and 0<a<l1, ie, v>1. (3)

Using the variation of parameters formula [7, Theorem 3.1 on page 45], the
general solution of (2) is

n—1
—(i (67
Un = (1= a)"ug+ (1 —a)" +1>f. (4)
i=0 v

(Note here that (4) implies that wu, > 0 provided ug > 0, i.e., z, > 0
provided zo > 0.) Then, using @y = U, in (4), yields the initial value

—

1 5 L
= 1— p—(i+1) .
uo 1 — (1 — O[)p . ( Oé) Ki (5)

K3

Il
=]
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Plugging the initial value (5) into the general solution (4), we obtain the
particular solution

n—1

(1- =
o= T g L0 e R S R )
i=0 Z

Theorem 2.1. Assume (3). Then T, = 1/, is the only p-periodic solution
to (1), where wy, is given in (6).

Proof. We already showed uniqueness. For n € N, we use again variation
of paramenters to find another form of the general solution of (2) as

n+p—1

n n+p— (% o
unﬂ,:(l—a) Up+ Z (1—0[) +p (+1)F,

which together with (4) and the p-periodicity of {K,} yields
Untp — Up = (1 — )" (@, — ) = 0.

Thus the solution w,, of (2) is p-periodic. O

Remark 2.1. Note also that, if we assume that K,, = K1, for all n € Z,
then (2) can be used to define w, for all n € Z (since o # 1). Then

I a - _ _«
gy =T EL TR g
—1 = = - —1
11—« 11—« p

and it is easy to see that wu, obtained as such satisfies Uy, = u, for
all n € Z. Hence there is a unique both-side periodic solution to (2) and
consequently to (1).

Theorem 2.2. Assume (3). The solution {Z,,} of (1) is globally attractive.

Proof. Let {z,} be an arbitrary solution of (1) with xo > 0 and consider
Up, = 1/xy,. Define

. 1
v =~(u) := min {uo, 0<Iln<11191 e } > 0.

By (4) we have

Up > (1 — )" ’y—i—Zl—Oz Z+1)O¢’y:’}/

so that, again by (4),

i — T = (1 — a)™|ug — up| (1 — a)™|ug — up|

Ui, - @

)
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which tends to zero as n tends to infinity. O

Remark 2.2. Although it was not necessary here to use the fact that the
Beverton—Holt equation is a logistic difference equation, this observation
was the idea for the key substitution u,, = 1/x,. In fact, by letting in turn
Zp, = 1/uy in (2), one can easily see that the resulting equation is

In

Az, = aZpi1 (1 - K_n) ,

which is the natural discrete analogue of the logistic equation, and which
therefore should be called the logistic difference equation.

3. The Cushing—Henson Conjecture

Let X{m<n) be 1 if m <n and 0 otherwise. Define

n—(m 1—a)f
N = a(l — @) (m+1) (ﬁ + X{m<n}) ,

where hy, > 0 since 0 < o < 1. Then from (6) we obtain for n < p

— ﬂpAO _ )n—(z'+1)& +Z§(1 — ) L a
Up = 1_ (1 — a)p v (67 Ki 2 « K X{Z<TL}
p—1 p—1
) 1— a) h
_ 1— n—(i+1) (7 ion ni
;( O[) 1—(1—0[) +X{<} P Kz
p—1
Lemma 3.1. For all0 < j <p—1, we have Zhij = Zhji =1.
i=0 i
Proof. We have
p—1 1 — p—1 j—1
1—i j—1—i _
‘ hjz‘ 1_apz p +aZ(1—Oé)J =1
=0 = =0
and
= a(l — a)p—Gt+) 224
Sy = U S oy ea § 0w -
i=0 1-(1-ap i=j+1

which concludes the proof. O
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Remark 3.1. In the one-line proof of the Cushing—Henson conjecture be-

low we use the (consequence of the) definition of a strictly convex function
f:(0,00) — R which says that for any m € N,

f (Z)\kxk> < Z)\kf(xk) forall Mg,z >0, 1<k <m,
k=1 k=1
where Z Ar =1 and there exist 1 <i < j <m with x; # z;.

k=1

Theorem 3.1. Assume (3). If {K,} is not constant, then
15 1=
IR W
P Pz

Proof. Using Remark 3.1 for f(x) = 1/z, Lemma 3.1, and h;; > 0 gives

_ -1 - p—1p—1 p—1
R PR MILE S
i=0 i=0 " =0 j i=0 j=0 j=0
Dividing by p yields the final result. |
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tiplicative difference equation with variable nonnegative w-periodic positive
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Qn)y™(n —w)

y(n + 1) = y(n) exp (—A(”)y(”) +p(n) - R+ym(n —w)

), n >0, R>0.
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1. Introduction
The differential equation

qx(t)

P S — > 1
e =0 120 o

' (t) + pa(t) —
was introduced by Nazarenko [8] to model the growth of a single cell pop-
ulation.

However, it is natural to assume that environment parameters are sub-
ject to periodic (daily, seasonal or subject to any other rhythms) changes.
This corresponds to periodic coefficients of relevant mathematical mod-
els. For equations with variable parameters a periodic solution is expected
(positive, for ecological models) rather than a constant equilibrium. The
existence of such periodic regime, as well is its global attractivity, are the
key problems of model study.
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Assuming variable environment and a possible perturbation with a non-
negative effect, (1) can be modified to the form

t)z(t)

‘(¢ De(t) — —4 = A(t 2
7 (0) +p(Ba(t) - 20T = M), )
which after the substitution y(t) = D) can be rewritten as

a(t)y@)y™ (t — h)
rym(t—h)+1

y'(t) = =AY () + p(t)y(t) —

)

Q)y™(t —h) _ _ -
—m, where Q(t)—T,R—T

—A®)y(t)+p(t)

Let us introduce a semidiscretization assuming the right hand side is piece-
wise constant. Without loss of generality we suppose h = w is an integer
(otherwise, we discretize with step h/w) :

y'(t)
= - X([thy([t]) + p([t]) —
L = M) + (1)
where [t] is the integer part of t € [0, c0). Integrating over intervals [n,n+1],
we obtain the difference equation

QUENy™ ([t — w))
R+ym([t—w])’

Q(n)y™(n —w)

h R—|—ym(n—w))’ n20, (3)

which can be treated as a discrete analogy of the modified Nazarenko’s
equation (2). Our paper will focus on the attractivity of a positive periodic
solution of (3).

y(n+1) = y(n) exp (—A<n>y<n> T p(n)

2. Solution Estimates

We assume the coefficients in (3) are positive and w-periodic, while the
perturbation A is nonnegative

meWN,weN,R>0, p(n) >0, Qn)>0, A(n) >0, n=0,1,2,...,

p(n+w)=pn), Qnt+w)=Q(MN), \Mnt+w)=An), n=0,1,2,... . (5)

By a solution of (3), we mean a sequence {y(n)} which is defined for n > —w
and satisfies (3) for n > 0. According to the biological interpretation, (3)
has nonnegative initial values

y(—w), y(—w+1), y(—w+2),...,y(—1) € [0,00) and y(0) > 0. (6)
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Define for any w-periodic sequence {f(n)}
1,={0,1,2,...,w—1}, f*= ngf(n), fe= Hélln f(n). (7)

The exponential form of (3) yields that the solution {y(n)} for any initial
conditions (6) remains positive. We assume that (3) has a positive periodic
solution. Sufficient conditions for the existence of a positive periodic solu-
tion of (3) can be found in Elabbasy, Saker [4].

Definition. The positive periodic solution F(n) of (3) is said to be
globally attractive if nlLIréo[y(n) —7(n)] = 0 for any positive solution y(n) of
(3)-

Our aim is to establish sufficient global attractivity conditions for the
periodic solution (n) of (3). To this end, let us first obtain lower and
upper solution estimates, this method was widely used in Gyori, Ladas
[6]. Recently lower and upper solutions in stability study were applied, for
example, in Cabada et al [3].

Consider the equation

z(n+1) =xz(n)exp [fu(z(n),z(n —1),...,2(n —w))]. (8)

Theorem 2.1. Assume that (8) has a positive periodic solution, frn in
(8) are nonincreasing functions in all arguments, fn1, coincides with f,
for any n = 0,1,... and there exist continuous functions hi(x), hao(z),
satisfying

h;(0) > 0, tlim hi(t) <0, hi(x) are decreasing in x for x>0, i=1,2,
(9)
and hi(z) < fo(z,z,...,2) < hg(x), nel,.

Let x1 and x4 be positive roots of hi(x) = 0 and ha(x) = 0, respectively
(according to (9), such roots exist and are unique). Then for any positive
solution x(n) of (8) there exists ny € IN such that for n > ny this solution
satisfies the estimate

w < z(n) < My, My =zoexp((w+1)h2(0)), p1 = z1exp((w+1)h(M1)).
(10)

Proof. Let us remark that z(n+1) < z(n) as far as all (i) exceed x2, i =
n—w,n—w+1,...,n. Really, let (i) > 29, i =n—w,n—w+1,...,n. Since
fn is nonincreasing in all arguments, then f,,(z(n),z(n—1),...,z(n—w)) <
fo(xa, 22, ..., 22) < ha(za) = 0, thus z(n + 1) = z(n) exp(fn(z(n), x(n —
1),...,z(n —w)) < z(n).
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There may be the following cases: a solution eventually does not exceed
To, is not less than x5 and is oscillating about x. The first assumption
immediately implies the upper bound in (10). In the second case {z(n)} is
eventually nonincreasing. Assuming x(n) > M; > x2, n > ng, we obtain
z(n+1) <x(n)exp(ha(Mi)), n >no+w+1,s0 z(n+k) — 0as k — oo,
since ho(M1) < ha(z2) = 0. The contradiction implies the upper bound in

(10).

Next, let z(ng) < x2, x(ng + 1) > x3. Since there are at most w + 1
increasing successive points z(ng+1), z(ng+2),...,z(ng+w+1) exceeding
To and

z(n+1)
(n)
then after w + 1 steps we obtain the upper bound in (10) for n > ng.

Let us prove the lower bound in (10). Similarly, we consider the last
two cases among the following: z(n) is eventually not less than 1, does
not exceed x1 and is oscillating about z1. The first case is treated as for
the upper bound. Since the upper bound is valid for n > ng, then for
n > ny = ng +w + 1 the ratio

< exp (fx(0,0,...,0)) < exp(h2(0)),

z(n+1
2 > e (£ (01, M. M) 2 0 (301,
which after w + 1 steps gives the lower bound in (10). m|

The proof of Theorem 2.1 emphasizes that there cannot be more than
w+1 increasing (decreasing) successive z(n) which are greater than x5 (less
than z7).

Let us apply this result to equation (3). To this end, define h;(y) and
ha(y) as

Q y™
R+ym’

Q.y™
R+ ym’

hi(y) == =Xy +ps — ha(y) == =My +p* — (11)

where \*, Q*, p*, A, Q«, p« were denoted in (7). Let y; and y2 be the roots
of h1(y) = 0 and ha(y) = 0, respectively. These positive roots exist and are
unique if

either p* < Q. or A, >0. (12)

It is possible to prove that (3) has a positive periodic solution as far as (12)
holds, which was demonstrated in Elabbasy, Saker [4] for the first condition
in (12).
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Corollary 2.1. Assume that (4),(5),(6) and (12) hold and y(n) is a posi-
tive solution of (3). Then, there exists n1 > 0 such that for all n > ny

p1 =y exp((w + 1)h1(M1)) < y(n) < yaexp((w + 1)ha(0)) := My, (13)

where y1 and yo are positive roots of h1(y) = 0 and ha(y) = 0, respectively,
hi, he are defined in (11).

Corollary 2.2. Assume that (4),(5),(6) and (12) hold and y(n) is a posi-
tive solution of (3). Denote

My = yaexp((w + 1)ha(p1)), p2 = yrexp((w + 1)h1(Ma)),...,  (14)

Mit1 = y2 exp((w + 1)h2(pk)), pe+1 = yrexp((w + 1)h1(Mi)), k € N,
(15)
where hy and hy are defined in (11), p1 and My are denoted in (13). Then
for any k there exists ny such that py < y(n) < My for any n > ng.

Proof. Let us remark that by the proof of Theorem 2.1 we should refer to
oscillatory solutions only. By Corollary 2.1 there exists n; > 0 such that
w < y(n) < My, n > ny. Then for n > ny = nq + w + 1 we have (similar
to the proof of Theorem 2.1)

z(n+1)
z(n)

z(n+1)
z(n)

There are not more than w + 1 points exceeding yo or less than y;, which

< My :=exp (ha(p1)), and > po = exp (h1(M2)) .

implies lower and upper bounds in (14) for n > ns. We proceed by induction
and obtain that there exists ny such that p, < y(n) < My, n > ny, for any
n € IN. O

Remark 1. Since p; > 0, then ha(p1) < h2(0), so hi(Mz) > hy(M;) and
p2 > p1. By induction we can prove that {Mj} is a nonincreasing, while
{pr} is a nondecreasing sequence. Denote

Y] = sup pg, Yz = inf M. (16)
Thus ur < y(n) < My, n > ny, implies

Y: <liminfy(n), Y2 >limsupy(n). (17)

n—0oo n— o0
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3. Global Attractivity

Let us proceed to attractivity conditions.

Theorem 3.1. Assume that (4),(5),(6) and (12) hold and there exists € >
0 such that the zero solution of the linear equation

z(n+1) —xz(n) + Fi(n)z(n) + Fa(n)x(n —w) =0 (18)
is globally asymptotically stable for any
An)(Y1 —¢) < Fi(n) < AMn)(Ya +¢), (19)

mRQ(n) (Y1 —e)™ < Fn) < mRQn) (Yo +¢)™
(R+(Ya+e)m)? T R+ M-y

where Y1,Ys are defined in (13)-(16). If y(n) is a positive solution of (3)
then

: (20)

lim [y(n) —g(n)] =0, (21)

n—oo

where Y(n) is a positive periodic solution of (3).

Proof. First, we prove that every positive solution y(n) which does not
oscillate about 7(n) satisfies (21). Assume that y(n) > y(n) for n sufficiently
large (the proof when y(n) < 7(n) is similar and will be omitted). Set

y(n) =y(n) exp{z(n)}. (22)
From (3) and (22) we see that x(n) > 0 and satisfies the equation

Qm)Ry™(n) _ (em*m) 1)

r(n+1)—x(n n)g(n)(e*™ — =0.
(n+1)—z(n)+A(n)7(n)( 1)+ Ry () (Rtg™ (m)em=ra)) (2;))
So (21) holds if and only if
nh—{lgo z(n) =0. (24)
Since 0 < (e®(™ — 1), then (23) implies
z(n+1)—x(n)+ Qu)Ry"(n) _(em" ™) — 1) <0, (25)

(R+7"(n)) (R+7"(n)eme(n=e))

and hence {z(n)} is a positive decreasing sequence and therefore it has a
limit lim z(n) =« € [0,00). If & > 0, then there exist 6 > 0 and ns > 0

n—oo
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such that for n > ns, 0 < @ — 0 < z(n —w) < a + J. However using (25),
we find z(n + 1) — z(n) < —P(n), where

Q(n)Ry™(n) _ (em*~V —1)
(R+7"(n)) (R+7"(n)em(eF)

P(n) = > 0.
Now, since Q(n) and g(n) are positive periodic functions of period w, we see
that P(n) is also an w-periodic positive function and 0 < P, < P(n) < P*.
Thus z(n + 1) — z(n) < —P, for n > ns. The summation of the latter
inequality from ns to n immediately implies z(n) < z(ns) — Pc(n — ns) —
—o00 as n — 00, which is a contradiction. Hence, oo = 0 and therefore z(n)
tends to zero as n — oo and (21) holds for any positive solution which does
not oscillate about 7(n).

To complete the global attractivity results we will prove that every
oscillatory about F(n) solution satisfies (21). After denoting

Qn)Ry™(n) (™ —1)
R+3"(n) R+7y™(n)em

G1(n,v) = A(n)y(n)(e’—1) and Ga(n,v) =

(here G1(n,0) = G2(n,0) = 0 for any n € IN), equation (23) can be rewrit-
ten as

z(n+1)—z(n)+G1(n,z(n))—G1(n,0)+Ga(n, z(n—w))—Ga(n,0) = 0. (26)

By the Mean Value Theorem (26) has the form (18), where due to (22)

£ = TG = Mgy = )
= 20an0)|_mRQUT e | mBQU ()
0 e (BT (e (Rt ()

v=C2(n)

Here (3 is between zero and z(n), (2 is between zero and z(n—w), n1(n) lies
between 7(n) and y(n), and nz(n) lies between g(n) and y(n —w). By (17),
for n large enough we have Y1 —e < m1(n) < Ya+e, Y1 —e <1ma2(n) < Ya+e,
so JF1,F2 satisfy (19), (20), respectively, which completes the proof. O

Let us recall some results on the asymptotic stability of the linear dif-
ference equations with a nondelay term

z(n+1)—z(n)+a(n)z(n)+b(n)z(n—w) =0, a(n) >0, bn) >0, (27)

z(n+1) —x(n) + b(n)z(n —w) =0, b(n) > 0. (28)
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The result of Gyori,Pituk [7] states that the following conditions

n—1 [eS)
lim sup Z b(k) <1, Zb(k) = 00, (29)
k=1

n— oo
k=n—w

are sufficient for the asymptotic stability of the zero solution of (28). Ac-
cording to the results by Erbe et al [5]

3 1
li b(n) < =+ —
e 3 )<+ 50 (30)
is sufficient for the asymptotic stability of (28).

According to Corollary 6 in Berezansky, Braverman [1] and Remark on
p. 787 in Berezansky et al [2] each of the following conditions is sufficient

for the asymptotic stability of (27):

, b(n) _ ..
0<ag<a(n) <a<l, h}ln_)solip amn) <1 (31)
0 <a(n) <2, limsup[|l —a(n)|+ |b(n)|] < 1. (32)

Applying the above conditions and Theorem 3.1 we obtain the following
result.

Theorem 3.2. Assume that (4),(5),(6) and (12) hold, \*Y> < 1 and at
least one of the following conditions is satisfied:

mRQ(n)Y;

1
n—1 k
Y?” I & -1
Z m <1, n=0,...,w—1; (34)
k=n—w (R+Y i=k—w
n k
(Y0 O R S -1
kﬂzl_w (R+Ym 1HW 2 2 2(w—|—1)’ n 0, , W
(35)

If y(n) is a positive solution of (3) then (21) holds.

Proof. Condition (33) is an immediate corollary of either (31) or (32), if
a(n) = F1(n), b(n) = Fa(n) are as in (18) satisfying (20).
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n—1
Further, after the substitution z(n) = z(n) H [1 — F1(4)] equation (18)
=0
becomes
z(n+1) — z(n) + B(n)z(n —w) =0,
where B(n H [1—F1(i)] . By (20) for any € > 0 not ex-
ceeding e defined in

mRQ(n)(Y; — )™ " | y
(R+ (Yz 4 ¢)™)? H 1 =X@)(Y1+¢€)] " < B(n)

mRQ(n)(Ya +e)™ o . NN
< 1-X1E) (Y —¢ if n is large enough. There-
e o AL 12002 <)

Theorem 3.1 we have

i=n—w

fore, we deduce Z B(n) = oo; thus, (34),(35) imply (29),(30), respectively.
n=0
The reference to Theorem 3.1 completes the proof. O

Remark 2. We can substitute Y; by p1 and Y2 by M; in the conditions
of Theorem 3.2, where py and M are defined in (13), or by any u;, M;
in the sequence. This will give explicit global attractivity tests in terms of
coeflicients. It is also to be noted that if Y7 = Y5, then the positive periodic
solution is globally attractive.

Global attractivity results are illustrated by the following example.

Example. Consider the autonomous equation

Qy™(n —w)
—_— ], >0, 36
R+ym(n —w) "= (36)
Let A\=04,Q =0.8, R=1,m = 3, w = 4. First, let us compare conditions
of Theorem 3.2 for these values of parameters. Inequalities (33),(34) and
(35) can be rewritten in the autonomous case as

y(n+ 1) = y(n) exp (—Aym) tp-

mRQY;"
—_— Y;
ESTOERG (37)
mQYém 1 w1
B At RN TR %
mQY;" 3 1 1 .
BTy <§+ 2(w—1)) ST ()
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fively. Since = ~ < (24 1 Ll 1
respectively. mce — = — - — — = — I0r glven values
P Y 1w \272w-1n/)wr1 38

of parameters, then (39) outperforms (38). Computations demonstrate that
(39) also outperforms (37). Numerical estimation gives that for these values
of parameters (33), (34) and (35) are satisfied for p < 0.1519, p < 0.1520 and
p < 0.1528, respectively. Let us also mention that iterations can significantly
improve the estimates. For instance, for p = 0.15 we have p; ~ 0.071,
M; =~ 0.667, while pugp ~ 0.30, Mgy ~ 0.33. Thus the iteration process
confirms the global attractivity of the positive equilibrium solution in a
wider range of parameters than estimates (37)-(39).
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Periodically Forced Rational Difference Equations
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We study the boundedness nature and the periodic character of solutions, of
nonautonomous rational difference equations including Pielou’s equation.

1. Introduction

We study the boundedness nature and the periodic character of solu-
tions, of nonautonomous rational difference equations including Pielou’s
equation.
Consider the periodically forced rational equation
Ln

n = 5 = 0,].7... 1
Tt A, + Bnx, + Cpn_1 " 1)

with arbitrary positive initial conditions z_; and x, and each one of the
sequences {A,}, {B,}, and {C,} is periodic with prime period k, with
nonnegative values such that the following hold:

k—1 k—1
[[4i>00r Y 4Ai=o, 2)
i=0 i=0
k-1 k-1
HB¢>0 or B; =0, 3)
i=0 i=0
and
k-1 k-1
H01>0 or ch: . (4)
i=0 i=0

Eq. (1) contains the following 7 special cases:

xn+1:i_nan:07]-u'“ (5)

n
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;vnH:Bin,n:OJ,... (6)

Tpt1 = Cna;c:,l’ n=20,1,... (7)
xn_H:ﬁ,n:O,l,... (8)
xn“:W,n:O,L... C))
xnﬂzm,n:Ql,... (10)

x’l’b
Ay + Bpan + Cpan—1’
Difference equations with periodic coefficients have been studied by
several authors. See, for example, [2]-[24], and the references cited therein.
One of the goals of introducing periodic coefficients is to test whether the
averages of the resulting periodic solutions are larger, equal, or smaller

than the equilibrium values of the associated autonomous equations. See
[8] and [9].

Tpg1 = n=0,1,... (11)

2. Periodic Trichotomy of Eq. (1)

The following theorem is a trichotomy result about Eq. (5). The proof of
the theorem is straightforward and will be omitted.

Theorem 1.

(i) Every solution of Eq. (5) decreases to zero when

k—1
H A; > 1.
=0

(13) Every solution of Eq. (5) converges to periodic solution of period-k, when

k—1
[[4 =1
i=0

(731) Every solution of Eq. (5) is unbounded, when

k—1
H A; < 1.
=0
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3. Periodicity Destroys Boundedness

All nontrivial solutions of Eq. (7) with constant coefficients, that is,

Tn
Tn+l = Oz 17
"—

n=0,1,... (12)

are periodic with period six and so bounded. If
T—1 = ¢ and To = ¢a

the solution of the equation is the six cycle:

$ L1 ¢

Co’ C2¢ C2p’ Cyp’ "7

It is interesting to note that periodicity may destroy the boundedness of
solutions of Eq. (7) as the following theorem states.

0,9,

Theorem 2. (See [4] and [6)] Let

o [t z_:fn:Gk—H’withie{0,1,2,3,4}’k:071’”.
C, ifn=6k+5

with C > 0. Then every solution of Eq. (7) with initial conditions
T_1=x0=1
is unbounded, if and only if
C#1.

Therefore in Eq. (12), periodicity may destroy the boundedness of its so-
lutions. For some results on the asymptotic behavior of Eq. (7), see [2].

Open Problem 1. Let {C,,} be a positive periodic sequence with prime period
p > 2. Obtain necessary and sufficient conditions on p and

Co,....Cp_y

such that every solution of Eq. (7) is bounded.

4. Periodically Forced Pielou’s Equation

The equation
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where each one of the sequences {A,} and {C,,} is periodic of prime pe-
riod k, with positive values, written in the form:

BrnTn

=0,1,... 13
1+$n717 n ) ) ( )

Tn+1 =
where the sequence {3, } is periodic of prime period k, with positive val-
ues, is Pielou’s equation with periodic coefficient (see?® and?*). In the spe-
cial case where k = 2, it was established by Kulenovic and Merino in?!
that when

Bof1 > 1 (orequivalently ApgA; < 1)

every positive solution of Eq. (13) converges to a period-two solution.
Also, Camouzis and Ladas in,’ established that, when k € {1,2,...} and

k—1 k—1
H B; > 1 (or equivalently H A; < 1)
i=0 i=0

every positive solution of Eq. (13) converges to a prime period-k solution.

In the following theorem we will establish that, when k = 2 or k = 3,
the average over k values of a period-k solution

ey L0y ey The1y e

of Eq. (13) is smaller than the average over the k positive values of the
sequence {f3, — 1}. In other words period-two and period-three are both
deleterious for the population.

Theorem 3. Assume that k = 2 or k = 3 and that the sequence {3, } is periodic
with prime period k, with values greater than one. Then
k=1 k—1
; i S i — 1
Zz:O z Ezfo (6 ) ) (14)

PR i

Proof. When k = 2, observe that
(Bo—D+(Br—1) To+T1 _ (21 —m0)*(x1 +20+1)

2 2 2wy
from which the result follows. When k = 3, we find that

)

2 _ _ _ _ _ _

x1 T1T2 €2 T2Z0 Zo ToT1

E gi=—+—+—+—+—+ —.

o Zo Zo x1 T1 T2 T2
1=
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Due to the fact that

and

;E;jg " 56;91?0 " f;ijl > To+ 71 + T
the result follows. The proof is complete. O
The result of Theorem 3 is not true, when k = 4. Observe that, given
To,T1,T2,23 € (0,00)

there exist
Bo, B, B2, B3 € (1,00)
such that
o T0, T, T2, Ty, To, T, T2, T3, - . - (15)
is a period-four solution of Eq. (13). Indeed, by setting
By = f1(17+ 73) = 552(1:&- 9?0)7 By= 563(1:&- z) and fa= f0(17+ )

T T To T3
(15) is a period-four solution of Eq. (13). In particular, when
Bo = 1.09109, By = 9174.4, B = 11000, and S5 = 1100,
we find that
..., 1000, 100000, 109, 10, 1000, 100000, 109, 10, . . .

)

is a prime period-four solution of Eq. (13). In this particular example
Z?:O T; > Z?:O(ﬁl - 1)
4 4
and so period-four might be beneficial for the population, in the sense

that the average population might be more in such a periodic environment
than it is in a constant environment.

Open Problem 2. For all values of k > 4 find necessary and sufficient conditions
in terms of the parameters

507 sy ﬂk*l
such that
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5. The Beverton-Holt Equation

The equation

$n+1:14_f7nB$,n:0,17... (16)
with 4,, = %, B, = L‘%, {K,} periodic sequence of prime period k, with
positive values, and with p > 1, is the periodic k-Beverton-Holt equation

pKnx,

KBt 01,
K,+ (u— 1Dz,

Tnt1 =
Cushing and Henson conjectured in® that every positive solution of this
equation converges to a period-k solution and also that the average over k&
values of a period- k solution is smaller than the average of the k values of
the sequence {K,}.

This conjecture was established by S. Elaydi and R. Sacker in.!?> The
convergence result was also established earlier by Clark and Gross in” and
by Kocic and Ladas in.'” The following theorem which contains Eq. (16) as
a special case has been recently established.

Theorem 4. (See®) Assume that each one of the sequences {A,}, {B,}, and
{Cy} is periodic with prime period k, with positive values. Then every positive
solution of each one of the following equations:

Tn

n = 5 = U, 17 e 17

Tl An + Bna:n " 0 ( )
xn

g1 =—————,n=0,1,... 18

Tt An + Cnivnfl " ( )

x = In n=20,1 19)

n+1_An+ann+Onxn—17 — Yy

converges to a period-k solution when
k—1

[T4 <t (20)
=0

Remark 1. When

k—1
H A; > 1.
1=0

every positive solution of each one of the four equations listed in the pre-
vious Theorem converges to zero.
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The equation with constant coefficients

Tn

A+ Bx, +Cx,_q

Tnt+1 = 5 TLZO,I,... (21)

was investigated in [,'”Kocic and Ladas], where it was shown that when
A>0

every positive solution converges to the positive equilibrium. We present
here a new, simple, and elegant proof that, every positive solution of
Eq. (21) converges to the positive equilibrium. It is an amazing fact that
the idea of our proof also extends to the periodically forced Eq. (1) (see®).

Theorem 5. Every positive solution of Eq. (21) converges to a finite limit.

Proof. When A > 1, the proof follows from the inequality
T < l
n+l > Axn
Assume that

A<l

and let {x,, } be a positive solution of Eq. (21). From Eq. (21) it follows that

1
n < —, f > 1.
T B or n >

We also claim that {z,} is also bounded from below, that is,

liminf 2, > 0. (22)

n—oo

Assume for the sake of contradiction that there exists a sequence of indices
{n;} such that

ZTni+1 — 0 and zp,41 <z, for j <n;+ 1. (23)
Then, clearly
ZTp, and x,,—1 — 0.

There exists a positive number ¢, such that
1—A

€<B+C

and that for ¢ sufficiently large

T,y Tpn;—1 < E.
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Then, eventually

L, Tn;
il S A By, + Cap1 . A+ (B4 C)e ~

which contradicts (23) and proves (22). Using the change of variables

1
Yn = —,
xn
Eq. (21) becomes
Cyn
yn+1:B+Ayn+—ya n=0,1,.... (24)
n—1
From this it follows that
n B
Yoo B, C ., n=0,1,...
Yn Yn Yn—1
and so
CB C?
Ynt1 =B+ CA+ Ay, + + , n>0. (25)
Yn—1 Yn—2
Set
S =limsupy, and I = liminfy,. (26)
It suffices to show that
I=25.
Indeed,
SI < (B+CA)I +ASI+CB+C?
and

SI > (B+CA)S+ AST+ OB + C?,
from which we find that
(B+CAS+CB+C?*<(1—-A)SI<(B+CAI+CB+C?

and so

The proof is complete. O
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We derive a threshold value for the coupling strength in terms of the topological
entropy, to achieve synchronization of two coupled piecewise linear maps, for
the unidirectional and for the bidirectional coupling. We prove a result that
relates the synchronizability of two m-modal maps with the synchronizability
of two conjugated piecewise linear maps. An application to the bidirectional
coupling of two identical chaotic Duffing equations is given.

1. Introduction

Synchronization is a process wherein two or more systems starting from
slightly different initial conditions would evolve in time, with completely
different behaviour, but after some time they adjust a given property of
their motion to a common behaviour, due to coupling or forcing. Various
types of synchronization have been studied. This includes complete synchro-
nization (CS), phase synchronization (PS), lag synchronization (LS) gener-
alized synchronization (GS), anticipated synchronization (AS), and others
[2]. The coupled systems might be identical or different, the coupling might
be unidirectional, (master-slave or drive-response), or bidirectional (mutual
coupling) and the driving force might be deterministic or stochastic.
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In [3], A. Kenfack studied the linear stability of the coupled double-
well Duffing oscillators projected on a Poincaré section. In [4], Kyprianidis
et al. observed numerically the synchronization of two identical single-well
Duffing oscillators.

In this work we investigate the unidirectional and bidirectional syn-
chronization of two identical m + 1 piecewise linear maps and obtain,
analytically, the value of the coupling parameter for which the complete
synchronization is achieved. Then, we study the relationship between the
synchronization of two coupled identical m—modal maps and the synchro-
nization of the corresponding conjugated piecewise linear maps. Next, we
verify numerically the chaotic synchronization of two identical bidirection-
ally coupled double-well Duffing oscillators.

2. Main results

Consider a discrete dynamical system wup,+1 = f(u,), where u =
(u1,u,...,um) is an m-dimensional state vector with f defining a vec-
tor field f : R™ — R™. The coupling of two such identical maps
Zn+1 = f(xn) and yp41 = f(yn) defines another discrete dynamical sys-
tem ¢ : Ng x R?™ — R?™ e, ©(0,2,9) = (z,y), V(z,y) € R*™ and
ot +5,2,y) = p(t, o(s,2,9)), ¥(z,y) € R*™, ¥(t, ) € Ng.

Denoting by k the coupling parameter, if we consider an unidirectional
coupling

{ Tpt1 = f(Tn) (1)
Ynt1 = [(yn) +k[f(zn) — flyn)]

then ¢(n,z,y) = (f(zn) , f(yn) + k[f(zn) — f(yn)]). If the coupling is
bidirectional

{ Tppr = f(en) = k[f(2n) = fyn)]
Ynt1 = fyn) + E[f(zn) = flyn)]

then o(n, z,y) = (f(@n) + £ [f(yn) = f(@n)] , f(yn) + & [f(2n) — f(yn)])-

To be able to say if the two systems are synchronized we must look to
the difference z, = y, — x, and see if this difference converges to zero, as
n — oo. If the coupling is unidirectional then

znpr = (L= k) [f(yn) — flan)]. 3)
If the coupling is bidirectional then

Zn1 = (L= 2k) [f(yn) — f(2n)] .- (4)

(2)
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These two systems are said in complete synchronization if there is an
identity between the trajectories of the two systems. In [7] and [8] it is
establish that this kind of synchronization can be achieved provided that
all the Lyapunov exponents are negative.

2.1. Synchronization of piecewise linear maps

Let I = [a,b] C R be a compact interval. By definition, a continuous map
f I — I which is piecewise monotone, i.e., there exist points a = ¢y <
1 <+ ¢y < C¢ms1 = b at which f has a local extremum and f is strictly

monotone in each of the subintervals Iy = [co,c1], ...y I = [Cm, Cmt1], 18
called a m-modal map. As a particular case, if f is linear in each subinterval
Iy, ..., I, then f is called a m + 1 piecewise linear map.

By theorem 7.4 from Milnor and Thurston [5] and Parry [6] it is known
that every m-modal map f: I = [a,b] C R — I, with growth rate s and
positive topological entropy htop(f) (logs = hiop(f)) is topologically semi-
conjugated to a p + 1 piecewise linear map T, with p < m, defined on the
interval J = [0, 1], with slope +s everywhere and hyop(T) = hiop(f) = log s,
i.e., there exist a function h continuous, monotone and onto, h : I — J,
such that T'o h = h o f. If, in addition, h is a homeomorphism, then f and
T are said topologically conjugated.

According to the above statements, we will investigate the synchroniza-
tion of two identical p 4+ 1 piecewise linear maps with slope +s everywhere
(Theorem 2.1.) and also the synchronization of two identical m-modal maps
(Theorem 2.2.).

In what follows we will use the symbols f and k to represent, respec-
tively, the m-modal map and its coupling parameter and the symbols 7" and
c to represent, respectively, the p 4+ 1 piecewise linear map and its coupling
parameter.

Let T : J = [a1,b1] C R — J, be a continuous piecewise linear map, i.e.,
there exist points a1 = dop < di1 < ---dp < dpy1 = by such that T is linear in
each subintervals J; = [d;, di+1], (i =0, ..., p), with slope +s everywhere.

So, the unidirectional coupled system for T is

Yop1 =T(Yn) +¢[T(Xn) - T(Ya)]

and the difference Z,, = Y,, — X,, verifies

Zny1r =1 =) [T(Yn) = T(Xn)]. (6)
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For the bidirectionally coupled system

{ X1 =T(Xpn) —c¢ [T(Xn) - T(Yn)] (7)
Y1 =T(Y,) +c[T(Xn) —T(Yn)]
the difference Z,, = Y,, — X,, verifies
Zny1=(1-20) [T(Ys) — T(Xn)]. (8)

Theorem 2.1. Let T : J — J, be a continuous p + 1 piecewise linear
map with slope +s everywhere, with s > 1. Let ¢ € [0,1] be the coupling
parameter. Then one has:

(i) The unidirectional coupled system (5) is synchronized if
s—1
Pt

c>

(ii) The bidirectional coupled system (7) is synchronized if

s+1> >s—1
c .
2s 2s

Proof. Attending to the fact that 7' is linear with slope +s in each subin-

terval Jo, ..., Jp, then, the total variation of T" is
z+1 P
Ve T /|T’ )| dt = / T dt =53 [digs — di = 5 by — aa]
=0 d; =0
We have
Y. Y,
T(¥) = (%) = | [ T'0) ] < [ [T/0)]de = Vi (1) = 5[ = X,
n X”'L

Attending to (6), it follows that,
|Znt1] < |(1—c) s||Zn| and then |Zg| <|(1—c)s|[Zo].
So, letting ¢ — oo, we have lim |(1 —¢)s|?|Zg| =0, if |(1 — ¢) s| < 1. The
q— 00

previous arguments shows that, if ¢ € [0, 1] then the unidirectional coupled
system (5) is synchronized if ¢ > =1

On the other hand, using the same arguments as before and attending
to (8), we have

| Zns1] < |(1 = 2¢) 8| | Zn| and then |Z,| < |(1 - 2¢) s|?|Zo| .
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Thus, considering ¢ — oo, we have lim |(1—2c)s|?|Zy] = 0, if
q— 00
|(1 —2¢)s| < 1. Therefore, we may conclude that, if ¢ € [0, 1] the bidi-

. o c . ie s+l 1
rectional coupled system (8) is synchronized if 5= > ¢ > . O

Note that, the bidirectional synchronization occurs at half the value of
the coupling parameter for the unidirectional case, as mentioned by Belykh
et al [1].

2.2. Conjugacy and synchronization

In this section our question is to know the relationship between the synchro-
nization of two coupled identical m-modal maps and the synchronization
of the two coupled corresponding conjugated p + 1 piecewise linear maps,
with p < m. Consider in the interval J the pseudometric defined by

d(x,y) = |h(z) = h(y)| .

If h is only a semiconjugacy, d is not a metric because one may have
d(z,y) = 0 for x # y. Nevertheless, if h is a conjugacy, then the pseu-
dometric d, defined above, is a metric. Two metrics d; and dy are said
to be topologically equivalent if they generate the same topology. A suffi-
cient but not necessary condition for topological equivalence is that for each
x € I, there exist constants k1, ko > 0 such that, for every point y € I,

kl dl(may) g d?(may) g kQ dl(xvy)

Consider the pseudometric d defined above, dao(z,y) = d(z,y) and

dl(xay) = |(E - y‘ .
Suppose h : I — J is a bi-Lipschitz map, i.e., 3 N, M > 0, such that,

0 < Nz —y| < |h(z) = hy)] < Ml —y|, Y(z,y) € I 9)

If h is a conjugacy and verifies (9), then the metrics d and |.| are equivalents.

Consider f : I'[a,b] C R — I a m—modal function with positive entropy.
For the unidirectional coupled system given by (1) we have the difference
(3). As for the bidirectional coupled system given by (2) we have the dif-
ference (4).

As an extension of Theorem 2.1., for the synchronization of piecewise
linear maps, we can establish the following result concerning the synchro-
nization of the corresponding semiconjugated piecewise monotone maps.

Theorem 2.2. Let f: I — I, be a continuous and piecewise monotone map
with positive topological entropy hiop = logs and h : I — J a semiconjugacy
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between f and a continuous piecewise linear map T : J — J, with slope +s
everywhere. If there exist constants N, M > 0 satisfying (9), then one has:
(i) The unidirectional coupled system (1) is synchronized if

N1
k>1——-—.
> M s

(ii) The bidirectional coupled system (2) is synchronized if

Proof. If f is monotone in the interval [x,y], then T is monotone in the
interval [h(z), h(y)], because h is monotone, so

[h(f(2)) = (f(w)] = T (W) = T(h(y))| = s [h(z) = h(y)|-

Therefore d(x,y) = s~ *d(f(z),f(y)), if f is monotone in the interval
[z,y]. If [ is not monotone in the interval [x,y], but there exist, points
¢i (i =1,...,p—1), such that ¢; < ciy1, ¢; € [x,y] and f is monotone in

each subinterval I = [x = co, 1], L2 = [c1,¢2) ..., Ip = [cp_1,y = ¢p], we
have
p—1
d(z,y) = Zd(cj,cﬂ_l)
§=0

= *Zd flejan))

=5 Z 7 (f(c5)) = h(f(¢j41))]
*llh(f(x)) h(f(y))l
=s"'d(f(2), f(y)

So, we can write d(z,y) > s~'d (f(z), f(y)), Va,y € 1. From (9) and for
the unidirectional coupling (3) we have

A(Ynt1:Tng1) < M Y1 — Tng1| = M1 = k|| f(yn) — f(2zn)]
<M1=k N (f(yn), f(@n) < M1 =K N""s d(yn, xn).

It follows that

d(Yntrs Tngr) < M" |1 — k|r N7"s"d(yn, Tn),
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$0 d(Yntrs Tntr) — 0df ‘M (1-k) N’ls‘ < 1. Then, the coupled system
(1) is synchronized if

N1
k>1——-.
M s
For the bidirectional coupling (4) and using the same arguments as be-
fore, we also have that

A(Yni1,Tns1) < M1 —2k| N7's d(yn, z,,).

1t follows that d(yn+r,Tntr) — 0 if |M(1 —2k) N‘15| < 1. Then, the
coupled system (2) is synchronized if

2 M s 2 Ms)’ o

Denote by k* the synchronization threshold for (1), i.e. the system of
piecewise monotone functions synchronizes for k& > k*. Denote by c¢* the
value such that for ¢ > ¢* the system of piecewise linear maps (5) is syn-
chronized. Note that

N1 —k*) = M(1 - c*). (10)

With the assumptions we made, if the piecewise monotone coupled
maps synchronizes, so do the conjugated piecewise linear coupled maps
and conversely, if the piecewise linear coupled maps synchronizes, so do the
conjugated piecewise monotone coupled maps. In fact, from (9) we have
d(Yn, Tn) < M |y, — x|, therefore if system (1) synchronizes for k > k*,
then system (5) synchronizes for ¢ > ¢*, because k* > ¢*. On the other
hand, we have also from (9), |y, — n| < N71d(yn,x,), therefore if the
system (5) synchronizes for ¢ > c¢*, then the system (1) synchronizes for
k> k* with k* verifying (10).

For the bidirectional coupling, we have

so the synchronization interval for the piecewise monotone coupled maps
is contained in the synchronization interval for the conjugated piecewise
linear coupled maps.
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3. Duffing oscillators’s example and symbolic
synchronization

Consider two identical bidirectionally coupled Duffing oscillators, see [3]
and references therein

{x"<t>=x<t> £(t) — ox/(1) + k[y(t) (0] + B Cos(ur) |
() = y(t) — 4*(6) — ay' (1) — k[y(t) — 2()] + B Cos(wt)

where k is the coupling parameter. We consider parameter values for which
each uncoupled (k = 0) oscillator exhibits a chaotic behaviour, so if they
synchronize, that will be a chaotic synchronization. We did a Poincaré sec-
tion defined by y = 0 and found in the parameter plane («, 3), a region U
where the first return Poincaré map behaves like a unimodal map and a
region B where the first return Poincaré map behaves like a bimodal map.
We choose, for example, w = 1.18, 29 = 0.5, 2, = —0.3, yo = 0.9, y, = —0.2
and o = 0.4, 8 = 0.3578, for the unimodal case and o = 0.5, 8 = 0.719, for
the bimodal case.

1y k=0.016

Fig. 1. Evolution of x versus y for the bidirectional coupled Duffing oscillators, for some
values of k, in the unimodal case (o« = 0.4, 8 = 0.3578).

Numerically we can see the evolution of the difference z = y — x with
k. The synchronization will occur when x = y. See some examples in Fig. 1
for the unimodal case. Although not shown in this figure, the graphics of
the difference y — x for k greater then 0.122 are always a diagonal like in
the picture for k£ = 0.25, showing that these Poincaré unimodal maps are
synchronized. For a = 0.4 and 8 = 0.3578 we have h = 0.2406. .., then
s = 1.272... If the coupled maps where piecewise linear maps with slope
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s = £1.272, the synchronization will occurs for ¢ > ¢* = % = 0.107 and
we see numerically that these unimodal Poincaré maps for the Duffing equa-
tions synchronizes at a little greater value, k* ~ 0.122, so these pictures
confirms numerically the above theoretical results, though we cannot guar-
antee that the semiconjugation between the unimodal and the piecewise
linear maps is a conjugation.

4. Conclusions

We obtained explicitly the value ¢* of the coupling parameter, such that
for ¢ > ¢* two piecewise linear maps, unidirectional or bidirectional coupled
are synchronized. Moreover we prove that, in certain conditions, the syn-
chronization of two m-modal maps is equivalent to the synchronization of
the corresponding conjugated piecewise linear maps, but for different values
of the coupling parameter. A numerical application to the coupling of two
Duffing equations is given.
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Iteration of smooth maps appears naturally in the study of continuous diffe-
rence equations and boundary value problems. Moreover, it is a subject that
may be studied by its own interest, generalizing the iteration theory for interval
maps. Our study is motivated by the works of A. N. Sharkovsky et al.1:3 | E.
Yu. Romanenko et al.? | S. Vinagre et al.* and R. Severino et al.’ . We study
families of discrete dynamical systems of the type (€2, f), where Q is some class
of smooth functions, e.g., a sub-class of C"(J,R), where J is an interval, and
f is a smooth map f : R — R. The action is given by ¢ — f o ¢. We analyze
in particular the case when f is a family of quadratic maps. For this family we
analyze the topological behaviour of the system and the parameter dependence
on the spectral decomposition of the iterates.

Keywords: Smooth map, difference equations, spectrum, symbolic dynamics,
discrete dynamical systems, iteration theory.

1. Introduction

Usually the term iteration of smooth functions means that we have a smooth
function f and we study the behaviour of the orbits of points, under itera-
tion of f. In the present paper, we also have a smooth function f. However,
here, the term iteration of smooth functions means that the underlying
space of the dynamical system is a space of smooth functions, therefore the
orbits or trajectories, under iteration of f, are no longer points in an interval
but smooth functions. Therefore, we deal with infinite dimension discrete
dynamical systems. Iteration of smooth functions appears naturally in dif-
ferent contexts, namely difference equations and boundary value problems,
see for example!® . Among boundary value problems for partial differen-
tial equations, there are certain classes of problems reducible to difference
equations and to other relevant equations. These classes consist mainly on
problems for which the representation of the general solution of partial dif-
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ferential equations is known. The reduction to a difference equation with
continuous argument, followed by the employment of the properties of the
one-dimensional map associated with the difference equation, allows an in-
sight into the properties of chaotic solutions for the original problem.

2. Iterated smooth functions
Let us consider the quadratic family depending on the parameter pu,

furR—=R
z +— 1 — pz?

with . = 0 being the critical point. Note that there is an invariant interval
which is [—1, 1]. Regarding the iteration of the interval map f, we have the
following: as usual, we assign the symbols L (left) and R (right) to each
point z in the subintervals of monotonicity [—1,0) and (0, 1], respectively,
and the symbol C to the critical point . = 0. The address of z, ad(x), is this
assignment. Therefore, we get a correspondence between orbits of points
and symbolic sequences of the alphabet {L,C, R}. This correspondence is
called the itinerary by the map f,,

ity, (z) = ad (z) ad (fu (z)) ad (fﬁ (a:)) ....e{L,C, R}N.

An admissible sequence is a sequence in {L,C, R} which occurs as an
itinerary for some point € [—1,1] and an admissible word is some word
occurring in an admissible sequence.

The itinerary of the image of the critical point is of particular impor-
tance and it is called the kneading sequence K\, =ity (f.(0)) = K1 K>... €
{L,C, R}N.

Let X = {z1,22,...,2,} C [~1,1]. We define orby, (X) = .(EJOO
j=

fl(X).

Now, consider the following class of smooth functions

A={peC>([0,1]) : ¢'(0) = ¢'(1) = 0} .
Every function in A can be written as a linear combination of cos(kmx)
(the cosine - Fourier expansion). We also consider the space

BZ{QDEA:@(QC) :chcos(kmc),nEN},

k=0
the space of the functions in 4 which are finite linear combinations of the
cos(kmx). Let T}, be the operator
T,:A— A
@ = fuop.
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Note that T}, is well defined since (f, o ¢)’ (0) = (f, o) (1) = 0. We
will be interested in the discrete dynamical system (A,T),). Since f, is a
polynomial map, we have T, (B) C B and we also consider the dynamical
system (B,T),), where T, means T),3. Moreover, if $ € A and I'm(¢) C
[—1,1] then Im(TF¢) C [-1,1] for every k € N. We will assume, unless
otherwise stated, that I'm(¢) C [-1,1].

2.1. Localization of critical points and critical values

Let Is,..s, C[—1,1] denote the interval of points x which satisfy
ad(z) = So, ad(f.(z)) = Si,..., ad(f}(z)) = Sk.

Proposition 2.1. Let ¢ € A and let J C [0,1] be an interval. If ¢|;(x) is
a mazimal (resp. minimal) value in Igs, .. s, , then fo @ ;(x) is a minimal
(resp. mazrimal) value in Is,. s, . If ¢|;(x) is a mazimal (resp. minimal)
value in Irs, .. .s,, then f, o ¢ ;(x) is a mazimal (resp. minimal) value in
Is,..s-

Proof. First, by the definition of Ig,. s,, we have f,(Is,...s,) = Is,...5

for any admissible word Sp...Sk. Next, since f,|;, is decreasing it reverses
the order, therefore maximal (resp. minimal) points for ¢; in some .J,
subinterval of [0, 1], correspond to minimal (resp. maximal) points for f, o
¢|s- The same reasoning, noting that f,;, is increasing and preserves the
order, leads to the claimed result. O

Let ¢(¢) denote the set of the critical points of ¢ € A, c¢v(¢) the set
of the critical values of ¢ € A and z(¢) the set of zeros of ¢. Note that

ev(¢) = ¢(c(9)).

Proposition 2.2. Let ¢ € A. Then
c(fuo @) =2z(¢) Uc(g) and cv(fy o @) = fu (¢ (2(¢))) U fu (cv(e)) -

Proof. From the chain rule (f, o ¢)’ (z) = fu(¢(x))¢' (z) = 0. Therefore,
either ¢/(z) = 0 or f,(¢(x)) = 0. The first claim follows. The critical values
of f,o¢ are naturally the images under f, o ¢ of the critical points of f, 0.
Moreover, f,, (cv(®)) = fu o ¢(c(¢)) and the result follows. O

A consequence of this result is the following;:
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Fig. 1. a) Graph of the restriction of a function ¢, in a subinterval J, with a maximum
(resp. minimum) in the region Iryr. b) Graph of the restriction of f, o ¢, in the same
subinterval J, which has a minimum (resp. maximum) in the region Iz g.

Corollary 2.1. Let ¢o € A and ¢pr41 = fu 0 ¢r. Then

() = Oz F(60)) Ue(oo)
and
ov(dnn) = O A7 (65((6:)) U S5 (ev(on))

This last result means that the maxima and minima of the iterates ¢y
of some initial function ¢g are obtained from the orbits of the maxima and
minima of ¢y and the appearance of new critical points corresponds to the
appearance of new zeros of ¢g, @1, ..., ¢r. A similar phenomena is presented
in R. Severino et al.’ . In order to illustrate the results given above, consider
the Figures 1, 2 and 3.

By the previous results, the critical points of a function ¢ € A are
also critical points of f, o ¢, that is, ¢(¢) C c(f, o ¢). Moreover, if ¢ has
a zero then it will be also a critical point of f, o ¢. Now, let y be a j-
pre-image of 0 under the iteration by f,. The itinerary of y will be in
the form Sl...Sj_chlKQ..., (I‘GC&H that K:H = Z.tf“ (fH(O)) = KlKQ) for
some admissible word S;...S; € {L, R}/. Therefore, if k € N is fixed and
if we represent the horizontal lines, ordered by the symbolic sequences,
corresponding to every j-pre-image of 0, with 0 < j < k, we obtain a
procedure to identify all the new critical points and critical values up to
the iterate k of any ¢ € A. These new critical points and values will be the
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Fig. 2. a) Graph of the restriction of a function ¢, in a subinterval J, with a maximum
(resp. minimum) in the region Ir;r. b) Graph of the restriction of f, o ¢, in the same
subinterval J, which has a maximum (resp. minimum) in the region I r.
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Fig. 3. a) Graph of the restriction of a function ¢, in a subinterval J, with zeros at
some points z1 and z2 and a maximum (resp. minimum) in the region Igrrr (ILRL)-
b) Graph of the restriction of a function f, o ¢, in the same subinterval J, with new
maximal values at 1 and z2 and a minimum in the region Iy (Igr); note that in b)
the vertical scale is changed.

intersection of ¢ with the horizontal lines referred above, see Figures 4 a)
and 4 b).

2.2. Spectrum

Now, we analyze the spectral evolution under iteration of f, and its depen-
dence on the initial condition and on the parameter p.

Theorem 2.1. Let ¢o(z) = E}n:oo ¢;(0) cos(jmz) € B, with mg € N and
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Fig. 4. a) Graph of ¢o(x) = ao + a1 cos(3wz) with ap = —0.5, a1 = 0.05 so that
¢5 = fﬁ o ¢ has three new critical points (u = 2). b) Graphs of the k—iterations under
fu of ¢o(x) = ag + a1 cos(3nz), with = 2, ap = —0.5 and a; = 0.05.

¢j(0) €R, j=0,....,mo. Let ¢, = [ 0 o = 1%, ¢j(k) cos(jmx). Then

colk+1) =1—peo(k)? = 5> en(k)?
and
er(k+1) = —% > erj(k)ej(k) — p Z ¢j—r(k)e;(k),
=0 j=r

with my, = 25my.

Proof. Let ¢ = Y7 ¢;(k) cos(jmz) = ff o do. We have ¢pp1 = 1 —
p(on)’ = Z;’foﬂ ¢;j(k+1)cos(jmz), i.e.,

1— pco(k) + c1 (k) cos(mx) + ... 4 m,, (k) cos(mymz)]?

M4+
= cr(k 4 1) cos(rmz).
r=0

AR
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Since cos(imz) cos(jmz) = 1 [cos((i + j)mz) + cos((i — j)mz)], we have for
r =0,

1 1
w®+4)=1—§“§: quﬂm+§“§: cs(k)e; (k)
N T

:1—#%wf—g§:%@ﬁ
n=1

and for r > 0,
M H
Gk =-5 S amem -5 Y aken
i j=1,my: i j=1,..,mp:
itj=r li—jl=r

= =LY e (k) = £ erns (e (k) = £ e (k)es ().
§=0 j=0 j=r

Since Y cpqj(k)e;(k) = Zij_r(k)Cj(lf) the claim follows. 0
j=r

Jj=0

The Figure 5 illustrates the spectral dependence on the parameter .

If ¢ € B it makes sense to talk about the maximal harmonic of ¢,
denoted by m(¢) (corresponding to a maximal frequency). It is equal to
the maximal natural number m so that the coefficient of cos(mmzx) in the
¢ cos-expansion is non-zero. We define also v(¢) as the absolute value of
this coefficient. Next, we obtain an explicit dependence of v(¢y) on the
parameter u. Thus, we see v(¢y) as a function of p that is v(¢g) = v(dk, p).

Proposition 2.3. Let ¢ € B and ¢y, = f[f o¢. Then v(dk, 1) is an increa-
sing function on p for every k > 1 and for every initial condition ¢. As a
consequence, V(i 1) depends monotonically on the topological entropy.

Proof. Let ¢ € B and ¢, = fff o ¢ for some k € N. From the Theorem
2.1 we have that my = m(¢r) = 2¥m(¢) and v(ék, i) = |cm, (k)|- A sim-
ple computation shows that ¢, ,, (k +1) = —4¢p, (k)? and consequently
v(pw, ) = ap®, for some real number a and N integer. Therefore, in the
considered interval p € [0,2], the function v(¢s, p) is monotone. Since the
topological entropy of f,, depends monotonically on p, the result follows.
O
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In this work we derive the formula which connects the number of focal points
in (0, N + 1] for conjoined bases of symplectic difference systems. The similar
result is obtained for the number of focal points in [0, N+41). We prove that the
number of focal points in (0, N +1] and [0, N +1) for the principal solutions at
i =0 and i = N 4 1 coincides. The consideration is based on the new concept
of the comparative index.

1. Introduction
We consider the symplectic difference system

, A; By X
K+1—Wi}fi,l—07l,...,N, Wl_|:chZ:|7}/7;_|: :|7 (1)

01
T ; = =
WTIW; =, J [—10]’

where W;, Y;, J are real partitioned matrices with n x n blocks, and I, 0
are the identity and zero matrices.

A matrix solution Y; of (1) is said to be a conjoined basis of (1) if the
conditions YiT JY; =0, rankY; = n hold. For two conjoined bases Y;, Yl of
(1) the Wronskian identity [1]

w(Y;,fQ) = w; = const (2)

holds.
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According to the definition [1], a conjoined basis of (1) is said to have
a focal point in (7,7 + 1] if the conditions

KerXH_l g KerXi,

XX}, ,B; >0

do not hold (here, 1 denotes the Moore-Penrose inverse [2] of the matrix A,
KerA denotes the kernel of A, for a symmetric matrix A we write A > 0 if
A is positive semidefinite).

Recent results [4-8] in Sturmian theory of (1) are based on the following
concept of the multiplicities of focal points introduced in [3].

Definition 1.1. A conjoined basis Y; has a focal point of the multiplicity
mq(2) at the point 7 + 1 if mq(¢) = rankM;, where

M; = (I = X X[y, ) B
and this basis has a focal point of the multiplicity meo(¢) in the interval
(iyi + 1) if mo(i) = ind(TF X, X BiT;), Ty = I — M M;, where indA is
the number of negative eigenvalues of a symmetric matrix A. The number
of focal points in (4,4 + 1] is defined by m (¢) = mq (i) + ma (7).
Consider the reciprocal symplectic system [1]
DI —BT
il @

Observe that Y; solves (1) if and only if Y; solves (3). By the definition [1],
a conjoined basis of (3), (or (1)) is said to have a focal point in [¢,7 + 1) if
the conditions

Yi = W Wi, Wit = {

KerX; C KerX;,1,
Xin X/ B >0

do not hold. By analogy with Definition 1.1 introduce the number of focal
points in [¢,7 + 1) interchanging the roles of ¢ and 7 + 1.

Definition 1.2. A conjoined basis Y; of (3) has a focal point of the mul-
tiplicity mj () at the point ¢ if

m* (i) = rangM;, M; = (I - leXj) BY,
and this basis has a focal point of the multiplicity m3(¢) in the interval

(4,1 +1) if ma(i) = ind(TlTXHlXJBiTTi), T,=1- MJJ\NL The number of
focal points in [i,i + 1) is defined by m* (i) = m¥ (¢) + m3 ().
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Recall that the conjoined basis Y,? of (1) given by the initial conditions
Xo =0, Uy = I is called the principal solution of (1) at 0. The principal
solution of (3) at N + 1 given by Xy41 = 0, Unvy1 = —1I is denoted by

YN *1. Define the numbers of focal points
N N
10Y;) = mli), I"(Ys) = Y _m" (i) (4)
=0 i=0

for a conjoined basis Y; in (0, N + 1] and [0, N + 1) respectively.

In the recent papers [4, 8] the following inequality |I(Y;) — 1(Y;)| < 7 is
proved for conjoined bases Y;, Y; of (1). In [7] we derive an equality which
connects 1(Y;) and I(Y;) for conjoined bases Y;, ¥; (see also Theorem 3.1

in section 3). Using the similar formula for [*(Y;) and I*(Y;) we prove the
following theorem.

Theorem 1.1. IfY? and YiN+1 are the principal solutions of (1) at 0 and
N + 1 respectively, then

L= U(Y0) = ' (V).

The consideration is based on the concept of the comparative index [6]
closely related to the concept of the multiplicities of focal points [3].

2. The main properties of the comparative index

In this section we consider 2n x n-matrices Y = [?ﬂ , Y = )U(] which
obey the conditions
YTJYy =0,YTJY =0,
rankY = rankY = n.
Introduce the matrices
w=w,Y)=YTJY (5)
w=w'(Y,Y)=YTJTY. (6)

Then the comparative index u(Y,Y) = p1(Y,Y) + pua(Y,Y) associated with
(5) is defined by the following formulas

p1(Y,Y) = rankM, M = (I- XTX) w, (7)
12(Y,Y) = indP, P = 77 (wTXTX) T.T=I-MM (8
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Introduce the reciprocal comparative index p*(Y,Y) = pi(Y,Y) +
15 (Y,Y) (associated with (6)) replacing w by w* in (7), (8).
Because of JT = —J, w*(Y,Y) = —w(Y,Y) we have that

pi (Y, Y) = (Y, Y)v ps (Y, }A/') = ind(—P), (9)

where P is defined by (8).
According to Theorem 2.1 in [6], the matrix M in (7) can be replaced
by

M=(I-XX")X, (10)
the matrix P in (8) is symmetric and
p=17 (XT[Q - Q]X) T

for any symmetric Q, Q such that XTQX = XTU, XTQX = XTU.
The main properties of u(Y,Y) are formulated in the following theorem.

Theorem 2.1. Let matrices Z, Z be symplectic and Z[0 1T =Y, Z[01]T =
Y, then

i) for any nonsingular n X n matrices C1, Co we have
(Y1, YCo) = (YY), k= 1,2,
i) pe(LhY, LiY) = un(Y,Y), k = 1,2, for any symplectic block lower trian-
gular matriz L,
i) we(Z0NT, Z00)7T) = pi(Zz7 o, Zz7 zo )T, k= 1,2,
i)
p1(Y,Y) = rankX — rankX + i (Y,Y),
pa(YV,Y) = p3(V,Y),

v) w(Y,Y) + p(Y,Y) = rank(w(Y,Y)),
vi) u(JZo N, Jz00N") = wpziont, zont) + wJzont, ot -
p(JZ0 1", [10]T).

The proof based on the factorization approach [6] can be found in [7].
Theorem 2.2. For any symplectic matrices Z, Z, W the following identity
pwzon®, wzon®) =wzon®, zon") +pwzont,wiono

—pwzonT, wionT. (11)
holds.
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Proof. Note that (11) is proved for the important particular cases W = L,
and W = J (see Theorem 2.1 ii), vi)). Next, using the result (see Proposi-
tion 6.2 in [9]) on the factorization of any symplectic matrix in the form
W = JL1JTLyJL3JT, where Ly, Lo, L3 are symplectic block lower trian-
gular matrices it is possible to prove (11) for any symplectic matrix W. For
example, applying sequentially Theorem 2.1 ii), vi), i) we have

p(Wwzont,wzont) =
w(JL1J Lo J Ly JT Z[0 )T, JLy T Lo d LsJT Z[0 1)) =
w(JT Lo d LT Z[0 )T, JT Lyd LsJT Z[0 1)T)+
pWzon®, 10"y —uwzpnr, [rof)=... =
pZon", Zon") +{p" Zo 0", [10]") — " Zl0 0", [10]")+
w(JLsJTZ[0 D)7, [10]7) — u(JLsJT Z[0 1), [10]7)+
w(JTLadLsJT Z[0 17 [10]7) — (JT Lo LsJT Z[0 17, [10]7)+

pWZio 0", [10]") — p(WZ 11", [10]7)}.  (12)
Putting in (12) ZA: I we derive a similar formula for (W Z[0 nr,wiont).
Replacing Z by Z we obtain a similar expansion for u(W Z[0 1], W[0 I]7).
Next, it is easy to verify directly that the bracketed expression in (12)

coincides with u(WZ[0 1|7, W[0 1)T) — w(W Z[0 I)T, W[0 I]7). The proof is
completed. 0

Note that in Theorem 2.1, Theorem 2.2 we can interchange the role of
@ and p*. So we have the following theorem for p*.

Theorem 2.3. For any symplectic matrices Z, Z, W the following identity
pr(zlonT, zony = wwzon*, wzo ")+ (zont, won"
— 2N, w o). (13)

holds.

3. Separation results

In this section we apply the concept of the comparative index p to the
oscillation theory of (1). So we connect this concept with the concept of
the multiplicities of focal points.
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Lemma 3.1. If Z; is a symplectic fundamental matriz for (1) and Y; =
Z;[00T, then

(i) = i (Zea 0 17, Wil0 1]7) = i (ZA 0 117, 2720 7Y, (14)
mi (i) = pp(Z0 )T, W0 ") = p(Z7 10 1)T, Z25 [0 1)7) k= 1,2,
(15)
where m(i) and m* (i) are the numbers of focal points of Y; in (i,i+ 1] and
[i,7+ 1) respectively.

Proof. Note that the proof of

(14) is presented in [6] (see Lemmas 2.2,
2.3). Consider the proof of (15).

By the definition of p*(Y, Y) (see

section 2) for the case Y := Y;, Y = W, 'oI]" = [-B; A7,

we have pi(ZJ[0N7, W, 0IT) = mi(i), where we use (10), ()
for the evaluation of pi(Y,Y). Next, w* = YIJTW 'on’ =
YIWTJT0NT = —XT,, then by (8), pi(Z0NT, Wl onT) =

ind7™ (w* TXJ(—BiT)) T = mij(i), where we use the notation of Defi-

nition 1.2. Note that pi(Z;[0 17, W, ' [01)T) = pue(Z; 0 1)7, 1+1[OI] )
holds because of Theorem 2.1 iii), where we use addltlonally that Z; Zl 1=
Wi_l. The proof is completed. O

Remark 3.1. Note that mq(i) = rankMi, M; = (I - XJHXZ-H)XZ.T by
(14), and M; in Definition 1.1 can be replaced by M; because of Lemma 3.1.

Corollary 3.1. If m(i) and m*(i) are the numbers of focal points for a
conjoined basis Y; of (1) in (i,i+ 1] and [i,i + 1) respectively, then

m* (i) — m(i) = rank(X;41) — rank(X;). (16)
Proof. According to Lemma 3.1, m(i) = p*(ZZ4 [0 17, Z;7 [0 1]7),
m*(i) = p(Z; 1017, ZZ4[01)7), then, by Theorem 2.1 iv), we have
W(Z 0TI, 224 [0 1)T) =xank(X, 1) —rank(XoHe* (Z24 [0 117, 270 1)
or (16). |
Corollary 3.2. Let Y;,Y; be conjoined bases of (1) and u(i) =
u(Yi, Vi), 5 (0) = p* (Y, Vi), Then
Auli) = m(i) — ), —Au* (i) = m* (i) — " (), (17)

where m(i), m*(i) and m(i), m*(i) are the numbers of focal points for con-
joined bases Y;, Y; of (1) in (i,44 1] and [i,i+ 1).
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Proof. For the proof we use Theorems 2.2, 2.3. Putin (11) Z := Z;, W :=

Wi, 7 = ZZ7 where Z;, Z are symplectic fundamental matrices for (1),
ie. Zi1 = Wiz, Zerl = W;Z;, and Y; = z;onT Y = Zl[OI] . Then,
according to Lemma 3.1 and (11), we obtain u(Yiy1,Yip1) = u(Y;, Vi) +
m(i) — (i) or the first equation in (17). Similarly, by Lemma 3.1 and (13)
we have p*(V;, Y;) = p* (Yig1, Yig1) +m* (i) —1m* (i) or the second equation
n (17). |

Theorem 3.1. Let Y, Y; be conjoined bases of (1), then
1Y) — (Vi) = j(N +1) = u(0), 1*(Y;) = I*(¥a) = " (0) — p (N + 1), (1)

where 1(Y;), 1*(Y;) defined by (4) are the numbers of focal points for Y; in
(0, N+1] and [0, N +1) .

Proof. Summing the equations in (17) from ¢ = 0 to i = N we derive (18).
O

Corollary 3.3.

IN

1Y) = U¥5)| < rank(w(Y;, V7)) < n,
°(Yi) = I"(Y3)| < rank(w(Y;, V7)) < n, (19)

for the Wronskian w(Y;,Y;) = w; defined by (2).

Proof. By (18), we obtain —u(0) < I(Y;) — I(Y;) < u(N + 1) because

u(i) > 0. Next, by Theorem 2.1 v), we have p(i) < rankw;, then the first

inequality in (19) holds because of the Wronskian identity (2). The proof
of the second inequality is similar. O

Proof of Theorem 1.1. Summing the equations in (16) from ¢ = 0 to
t = N we obtain that
*(Y;) — I(Y;) = rank(Xn41) — rank(Xp). (20)

Using (18), (20) for the case Y; := YN+ V; := Y, where YV, Y2 are
the principal solutions at NV + 1 and 0 we have

PN — 1N = —rank(XgH) (21)
by (20), and
WYY 1Y) = (YR YR) — p(Y YY) =
p([0 = 17 Ya i) — p(YV [0 1)7) = rank(XR4,)  (22)
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by (18) and the definition of z1. Note that rank(Xy' *') = rank(X{_ ;) due

to the Wronskian identity w(Yy, YVt = X! = w(Y9 ,, YIH) =

—X{% . Then, summing (21) and (22) we prove Theorem 1.1. 0
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We have introduced the notion of conductance in discrete dynamical systems
using the known results from graph theory applied to systems arising from
the iteration of continuous functions. The conductance allowed differentiating
several systems with the same topological entropy, characterizing them from
the point of view of the ability of the system to go out from a small subset
of the state space. There are several other definitions of conductance and the
results differ from one to another. Our goal is to understand the meaning of
each one concerning the dynamical behaviour in connection with the decay
of correlations and mixing time. Our results are supported by computational
techniques using symbolic dynamics, and the tree-structure of the unimodal
and bimodal maps.
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1. Introduction

The problem of classification of dynamical systems depends on the context
in which it is applied. It can have a topological, differentiable, algebraic
or other character. In each context there are parameters, which remain
constant in equivalent systems (isomorphic) and we call invariants.

The classification is achieved only when we know all invariants required,
as is the case of Bernoulli systems, where the entropy is a complete invari-
ant. However this situation is uncommon, there are few examples in the
theory where it is known.
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In the last years we have been studying discrete dynamical systems,
arising from the iterates of a Markov real function in the interval f : I — I,

Trp1 = f(2x), 20 € 1.

Such systems can be viewed as topological Markov chains, where the state
space corresponds to the intervals of the Markov partition and the transition
matrix is obtained from the following:

1 if f(L) D1
(As)y = {0 otherx(wis)e. ’

It is known that the topological entropy of the system is related to the
spectral radius of A, but it is not a complete invariant for we have families
of maps with constant topological entropy, but with different dynamics.
We have presented a study using the second eigenvalue (in magnitude)
of the transition matrix A, that allowed us to classify a certain family of
bimodal maps with constant topological entropy in a binary ordered tree of
trajectories.® Nevertheless it was showed that this tree possessed branches
corresponding to different dynamics, but with the same spectral invariants
(first and second eigenvalue of A).* This situation led us to the research
of different kind of parameters to accomplish the task we have proposed:
to find the relation of the topological parameters of the bimodal maps we
were iterating, with the dynamics of the system itself.>” With this proposal
we have introduced the notion of conductance and discrete laplacian in the
context of discrete dynamical systems and we have used these concepts in
several families of m-modal maps to characterize the dynamics.

In this work we return to the first invariant we have treated before, the
mixing time of a discrete dynamical system, and we show the relationship
with the conductance in families of unimodal and bimodal maps. We present
a numerical study that shows that the conductance, in all four versions of
it, presents an effective measure of the mixing time.

All investigations are done considering the kneading theory and the
symbolic dynamics as the main tool to produce concrete results.

2. Settings

Consider the discrete dynamical system of the iterates of a function in
the interval (I, f, B, u), where (I, B, ) is the probabilistic measure space,
I =10,1], B to be the Borel sets in I, s the Lebesgue measure and f : I — I
is a non-singular and measure preserving transformation, i.e., u (f~' (B)) =
w(B), for all B € B.



241

Definition 2.1. The map f: I — I is called mixing if and only if
tlim p(BNfH(C)) =pn(B)u(C) for all B,C € B

where f7(C) = {z € I : f'(z) € C}. If we consider points = in
BN f7t(C), when t — oo, the measure of the set of these points is just
w(B)u(C). It means that any set C' € B under the action of f becomes
asymptotically independent of a fixed set B € B.

Obviously the mixing property depends of the measure p, and sometimes
we say that the system is (f, x)-mixing meaning that the map f is mixing
with respect to .

If f is a Markov function, there is a unique Markov chain associated with
it, via the Parry measure, see,'? which is induced by the Perron eigenvectors
of the matrix A. This Markov chain is characterized by a stochastic matrix
P which depends only on the matrix A and the referred eigenvectors. This
matrix P is irreducible, that is,

for all i, j, there exists ¢, such that (Pt)ij >0
and aperiodic, that is
for all i, ged{t: (P'), >0} =1

then there exists a (unique) stationary distribution m, such that 7P = 7
and moreover, the system is ergodic and this distribution, 7, also called the
equilibrium, verifies the mixing condition

tlg(r)lo (Pt)l,j = m; for all 4, j.

Here the probability distributions in the time step ¢, p®) = p(® Pt are
given by a row vector 1 x n, as well as the stationarity 7. The entry P;; of
the Markov matrix indicates the probability of transition from the state ¢
to the state j in one step.

In several practical models we put the question of knowing the conver-
gence speed, concretely, some times is useful to know how long the chain
must evolves to attempt some given proximity of the equilibrium. Intu-
itively the convergence is faster if there are no bottlenecks. That means
that there are no small subsets of the state space which retains the system.
These subsets are detected by the conductance of the discrete dynamical
system as defined in references 5,6.
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Define distance of p® from 7 as the I' distance [[/l1 () » which is de-
fined? by

® _

D; Uy

11 () i=1

For a given precision € > 0 we define the mixing time as follows

7 (¢) = min{t : Hp(t') -

!
o <eg, forallt' >t} (1)

There are other distances,” namely the [P distances or the xy?—distance

which give rise to another mixing times, nevertheless in this work we have
adopted the !'-distance.

3. Conductance

Bezrukov! in a survey on isoperimetric problems on graphs have presented
four different versions of isoperimetric numbers on graphs. They were es-
tablished to determine the edge expansion/congestion of the graph and so
to prove rapid mixing. This edge expansion, in a weighted version, is also
called conductance of the graph.

All these definitions were setting for a simple, non-weighted, connected
graph G = (V) E), with |V| = n vertices. Denote by deg (i) the degree of
the vertex ¢ and define, for U C V,

Vol (U) =) deg (i),
iceU
OU)={(i,j)eE:ieU, j¢U}.

With these settings let us introduce the four definitions of conductance in
a graph

(G = mi 06O i = bo)] .
0(G) = min ot oy 2 (G) = min e Ve
is (G) = min [bc(@)| n, iy (G) = [0c(U)]

— min ——S A o
o£Ucy IULU] p£UCV UL log( &)
In Ref. 6 we have considered the adaptation of these four definitions as
definitions of conductance of a discrete dynamical system using a similar
adaptation from Bollobas? to the case of a random walk in a weighted
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graph.

z 7TiPi‘
@1 _ min "iEijEU .
min{ 3 m;, > mi}’

PpAUCV v UiSy

> miPij
(1)2 — min i€U,jeU .
B min{ > (Pi;+P;i), > (Pi;+Piu)}’
0AUCV i€U,jEV 7 7 icT,jeV 7 7
LS
@3 _ mln i€U,jel .
IR
0AUCY o "
> miPiy
(1)4 — min i€U,jEU
PpAUCV 1
> mi.log
i€EU Z Uy
iU

As we have said before these definitions of conductance were used to
characterize families of discrete dynamical systems,® namely those with the
same topological entropy. We have presented an example with the same
topological entropy and also the same conductance ®;. This example was
the start point to the research of other invariants that led us to the present
study.

4. Unimodal and bimodal applications

Return to the discrete dynamical system. We have considered f in the
families of unimodal and bimodal applications. These maps are continuous
piecewise monotone maps in the interval with one and two critical points.
It is known® that they are topologically semiconjugated to piecewise linear
maps with constant slope s and so it is sufficiently wide to analyze the
family of piecewise linear maps to have a general outlook. We have made
a strong use of symbolic dynamics in the choice of families of maps as it
is done in Ref. 4. We identify each map by the itinerary (or itineraries)
of his critical point (or points) given by the sequence of the letters of the
alphabet, also called the kneading sequences. In the unimodal case we use
the alphabet {L,C, R} and in the bimodal case {L, A, M, B, R}.

Basically we “walk” in the complete ordered tree of unimodal maps,
where the trajectories of the critical points are disposed according to the
period (each period corresponds to one floor) and to the topological entropy
(in each floor), see Fig. 1. Furthermore, if we are in one floor and we “go”
to the next floor going to the left makes the topological entropy decreasing
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(RC)™>®

(RLC)™

(RLHC)&/\“?LLC)W

(RLRRC)®>® (RLLRC)>® (RLLLC)®®
(RLRRRC)™ (RLLRLC)® (RLLRRC)>® (RLLLRC)> (RLLLLC)™

Fig. 1. Kneading sequences tree of the unimodal maps up to period 6.

and to the right it increases. In the bimodal case, we need two itineraries to
identify each map, unless the trajectory of one critical point, A or B, falls
in the trajectory of the other, as is the case in the considered family below.

We present the results for conductance (all four possibilities) in com-
parison with the mixing time, computed by the formula (1), where we have
taken £ = 0.001 in all chosen families. We present, in the left, the evolution
of both quantities with the topological entropy and, in the right, the evo-
lution with the number of states in the state space (number of intervals in
the Markov partition, or, the length of the Markov matrix).

Results concerning the unimodal family, (CRLLLRLR*)™
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Next we have considered all admissible unimodal maps up to period 8.

In the Figures below are plotted the variation of conductance and mixing
time with the topological entropy.

cond

0.8

0.6

0.4

0.2

0.45 0.5

0.55

0.6 0.65

ent

0.4 04 05



246

Here is a bimodal family, AR (L*BL)™ , which has constant topological

entropy, log 2. In this family we have constant ®; = 0.5, but different ®5 3 4.
In the next Figure we have plotted just the evolution of conductance and
mixing time with the number of possible states.

cond

0.5
0.4
0.3
0.2

0.1

— dim(A
2 (A)

10

di m(A)

The relation of the conductance with the mixing time shows, as ex-

pected, that the existence of funnels is detected by all definitions of con-
ductance and implies a slower convergence to the stationarity.
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unchanged. The model is also adapted to suggest a theory of traffic distribution
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1. Introduction

Scarf ['6] made it clear that in Walrasian general equilibrium models, dy-
namic stability may not be guaranteed under the tatonnement adjust-
ment process®. And so, Sonnenschein [17] introduced migration of resources
among industries to establish stability. Then, Mossay ([*?] and [**]) consid-

ered stability allowing for migration of consumers. In both Sonnenschein’s

*Thanks are due to the referee for the comments, which are useful to make this article
more readable.

2For an interesting recent contribution, see Mukherji [14].
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and Mossay’s model, prices are still the key variables, though quantities are
adjusted through migration of agents on a circumferential territory. In this
paper, we present a model in which the distributions of people among re-
gions as well as agent-types are the key variable, and establish the dynamic
stability through migration of agents. Our model is a variant of nonlinear
Markov-chain model with a different interpretation put on the transition
probability matrix.

In Section 2, we explain our model, and show its dynamic stability
in Section 3. The following Section 4 contains detailed consideration on
some conditions under which our assumption of primitivity of the transition
probability matrix is satisfied. An interpretation of each condition is also
presented. Section 5 gives an application of our model to a theory of traffic
distribution in an area. The final section includes some remarks.

2. Model

In our model of an economy, there are n(n > 1) regions among which
people migrate. There exist also m(m > 1) types of people. These types
may represent a producer of a particular commodity, or a transporter of
a commodity from a region to another, or an employee in an industry
with a specific taste®, or a person who is a producer and consumer at
the same time. All the people need not be rational in the ordinary sense,
and some types of people are allowed to be irrational so long as that kind
of irrationality persists through time and so they behave the same way
consistently under the same environment. Given the distribution of people,
z e D= (R —{0}) among the n regions and the m types at the
beginning of a period, the supply of and demand for various commodities
in each region for the period are determined: we assume there are k(k > 1)
kinds of goods and services. (The symbol R"*" stands for the nonnegative
orthant of the Euclidean space of dimension (m xn).) After observing these
supplies and demands, some people migrate, at the end of the period, to
another region depending upon their own decision process.©

People may also change their types. Changes in types of people, with
intention or not, naturally involve migration of resources among industries.

bVarious tastes may be represented by different utility functions people have adopted.
“People certainly have many reasons to migrate other than the inequalities between
supply and demand. For example, some wish to move out of a crowded region, while
others move in to look for a job. The point is that those reasons are definable solely by
the present distribution of people.
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Besides, producers shifts to a different industry together with their assets.?
Concerning how people migrate among regions as well as among types, we
adopt a Markov-chain type transition coefficient matrix, 7'(x), whose size
is (m xn) x (m xn), and the (¢, j) entry is denoted by ¢;;(x), showing its
dependence on the distribution of x. We have just mentioned a transition
coefficient matrix, not a probability one. In our model, we may regard the
transition among regions and types as deterministic, and each column-sum
of coefficients needs not be unity, thus allowing for expansion or contraction
of our economy. We define

F(z)=T(x) -z

Also define x(k) to be the distribution of people at a period k, then the
dynamics of our model is expressed by the following equation.

z(k+1) = F(z(k))

T(x(k))-x(k) for k=0,1,2,...,

with 2(0) being the initial distribution.

We assume the following.

Assumption A1l. The mapping T'(z) does not depend on periods in a
direct way, i.e., the process is homogeneous.

Assumption A2. Each ¢;;(x) is continuous and homogeneous of degree
zero with respect to x € D, and ¢;;(x) > 0 for all x € D. Moreover, F(x)
is monotone, i.e., F(y) > F(z) if y > =.

Thus, the mapping T'(z) is nonnegative as a matrix. A simple case
where the assumption A2 is verified is that in which each element of F(x)
is nonnegative, monotone, homogeneous of degree one and continuously
differentiable with respect to = € D: we can apply Euler’s theorem on
homogeneous functions.

Assumption A3. If t,;(z) > 0 at some z € D, it satisfies t;;(z) > 0 at
all x € D.

This assumption allows us to judge the primitivity of the matrix 7' only
by its sign pattern at an arbitrary x.

Assumption A4. The matrix T'(x) is primitive at an arbitrary = € D,
i.e., there exists a positive integer & such that T%(z) = {T(z)}* > 0 for
any z € D.

dWhen assets get larger or smaller through investment for an agent, we regard this
agent has changed types. Thus, a difference in assets yields that in types. To have a
finite number of types, however, each commodity should be indivisible at a certain unit.
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Here, the inequality sign > 0 means that every element of the matrix
on the LHS is positive.

3. Stability as Strong Ergodicity

Let us consider the normalized process starting from an initial vector x(0) €
D. That is, we define the following normalized map

F(x)
G(x) = ;
I1E ()]
where ||| is any given norm on R™*™, and examine the vector sequence

S((0)) = {2(0), G(x(0)), G*(x(0)), ...}-

We can prove the strong ergodicity of our model, that is,

Theorem 3.1. Starting from an arbitrary x(0) € D, the sequence S(z(0))
converges to a unique vector ¥ > 0.

Proof. The mapping T'(z) -z is from D into D, continuous and homo-
geneous, and some power of T'(x) is strictly increasing, i.e., T*(x) > 0
by the assumption A4. Thus, we can apply the main result of Kohlberg
["] or Corollary 1 in Fujimoto and Krause (p.106 of [*]) to have the stated
theorem. O

The stability here is the strong ergodicity of the normalized process,
i.e., we have a directional stability or a ray-stability, though the vector
sequence {z(0), F(x(0)), F?(x(0)), ...} itself may continue to expand or
shrink. Besides, at a unique vector z*, it repeats time after time under
G(z), and yet migration of people still takes place in each period. Such a
phenomenon cannot be observed in Sonnenschein’s model [17] or Mossay’s
[13].

Some words are in order about the prices of goods and services. In
our process explained above, prices are pushed away to the background,
and thus, go through a non-Walrasian adjustment process. The prices can,
however, be thought of as changing based on Walrasian rules: the price
of a commodity in a region rises when there is an excess demand for it in
that region, and falls when an excess supply is observed there. So, given the
initial price vector p(0) € Rﬁx ™ this vector gets adjusted as the distribution
x is transformed. Certainly it is awkward if the prices continue to vary even
after the distribution arrives at the unique equilibrium z*. All we have to
assume is that at this equilibrium, there is no excess demand for each
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commodity in every region. Or put simply, when there is excess demand for
some commodity, the distribution of agents will change in the next period:
the degree of irrationality is limited.

4. Primitivity

Now we had better examine some conditions under which our assumption
of primitivity A4 is met. To do this, we consider the transition coefficient
matrix partitioned region by region.

Ty Tig -+ Thp

Toy T --- Top
T(z) = ] L ]

Tnl TnQ tee Tnn

Each Typ, or more precisely Tye(z), shows the m x m transition
coefficient matrix among the agent-types, more precisely, the coefficient
t(reyij(r) means the transition coefficient from the type j in the region
¢ to the type ¢ in the region k. (As we have explained above, agents not
only move among regions, but also may expand or shrink while moving,
e.g., children join parents’ company.) Almost needless to say, when we have
every Txe > 0, then our operator satisfies T > 0 without any iteration: it
is primitive. Actually, however, we know there can be many zeros in Ty,
especially in the case where k # ¢ and when two regions are geographically
far away.

Now a helpful and powerful proposition is that when a nonnegative
square matrix is indecomposable(or irreducible) and has at least one pos-
itive element in the diagonal, it is primitive. (Concerning indecomposabil-
ity (or irreducibility), the reader is referred to Bauer [!], [?] and Nikaido
[*0], [*1]). This proposition is obvious thanks to a characterization of inde-
composable matrices due to Frobenius [?], and explicitly stated in Nikaido
(Theorem 8.2, p.117 of [%]).

Therefore, first we make
Assumption P1. Each T}, is indecomposable for £k =1,2,..., n.
Assumption P2. There is at least one positive entry in the diagonal of
the whole transition coefficient matrix 7'(z).

The assumption P1 amounts to saying that in each region, we cannot
divide the types of people into two groups between which no flow of people
is observed in either one of the two directions even when there exist a
positive number of people in each type. The assumption P2 is much weaker
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than requiring that each Tyr has at least one positive element. When
we assume that each Ty; has at least one positive element, it becomes
primitive because of the assumption P1. So, if T, = 0 for k # ¢, and if
t(kk)ij(x) depends only upon the distribution of agents within region & for
all k, then within each region we have strong ergodicity. This result may
not be so interesting simply because there is no migration among different
regions.

Then, as was shown in Frobenius [?], square matrices of the following
sign pattern are indecomposable.

001
000

T= 000 (1)
00--- 10

We can establish

Theorem 4.1. Suppose the regions are suitably reordered so that there

is at least one positive element in every Tge, where k = ¢+ 1, for
¢ =1,2,..., n.° Given the assumptions P1 and P2, the matrix T(z) is
primitive.

Proof. Since the assumption P2 is postulated, all we have to show is the
indecomposability of T'(z), or simply T . Let us prove this by reduction ad
absurdum, and suppose to the contrary: T is decomposable. Then by some
permutation of the columns as well as rows, we should be able to transform
T to a form, something like

* ok ok k¥
® ok ok k¥
00*xx |. (2)
00 * * *
00 * * *

Namely, the elements of a south-west corner are all zero. By this zero pat-
tern, the whole region-type combinations are divided into two groups. We
know that each region cannot be set apart by this division, because every
Ty is indecomposable by the assumption P1. Thus, the division simply

°*When ¢ =n, we set k= 1.



254

classifies the regions into two groups. If this division creates the sign pat-
tern (2) above, it implies we can also transform a matrix of the sign pattern
(1) to the one with the pattern (2), which is decomposable, leading to a
contradiction. O

The requirement in Theorem 4.1 is not so demanding, allowing for the
existence of many zeros. What is required is that after an appropriate re-
ordering the regions, there is a circular flow of people from region ¢ to
region (i + 1).f It is unnecessary for all the types in region i migrate. At
least one type in region i is assumed to move to region (i + 1).

It is important to note that all the regional matrices T;; should be
square matrices, but can have different sizes. In other words, there can be
region-specific types, or some types cannot exist in certain regions. The
same proof in the above applies. (See Nikaido, Theorem 8.2, p.117 of []).

5. Traffic Distribution

It may be interesting to notice that our model above can be used to produce
a model of traffic distribution in a city or a country, and to prove the
existence of a unique equilibrium and its dynamic stability, i.e., strong
ergodicity. Let us consider a network of roads in a city area, and a finite
number of modes to move on roads: walking, riding on a bicycle, in a private
car, in a public bus, or by underground etc.

Now we make the following definition.

Definition 5.1. A path is a connected route from one node (node of de-
parture) to another (node of destination) which is normally used by people
when they commute to work or go shopping.

This path serves as a ‘region’ in the above model of economy. Then,
what work as ‘types’ are any combinations of modes of traffic available in
respective paths, and which combination completes the journey along the
path. So, the next definition is:

Definition 5.2. A method of transportation (simply method) is a partic-
ular combination of modes available in respective paths, and which combi-
nation brings passengers from the departure node to the destination node
of a particular path.

fWhen i = n, the receiving region is 1, not (n + 1).
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In some paths, a set of specific methods of transportation may not be
available, thus making the sizes of the matrices, Tk, distinct from each
other. By the remark at the end of the previous section, however, the
proposition on stability remains valid, so long as the primitivity of T'(x) is
guaranteed.

The adjustment process goes as follows. In the initial period, the distri-
bution of people among various paths as well as methods is given. People,
after observing the current distribution of traffic, change their path as well
as method of transportation. One path contains more than one road seg-
ment (like a road along one block), hence we need to sum up the amounts
of traffic of all the paths when we wish to know the traffic of a particu-
lar road segment. In our model, some people may flow in, for example, by
judging this city is less crowded than others, while others may move out,
thinking the city is too much congested, thus rendering the total population
expanding or shrinking.

Assumption P1 is now to be interpreted that in each path, we cannot
divide the methods of transportation into two groups between which no
flow of people is observed in either one of the two directions even when
there exist a positive number of people in each method. The meaning of
Assumption P2 is that there is at least one person (or one group of persons)
who sticks to a particular path and a particular method available within
the path. The supposition in Theorem 4.1 requires that we should be able
to reorder the paths so that there is a positive fraction of people who shift
from path i to (i 4 1)8.

When applying to a real problem, we have to limit the numbers of paths
and of modes. To estimate a particular transition coefficient, we may employ
the following function:

T(k)i L)j
t(ké) Z](x) = a’(ké) ij + b(ké) ij m + C(kf) ij " Z'm N xj(g)p
p= P=

Lk (i Lt (5)

(4)
+d ey ij - S Tt + e(keyij ST 1, 0 )
q= K3 q=

Here, the symbol ) ; stands for the number of people who is in region
k and of type i, with the bracket (k) meaning the index inside is fixed
while summing up: other symbols are used in a similar manner. Certainly

8When ¢ = n, the receiving path is 1, not (n + 1).
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one may also add some quadratic terms such as

2
6(1@@) ij <E;T—1 m(k);;) .

6. Remarks

In this final section, we give several brief remarks.

(1) In our model of moving equilibria, prices are relegated to a supple-
mentary position. In this sense, our adjustment process may be called of a
Marshallian type.

(2) Even in the state of equilibrium, people are likely to continue to
migrate among the regions and the types. Net migrations are, however,
absent. In Sonnenschein [}7] and Mossay ['3], there is no flow of people or
firms in an equilibrium.

(3) In our model, the accumulation (or decumulation) of (indivisible)
assets in the possession of individuals is allowed for as migrations among
types.

(4) When the transition coefficient matrix depends on the current prices,
or when people change their taste, the process becomes inhomogeneous, and
we may have only weak ergodicity in place of strong one. See Fujimoto and
Krause [°].

(5) In the literature of traffic distribution, the nature of equilibrium and
how to find out equilibrium states have been discussed. See, e.g., Wardrop
['8] and Patriksson [!5]. The stability of an equilibrium through the adjust-
ment by individual behaviour has not been dealt with.
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We exploit ideas of nonlinear dynamics in a complex non-deterministic dynam-
ical setting. Our object of study is the observed riverflow time series of the Por-
tuguese Paiva river whose water is used for public supply. The Ruelle-Takens
delay embedding of the daily riverflow time series revealed an intermittent dy-
namical behavior due to precipitation occurrence. The laminar phase occurs
in the absence of rainfall. The nearest neighbor method of prediction revealed
good predictability in the laminar regime, but we warn that this method is
misleading in the presence of rain. We present some new insights between the
quality of the prediction in the laminar regime, the embedding dimension, and
the number of nearest neighbors considered.

Keywords: Nonlinear dynamics; Ruelle-Takens embedding; BHP distribution;
river flow prediction.

1. Introduction

A direct link between the real world and deterministic dynamical systems
theory is the analysis of real systems time series in terms of nonlinear dy-
namics with noise. Advances have been made to exploit ideas of dynamical
systems theory in cases where the system is not necessarily deterministic
but it displays a structure not captured by classical stochastic methods. The
application of dynamical systems methods to data found a firm ground on
the works of Ruelle-Takens!? and Sauer, Yorke and Casdagli (}7). The mo-
tivation for applying methods of deterministic dynamics in riverflow time
series lies in the natural tendency of river systems to present recurrent
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behavior (see®”13:15:18) 'We do a dynamical analysis starting with a Tak-
ens delay coordinates reconstruction of the daily flow series which indicates
the intermittent character of Paiva river dynamical system. This intermit-
tent dynamical behavior is characterized by a laminar and an irregular
phase. The laminar phase occurs in the absence of rainfall and the irregular
phase occurs under the action of rain. Hence, the forcing of the dynamical
system is not of a deterministic type because rainfall is stochastic.

We present some new insights between the quality of the prediction,
the embedding dimension, and the number of nearest neighbors considered
(see'*). We use a neighborhood of the current runoff whose radius is es-
sentially proportional to the value of the current runoff, and we study the
influence of the tuning of the constant of proportionality in the quality of
the runoff predictors. The nearest neighbor method of prediction reveals
good predictability in the laminar regime. We compute the mean of the
relative predicted decays, for different regimes and embedding dimensions,
that characterize the bias of the runoff predictors. The nearest neighbor
method of prediction does not exhibit good predictability in the irregular
phase indicating the stochastic predominance over the deterministic in the
irregular phase. Since most of the data is laminar, we warn that the use
of nonlinear deterministic prediction methods can be just misleading when
both dynamical regimes are considered.

In the laminar regime, the nearest neighbor method of prediction in-
dicates that the dynamics can be approximated by a one to three dimen-
sional dynamical system. The prediction results revealed that it is essential
to know the current runoff to predict future values. In,* we use these re-
sults to reconstruct an approximation of the one-dimensional dynamics of
the runoff using different prediction estimators. In,® we discovered that the
normalized empirical distributions of the relative first difference, for some
runoff regimes, exhibit a good fit to the distribution BHP."2:6 Furthermore,
the empirical distribution of the relative first difference computed using
the nearest neighbors predictor is close to the BHP distribution. Hence,
the nearest neighbors predictor captures the BHP distribution as the es-
sential randomness of the data. Like that, we have described the stochastic
dynamics of the laminar regime.

2. Data analysis

The most relevant data for this work consist of the time series of mean
daily runoff of the Paiva river, measured at Fragas da Torre in the North
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of Portugal.?

Table 1. Principal descriptive statistics for the river Paiva runoff data set.

Statistic Mean Median  Skewness Kurtosis Maximum  Minimum
Value 0.25 20.73 5.66 45.98 920.0 0.06

Note: ® Values in (m3/s) where applicable.

The sample period runs from 1st of October of 1946 to 30th of September
of 1999 for a total of 19358 observations. The Paiva river has a small basin
of about 700K'm? with both smooth and rocky bed, and reacting rapidly
to rainfall. The total drought does not occur during the observation period.
Hence, the numerical problems'® associated to the predominance of zero
values in data are absent here.

800 b

700 b

600

500

400

300

200

100

0 Il Il Il Il
0 50 100 150 200 250

runoff in m%/s

Fig. 1. Histogram of the mean daily runoff series of Paiva river.

2The data is available for download in the Instituto Nacional da Agua webpagehttp:
//www.inag.pt
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The daily river flow descriptive statistics, (see Tab. 1 and Fig. 1) shows the
strong asymmetry of the data. The Paiva basin does not have regulators
such as dams or glaciers.
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day of the year
Fig. 2. Mean and standard deviation for each day of the year.

The average and the standard deviation for each day of the year (see Fig.

2) P show a strong statistical irregularity for each day of the year that
increases with the runoff value.

3. Intermittent dynamics of Paiva

The dynamic characterization includes invariant estimation and in this di-
rection we do a correlation-integral analysis for all the data and then we
consider only the runoffs less than 20m?/s which represents about 75% of
the data corresponding mainly to the laminar phase, i. e., periods without

bThe 29th of February of each year were deleted.
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rain. The Correlation Integral of a system is by definition the probability
of finding a fraction of points observed of a set of data is given by Eq. (1).

m 2 i ;
OI(V)(a):N(N_l) Z @(E_HX _XJH) (1)
1<i<j<N
where X' = (Xy, X¢11,..., X¢rm—1) is a reconstructed vector which el-

ements are values of the time series, {X,;} ,, N is the number of data
points of the series, © the Heaviside function, ¢ the neighborhood radius
and m the embedding dimension of the reconstructed phase space. The
sample CI is a statistic used in the correlation dimension estimation, it
was proposed by.® The sample CI is a statistic used in the the observed
fraction of reconstruction vectors (RV) at a distance smaller than €. The
sum, (1), is computed for a set of distances, 1, ...,&, evenly spaced on a
logarithmic scale. A scaling range is said to exists if for such a range of
values the sample correlation integral behaves like a power law. In practice,
there is a cut-off on the radius size due to data size restrictions. Defining
d(N,e) =0In C](\,m) (¢)/01ne, we have that

De = lim lim d(N,¢) (2)

e—0+ N—oo

Hence, d(N,¢€) is the slope of the CI curve for a certain range, and D¢
is then the estimate of the correlation dimension. In Fig. 3, we present the
correlation integral slopes. We can distinguish three different behaviors in
the correlation-integral curve for different ranges of the radius, . For the
runoff values larger than 30m?/s no scaling range exists. For the runoffs
in the interval [5 — 30m?/s] there is a scaling range which point towards
a one-dimensional attractor. This dimension is not fractal and indicates
that the behavior of riverflow for that range is close to that of a curve. This
show us the existence in the reconstructed phase-space of a one-dimensional
manifold to which all the laminar phase orbits are close, i. e. the orbits are
mainly contained in a small neighborhood of a one-dimensional curve.

4. Nonlinear prediction

Several authors used nonlinear prediction methods for river flow data lo-
cally in the phase space,!0:11:13:16 a7
different version of the nearest neighbors method proposed by!? to predict
the next day runoff. In our approach the predicted value is the average of
the phase-space images of the neighbors defined as below. Other authors,!?

among others. In this work, we use a
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Fig. 3. Slopes of the sample correlation integral curve of the Paiva river data and for
several embedding dimensions.

reported that predictors based on the phase space average give better re-
sults than other local linear functions. Taking into account the findings of
the former section, we started by considering small embeddings and a time
delay of one day. Since our goal is to predict the runoff value during the lam-
inar regime (absence of rain) we will filter appropriately the reconstruction
vectors. Hence given the dimension, m, of the Ruelle-Takens embedding
we consider only the reconstruction vectors X; = (X¢, X¢q1, -+, Xitm—1)
satisfying the following J-relative non-increasing rule, see Eq. (3)

Xt+1'—1 S Xt+i(1 + 5)7 1 S ) S m (3)

where § is a fixed positive value. Therefore the total numbers T, (X;) of
filtered reconstruction vectors depends on the runoff value of X; and on
the embedded dimension m considered. In this line of reasoning, it only
makes sense to consider reconstruction vectors whose future points to a non-
increasing runoff. As a rule of thumb we choose a 15% of increasing tolerance
for runoffs lower than 4m?/s and 5% for runoffs above that threshold. This
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distinction was based on the observed effects of measurement error.

Table 2. Percentages P; of the neighbors in each neighbors set RV
- RVg.

RV; 1 2 3 4 5 6 7 8
Percentage (%) 0.25 0.5 1.0 50 100 125 150 20

x 10
2.5 T T T

#N 1(x)

- _‘#Nz(x)

151

Total number of neighbors

0.5f

1

10 10 10" 10 10°

In(Xt) (Logarithm of the runoff)

Fig. 4. Ty, vs the Logarithm of the runoff value for embedding dimension 1, upper
curve, and embedding dimension 3, lower curve.

In this analysis, instead of using all the T} ,,, (X;) neighbors within a fixed
radius, we use a fixed proportion P;, , see Tab. 2, of the closest neighbors
of X; such that, #N; n(X:) = P; % #T; m(X¢). In Figure 4, we present the
curves N7 and N3. The resulting curves show that there is a plateau for
values in the range of 3.2m3 /s to 3.6m3 /s that occurs for various embedding
dimensions.

The Fig. 5 gives us the variation of the relative distance of the predicted
value, using the close neighbors method with respect to the RV’s, runoff
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Fig. 5. Relative distance (%) of RV’s as function of the last coordinate for different
neighborhoods and for dimension 3.

regimes and embedding dimensions. The relative distance of neighbors in
the phase space increases with the runoff regime and also with the em-
bedding dimension. Moreover, the mean for several regimes and number of
neighbors (RV;) considered approximately increases linearly with m.

5. Conclusions

A dynamical analysis of the Paiva river data was performed using the
Ruelle-Takens method of dynamical reconstruction. We concluded that the
Paiva river is an intermittent system. The laminar phase takes place in the
absence of rainfall and the irregular phase occurred under the action of
rain. The nearest neighbor method of prediction revealed good predictabil-
ity in the laminar regime. However, since 75% of data is laminar, the use
of nonlinear deterministic prediction methods can be just misleading when
both dynamical regimes are considered. We studied the dependence of the
nearest neighbors runoff predictor on the embedding dimension and on
the relative average distance of the nearest neighbors with respect to the
runoff value. The prediction results revealed that it is essential to know the
current runoff to predict future values. We noticed small improvements in
prediction when the former two runoffs are used.
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In this paper we survey Reid roundabout theorems for time scale symplectic
systems (S). These theorems list equivalent conditions for the positivity and
nonnegativity of the quadratic functional F associated with (S). The Reid
roundabout theorems in this paper do not impose any normality assumption.
We also show that Jacobi systems for nonlinear time scale control problems
naturally lead to time scale symplectic systems, and that such a system consists
of the Hamiltonian equations corresponding to the weak maximum principle
for the quadratic functional F.
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1. Introduction
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Let T be a time scale, i.e., a nonempty closed subset of R, and denote
the time scale interval by [a, bl := [a,b] N T. In this paper we discuss the

positivity and nonnegativity of the time scale quadratic functional

Fla,u) = (z(“)) r (z(“)) + Folx,u),

*Corresponding author.

(1)
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where
b
Fo(z,u) ::/ {a"CT(I + pA) x + 2p 2" CT Bu+ u” (I + D) Bul(t) At,
subject to admissible pairs (z,u), i.e., z € C} 4
delta-differentiable functions) and u € Cpq (piecewise rd-continuous func-
tions) such that

22 (t) = A(t) x(t) + B(t)u(t), for all t € [a, p(b)]:

(piecewise rd-continuously

and satisfying the boundary conditions

(1) o

Such functionals are closely related to the associated time scale symplectic
system

2 = A(t)x +Bt)u, u®=C(t)x+D(t)u. (S)

Here the coefficients A, B,C,D € Cprala, p(b)]r are real n x n matrix func-
tions such that the 2n x 2n matrix S := (4 5) satisfies the identity

STt T +TSt) +pt) ST () TS(t) =0 on [a, p(b)]:, 3)

M is a real 2n x 2n projection, I' is a real 2n x 2n matrix such that
I =(I-MTI-M),and J := (%) a2n x 2n skew-symmetric
matrix.

The main goal of this paper is to present Reid roundabout theorems for
the system (§), as well as to relate these systems to nonlinear control prob-
lems on time scales. Reid roundabout theorems list a number of conditions
which are equivalent to the positivity and nonnegativity of the quadratic
functional F.

In the continuous time case, the system (S) reduces to the classical
linear Hamiltonian system

o =Alt)z+Bt)u, u =C@t)x— AT (t)u. (H,)

It was W. T. Reid in [31, Theorem VII.5.1] who provided a complete char-
acterization of the positivity of the quadratic functional corresponding to
system (H.). See also related more recent results by the second author in
[34-36], and by W. Kratz in [29,30]. Such a result was later called, by Reid’s
student C. D. Ahlbrandt in [1-3], a Reid roundabout theorem. Discrete
Reid roundabout theorems were proven under various degree of generality
by several authors, see the references in [11, pg. 130] and [5,12,13,19,21,23]
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and the recent thesis [32]. For the time scale setting and under a certain
normality assumption on the system (S), a Reid roundabout theorem was
established in [11, Theorem 1], see also [8, Theorem 10.52], for the pos-
itivity of Fy with zero endpoints, including conditions on focal points of
the principal solution of (S), a certain conjoined basis (X, U) of (S) with
X (t) invertible on [a, b];, the explicit Riccati matrix equation involving the
Riccati operator

R[QI(t) == Q* — [C(t) + D(t) Q] + Q7[A(t) + B(1) Q]

and generalized zeros of vector solutions of (S). For a subclass of time scale
symplectic systems consisting of linear Hamiltonian systems of the form

n® =At)n” +B(t)q, ¢ =Ct)n" —AT(t)q, (H7)

where I — p(t) A(t) is invertible and B(t) and C(¢) are symmetric on
[a, p(b)]y, and under a normality assumption, a Riccati inequality for the
positivity of Fy with zero endpoints was included in [16, Theorem 3.1].
Moreover, in the special case of the time scale calculus of variations (which
is automatically normal) and under the corresponding time scale strength-
ened Legendre condition, additional conditions in terms of the nonexistence
of conjugate points are derived in [24, Theorems 5.1 and 6.1] for the posi-
tivity and nonnegativity of F with zero right endpoint, and in terms of the
coercivity of F with general endpoints in [25, Theorem 4.1].

Recently in [22], the authors initiated the study of time scale symplectic
systems without any normality assumption and derived characterizations
of the positivity and nonnegativity of F in this general setting in terms of a
natural conjoined basis (X, U,) of (S). The focus of this paper is to present
Reid roundabout theorems for both the positivity and nonnegativity of F
without normality, including the results on the natural conjoined basis from
[22] and several other conditions obtained in separate publications, such as
the Riccati inequality from [26], implicit Riccati equations from [27], and
perturbed quadratic functionals from [14,15].

The motivation for the study of time scale symplectic systems origi-
nated in the unification of the continuous time linear Hamiltonian systems
(H.) and discrete symplectic systems. However, it is known in these two
special cases that these systems are Jacobi systems for nonlinear calculus
of variations and control problems, see e.g. [7,9,17,18,33,37,39]. This fact
is also known for the time scale calculus of variations problems, see [4,20].
On the other hand, this question remained open for the time scale control
setting. In this paper we fill this gap and show that time scale symplectic
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systems (S) play the same role for general control problems on time scales.
In particular, by using a recently obtained time scale weak maximum prin-
ciple [28], we prove that nonlinear time scale control problems lead to time
scale linear Hamiltonian systems (in fact, two kinds of linear Hamiltonian
systems, one with the shift in 7 as in (H?) and one with the shift in g,
depending on whether the original control problem has or does not have
the shift in z), which naturally possess a symplectic structure and hence,
can be embedded into time scale symplectic systems. This fact highlights
the theory of time scale symplectic systems as an ultimate field for second
order optimality conditions for such variational problems. Furthermore, we
also prove that the system (S) is indeed the Euler-Lagrange system for the
functional F.

The paper is divided as follows. In Section 2 we present basic notions
related to time scale symplectic systems. Reid roundabout theorems for
positive and nonnegative definite quadratic functionals with separated end-
points are given in Section 3. In this section we also discuss Reid roundabout
theorems for functionals with jointly varying endpoints, although we do not
state such results explicitly. Finally, Section 4 is devoted to the connection
of time scale symplectic systems with control problems on time scales.

2. Time scale symplectic systems

We refer to [6] for the elementary topics of the time scale calculus, and to [8]
for the basic concepts of the time scale symplectic systems. Alternatively,
the reader may consult [22], since it is the main reference for abnormal time
scale symplectic systems. In particular, o(t) and p(t) denote the forward
and backward jump operators, u(t) := o(t)—t is the graininess, 2 (t) is the
time scale delta-derivative, and [ f(t) At is the time scale delta-integral.
We also write f7(t) for f(o(t)).

The property defined by (3) is translated to be the following equivalent
conditions in terms of the coefficients
CT(I + pA) and BT (I + pD) are symmetric, and A
AT+ D+ u(ATD - CTB) = 0. )

It follows that the matrix I + p(t) S(¢) is symplectic, hence invertible, on
[a, p(b)]r, so that solutions of (S) are uniquely determined by their initial
values at any point ¢y € [a, b]..

Expanding the delta-derivatives in (S) with the formula pu(t) f2(t) =
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fo(t) — f(t), we see that solutions of (S) satisfy the identities

27 = +pA)x+ pBu, u® =upCx+ (I+ uD)u, (5)
v=(I+uD") a2 — uB ", w=—pClz% + (I +pA")u’.  (6)

System (S) can be written in the equivalent (adjoint) form
22 = -DTt) 2" + BT(t)u’, u®=CT(t)a" — AT(t)uC. (7)

This can be seen from the coefficient identities (4) for the right-dense points
t and from the equations in (6) for the right-scattered points ¢.

In this paper we study time scale quadratic functionals with general
endpoints as in (2) and with separated endpoints. In the latter case we
have I = diag{T,, I} and M = diag{M,, My}, where the n x n matrices
I, and I} are symmetric, M, and M, are projections, and I, = (I —
M)T, (I —M,) and T, = (I — My) I, (I — My). In this case we consider
the quadratic functional

F(z,u) == 2T (a) T, z(a) + 27 (b) Ty 2(b) + Folx, ) (8)
over admissible pairs (z,u) with separated endpoints
Mgx(a) =0, Mypxz(b) =0. (9)

When M, = My =TI and I, =TI} = 0, we say that the quadratic functional
F = Fp has zero endpoints.

Let us recall some necessary terminology and notation related to the
time scale symplectic systems. We shall always denote the 2n x n ma-
trix solutions of (S), typically (X,U), by capital letters. A solution (X,U)
of (S) is said to be conjoined basis if XT(t)U(t) is symmetric and
rank (X7 (t) UT(t)) = n at some (and hence at any) point ¢ € [a, b];. The
natural conjoined basis of (S), denoted by (X,,U,), is the conjoined basis
satisfying the initial conditions X,(a) = I — M, and U,(a) =T, + M,. In
the case of zero initial endpoint, i.e., when I — M, = 0 = I, the natural
conjoined basis reduces to the principal solution (X U ) which starts with
the initial values X (a) = 0 and U(a) = I.

Following [30] and [22], a matrix valued function X (¢) has piecewise
constant kernel on [a,b]; if there are points {t;}7", C [a,b]; with a =ty <
t1 <o <tmo1 <ty = bsuch that

Ker X (t) is constant for all t € (tx—1,tk)r, k=1,...m. (10)

Condition (10) is void on the intervals (tx_1,tr)r where ¢t = o(tp—1). A
conjoined basis (X, U) of (S) has no generalized focal points in the interval
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(a,b]y if Ker X (t) C Ker X (7) for all ¢,7 € [a,b]y, 7 < t, and
P(t) == X (t)[X° ()] B(t) >0 for all t € [a, p(b)]-. (11)

These conditions are called the kernel condition and the P-condition, re-
spectively. In (11) and elsewhere in this paper, the dagger denotes the
Moore-Penrose generalized inverse of the indicated matrix. Moreover, we
shall use the following n x n matrices M and T', defined via a given con-
joined basis (X, U),

M) = {[T - X7(XT)]BYe), T(t):=1-M@©ME,  (12)
and the symmetric n X n matrix P, defined via a symmetric matrix @,

P(t) == {B+ (D" — B'Q") B}1).

The quadratic functional F in (1), resp. in (8), is nonnegative and we
write F > 0, if F(z,u) > 0 for all admissible pairs (z,u) satisfying the
boundary conditions (2), resp. (9). The quadratic functional F is positive
and we write F > 0, if F(z,u) > 0 for all admissible (x,u) satisfying (2),
resp. (9), and x # 0 on [a, b];. For brevity, we will simply say that 7 > 0 or

F > 0 over the corresponding boundary conditions without repeating the
admissibility requirement on (x,u).

3. Reid roundabout theorems

In this section we present Reid roundabout theorems for the quadratic
functional F in (8). Our first result is a Reid roundabout theorem regarding
the positive definiteness of F.

Theorem 3.1 (F > 0, separated endpoints). The following conditions
are equivalent.

(i) The quadratic functional F in (8) is positive over (9) and x % 0.
(ii) The natural conjoined basis (X,,U,) has no generalized focal points
in (a,bly and satisfies

Us(0) XJ(0) + Ty, >0 on Ker My NIm X, (b).

(iii) There exists a conjoined basis (X,U) of (S) with no generalized focal
points in (a,bly such that X(t) is invertible for all t € [a,b]y and
satisfying

XT(a) [Ty X(a) = U(a)] >0 on Ker M, X(a), (13)
XT(b) [T, X(b) +U(B)] >0 on Ker My X(b). (14)
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(v)

(vi)

(vii)
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There exists a symmetric solution Q(t) on [a, bly of the explicit Riccati
equation

R[Q](t) =0 on [a, p(b)]:,
such that for all t € [a, p(b)]s
I+ pu(t) [A(t) + B(t) Q(t)] is invertible, (15)
{1+ p(t) [A®) + B) Q()]} ' B(t) >0, (16)
and satisfying the initial and final endpoint inequalities

I, —Q(a) >0 on Ker M,, (17)
I+ Q) >0 on Ker M. (18)

The system
X2 =AWX +BHU, (X){U*-Cct)X -D(t)U} <0,

t € [a,p(b)]z, has a solution (X,U) on [a,bly such that XT(t)U(t)
is symmetric and X (t) is invertible for all t € [a,bl;, P(t) =
{X(X)"'B}(t) = 0 on [a, p(b)]:, and satisfying the endpoint inequal-
ities (13) and (14).

The Riccati inequality

RIQI(t) {1+ n(t) [A() + B Q)] } ' <0, t€ [a,p(b)],

has a symmetric solution Q(t) on [a,bly satisfying conditions (15) and
(16) and the endpoint inequalities (17) and (18).
There exist o > 0 and 3 > 0 such that

f(x,u)—i—ozH./\/lam(a)HQ—|—6H./\/lbx(b)H2>O over x % 0.

Moreover, if X1(-) is continuous on (a,b]., then each of the conditions (i)-
(vii) is equivalent to the following Riccati type condition.

(viii) The matriz X(-) has piecewise constant kernel on [a,bl; and there

exists a symmetric n X n matriz function Q(t) on [a,bl; such that

Q € C}q(a,blz and satisfying

e the time scale implicit Riccati equation

RIQI(t) Xa(t) =0 on (a, p(b)]s, (19)

and the equation in (19) holds also at t = a if a is right-scattered,
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e the initial condition

Q(a) =T, if a is right-scattered, (20)
(I —M,) 1im+ Q) Xo(t) =Ty if a is right-dense,  (21)
t—a

e the final endpoint inequality
Qb)+T, >0 on Ker M, NIm X, (b),
o and the P-condition
P(t) >0 on[a,p(d)s.

Remark 3.1. (i) Note that in [15, Theorem 4.2] there are several more
perturbation conditions similar to the one in (vii) of Theorem 3.1. In these
conditions, one may choose to keep only one out of the two boundary con-
ditions from (9) or even combine them together in a certain way.

(ii) When the endpoints are zero and under a normality assumption on
the intervals [a, s]; with s being a dense point, the equivalence of conditions
(i)~(iv) in Theorem 3.1 is known from [11, Theorem 1], see also [8, Theo-
rem 10.52]. Furthermore, under the same normality assumption but for the
special case of time scale linear Hamiltonian system (H?), the equivalence
of conditions (i), (v), and (vi) in Theorem 3.1 is known in [16, Theorem 3.1].

(iii) When the initial endpoint is zero, i.e. when M, =T and T, =0, a
modified perturbation condition (in a sense that only the initial endpoint
is perturbed) similar to (vii) in Theorem 3.1 is shown to be equivalent the
positivity of F in [26, Theorem 5.1]. For both endpoints being zero this
latter result is known also in [14, Result 1.3].

(iv) In the time scale calculus of variations setting and for the zero
right endpoint case, another condition equivalent to the positivity of F,
that is to condition (i) of Theorem 3.1, is known in [24, Theorem 6.1]. In
particular, it is the nonexistence of conjugate points in the interval (a, b],.
Moreover, the coercivity and positivity of F are shown to be equivalent
in [25, Theorem 4.1] for the general time scale calculus of variations case.

Proof of Theorem 3.1. The equivalence “(i) < (ii)” is proven in [22,
Theorem 4.1] via generalized Picone identity and the results on piecewise
constant kernel of X,. The equivalence “(i) < (iii) < (iv)” is established in
[26, Theorem 6.1] by means of a transformation of the quadratic functional
F to afunctional on the extended time scale [a—1, b}, with zero left endpoint
z(a — 1) = 0 and by a perturbation of the initial conditions at ¢t = a — 1.
The equivalence “(i) < (v) < (vi)” is proven in [26, Theorem 7.1] by using
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a Sturmian comparison theorem for time scale symplectic systems. The
equivalence “(i) < (vii)” is shown in [15, Theorem 4.2] via a transformation
of the functional F into a functional on the extended time scale [a—1,b+2];
with zero endpoints z(a — 1) = 0 = z(b+ 2) and via the application of the
zero endpoints result from [15, Theorem 3.5]. Finally, the equivalence “(i)
< (viii)” is established in [27, Theorem 4.15] via a generalized Picone type
identity and results on piecewise constant kernel of X,. O

Next we present a Reid roundabout theorem regarding the nonnegativ-
ity of F.

Theorem 3.2 (F > 0, separated endpoints). The following conditions
are equivalent.

(i) The quadratic functional F in (8) is nonnegative over (9).
(#i) The natural conjoined basis (Xq,U,) has piecewise constant kernel on
[a,b]: and satisfies the image condition

x(t) € Im X, (t) for allt € [a,b]; (22)
and for all (z,u) admissible and satisfying (9), the P-condition
T)P,(t)T(t) >0 forallt € [a, p(b)],

where the matrices P,(t) and T(t) are defined in (11) and (12) through
(Xa,Ua), and the final endpoint inequality

Ua(b) XI(b) + Ty >0 on Ker M, NIm X, (b).
(iii) There exist oo > 0 and > 0 such that

Fla,u) + a|[Maz(a)|* + 8| Myz(®)|* > 0
over Myx(b) — ZM,z(a) € Im Z,
where the n x n matrices Z and Z are defined by
Z = (T + Mp) Xa(b) + (I — My) Uga(b),
Z = (T, + M) X(b) + (I — M) U(b),

and where (X, U) is the conjoined basis of (S) starting with the initial
values X (a) = M, and U(a) = M, — I.

Moreover, if X1(-) is continuous on (a,b)r, then each of the conditions (i)-
(i) is equivalent to any of the following Riccati type conditions.
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(iv) The matriz X,(-) has piecewise constant kernel on [a,b]l, and there
exists a symmetric n X n matriz function Q(t) on [a,bly such that
Qe Clljrd(a, b)r and satisfying

e the time scale implicit Riccati equation
(X (O] RIQI(1) Xa(t) =0 on (a, p(b))s, (23)

and the equation in (23) holds also at t = a if a is right-scattered,
and at t = p(b) if b is left-scattered,

e the initial condition (20) and (21),

e the final endpoint inequality

QMb)+Ty, >0 on Ker M, NIm X, (b) (24)
if b is left-scattered, or
XT(b) 11151 T+ Q)] Xa(t) >0 on Ker My X,(b)  (25)
t—b—

if b 1s left-dense,
o the P-condition

TH)PHTE)=0 onla,p(d), (26)

where the matriz T(t) is defined in (12) through (Xq,U,),
o and for any admissible (x,u) with (9) we have the image condition
(22) and

u(t) [T =T@)] [u(t) = Q) z(H)] =0 on [a, p(b)]:.

(v) The matriz X.(-) has piecewise constant kernel on [a,bl, and there
exists a symmetric n X n matriz function Q(t) on [a,bly such that
Qe Clljrd(a, b)r and satisfying

e the initial condition (20) and (21),

e the final endpoint condition (24) and (25),

e for all points t € [a,bly which are right-scattered or left-scattered
Q and (X,,U,) satisfy the identity

Q(t) Xa(t) = Ua(t) X[(t) Xa(?), (27)

e the P-condition (26), where the matriz T(t) is defined in (12)
through (Xa,U,),
e and for any admissible (x,u) with (9) we have

(a) the Riccati type identity
[27 ()] RQ)(t) x(t) =0 on (a, p(b))s, (28)
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and the equation in (28) holds also at t = a if a is right-
scattered and at t = p(b) if b is left-scattered,
(b) the image condition at b:

x(b) € Im X, (b) if b is left-dense.

Remark 3.2. (i) Note that in [15, Theorem 4.1] there are several more
perturbation conditions similar to the one in (iii) of Theorem 3.2. In these
conditions, one may choose to keep only one out of the two boundary con-
ditions from (9) or even combine them together in a certain way.

(ii) For the case of both endpoints being zero, a perturbation condition
similar to (iii) of Theorem 3.2 (in a sense that only the initial endpoint is
perturbed) was established in [14, Theorem 2.1].

(iii) For the time scale calculus of variations case with the zero right
endpoint, a conjugate point condition equivalent to the nonnegativity of F
is known from [24, Theorem 5.1]. In particular, this condition reads as the
nonexistence of conjugate points in the interval (a,b); and b is not strictly
conjugate to a if b is left-scattered.

(iv) The difference between the implicit Riccati equation conditions (iv)
and (v) in Theorem 3.2 lies mainly in the presence or absence of the image
condition (22). While condition (iv) contains the whole image condition
(22), in condition (v) it is taken only at ¢ = b if b is left-dense, and it is
then “compensated” by using (27).

Proof of Theorem 3.2. The equivalence “(i) < (ii)” is established in [22,
Theorem 4.2] via generalized Picone identity and the results on piecewise
constant kernel of X,. The equivalence “(i) < (iii)” is proven in [15, Theo-
rem 4.1] by transforming the functional F into a functional on the extended
time scale [a — 1,b + 2], with zero endpoints z(a — 1) = 0 = 2(b+ 2) and
applying the zero endpoints result from [15, Theorem 3.1]. The equivalence
“(i) & (iv)” is shown in [27, Theorem 4.1] by using a generalized Picone
type identity and results on piecewise constant kernel of X,. Finally, the
equivalence “(i) < (v)” is established in [27, Theorem 4.9] by the combina-
tion of the method for proving condition (iv) with the results on reachable
sets from [22, Lemma 5.2]. O

Next we wish to discuss Reid roundabout theorems for the quadratic
functional F in (1) with jointly varying endpoints (2). As it is now well
known, such a functional can be transformed into a functional with sepa-
rated endpoints in the double dimension 2n, that is, with 2n x 2n coefficient
matrices, see e.g. [26, Section 4] or [19, Section 6]. Namely, the conditions
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on the natural conjoined basis (X,,U,) are replaced by conditions on the
principal solution (X, U) and the augmented matrices

%0 = (50 x0) 0= (o o)

where (X, U) is the solution of (S) given by the initial conditions X (a) = I
and U(a) = 0. The main difficulty in obtaining the results for the jointly
varying endpoints case was the abnormality of the augmented time scale
symplectic system resulting from this transformation. However, once we
have Reid roundabout theorems for the separated endpoints case with-
out any normality assumption (Theorems 3.1 and 3.2), the parallel results
for the jointly varying endpoints can be easily derived. We shall not list
these Reid roundabout theorem explicitly, but we comment on the litera-
ture where the corresponding partial results appeared.

Remark 3.3. More precisely, we can formulate a Reid roundabout theorem
for the positivity of F with joint endpoints in a parallel way to Theorem 3.1
with the following references:

(i) The functional F in (1) is positive definite over (2) and x # 0.
(ii) The condition on no generalized focal points for the principal solution
(X,U) was derived in [26, Theorem 4.1].
(iii) The existence of an augmented conjoined basis (X, U,) with invert-
ible X, (t) on [a, b]; and appropriate augmented boundary conditions
was established in [26, Theorem 6.2].
(iv) The augmented explicit Riccati equation condition is also proven in
[26, Theorem 6.2].
(vii) The perturbation result for the jointly varying endpoints case can be
found in [15, Theorem 5.3].
(viii) The implicit Riccati equation condition with an augmented final end-
point inequality is derived in [27, Theorem 5.5].

Conditions (v) and (vi) corresponding to the Riccati inequality for the
jointly varying endpoints case were never stated in the literature explicitly.

Remark 3.4. Similarly, we can formulate a Reid roundabout theorem for
the nonnegativity of F with joint endpoints in a parallel way to Theorem 3.2
with the following references:

(i) The functional F in (1) is nonnegative over (2).
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(ii) The image condition for the principal solution (X, U), involving also
the conjoined basis (X, U), and an augmented final endpoint inequality
was derived in [26, Theorem 4.2].

(iii) The perturbation result for the jointly varying endpoints case can be
found in [15, Theorem 5.2].

(iv) The implicit Riccati equation condition with an image condition on
[a, b]y and with an augmented final endpoint inequality is derived in [27,
Theorem 5.1].

(v) The implicit Riccati equation condition involving an identity of the form
(27) for the principal solution (X, U) instead of the natural conjoined
basis (X4, U,), with an image condition at ¢ = b only if b is left-dense,
and with an augmented final endpoint inequality is established in [27,
Theorem 5.3].

4. Jacobi systems for control problems

The Jacobi equation or Jacobi system is the (linear) Euler-Lagrange system
for the quadratic functional arising as the second variation of the original
variational problem. In the time scale calculus of variations setting, see
[20,24], the corresponding Jacobi equation is of the form

[R(t)n® + QT (1) n°]> = P(t) n° + Q(t) n™ (J)

with symmetric matrices P(t) and R(t). Upon setting q := R(t)n™ +
QT (t)n° and assuming that R(t) and R(t) + u(t) QT (t) are invertible on
[a, p(b)]r, equation (J) can be written as the linear Hamiltonian system (H?)
with

Alt) = -R7'(1)QT(t), C(t)=P(t) - Q) R™'(t) Q" (1), (20)

B(t) := R7(¢).
Note that, under the given assumptions, the matrix I — u(t) A(t) =
R™Y(t) [R(t) + pu(t) QT (t)] is indeed invertible and that B(t) and C(t) are
symmetric. Thus, Jacobi equation (J) is a special case of the time scale sym-
plectic system (S), see also Proposition 4.1 below. In this section we show
in a similar way that linear Hamiltonian systems arising from time scale
control problems lead naturally to time scale symplectic systems. This work
is motivated by its continuous and discrete counterparts in [38, Section 6]
and [19, Section 2].
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4.1. Control problem with shift in the state variable

Consider the time scale control problem
b
minimize J(z,u) := K (z(a),z(b)) —l—/ L(t,z°(t),u(t)) At,  (C7)

subject to x € Cprd [a,b]y and u € Cprala, p(b)]: satistying

2B (t) = f(t,27(t),ut), t€ [a,p(b)]s,
¥(tu() =0, t€la,p(d)], (30)
p(a(a),z(b)) =0, (31)
where the data satisfy
L:fa,p(0)]: xR"xR™ =R, m<n, K:R™ >R,
fila, p(b)]r x R x R™ — R™, p: R SR, r<2n,
¥ a, p(b)]y x R™ = RF |k < m.

It is shown in [28, Section 7] that the second variation at a normal feasible
pair (Z,4) in the direction (n,v) takes the form of the quadratic functional

J" (@, u;m,v) =
T b
(1 (800 + o2 e a

subject to 1 € C} 4la,bly and v € Cprala, p(b)]- satisfying
n(t) = AW n’(t) + Bt)v(t), te€ap@): veT. (32)
n(a)\ _
(i) = 6

-,+) and in (32)—(33) are
,p(D)]r — R*, X € Cpra,

The quantities appearing in the functional J" (Z,
defined, for some vector ¥ € R" and functions A :

.—Q\

and p: [a,bly = R™, p € Cprd, as follows:
7( ) = fz(1), P(t) == Lya(t) + T(t) fea(),
B( ) = fult), Q(t) == Lyu(t) + T(t) feu(t), (34)
M := Vo (z(a),2(b)), R(t) := Luy(t) + p7(t) fuu(t)

N(t) ==V (t,u(t)), T =V K(Z(a),z
and the tangent space 7 of tangent function is

={v(-) € Cprala, p(b)]x : N(t)v(t) =0 for all t € [a, p(b)]+}.
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The first and second order partial derivatives of L, f, and 1 are evaluated
at (t,z7(t),a(t)) and (t,a(t)), respectively.

We assume that the matrices M and N(¢), t € [a, p(b)]r, have full rank,
and that the linear system (32) is M-controllable over 7, see [28, Def-
inition 4.2]. Moreover, we denote by Y € Cppq the m x (m — k) ma-
trix function whose columns form, for each ¢ € [a, p(b)]y, an orthonor-
mal basis for Ker N(¢). Hence, every tangent function v € 7 is of the
form v(t) = Y () w(t) with some w : [a, p(b)]: — R™7* w € Cprq. Then,
by [28, Theorem 7.2], a necessary condition for (Z, @) being a weak local
minimum for problem (C7) is that the quadratic functional J”(Z,a;n,v)
is nonnegative for all (1, v) satisfying (32) and (33). As it is common, (7, v)
satisfying (32) will be called admissible. Consequently, the application of the
weak maximum principle [28, Theorem 6.1] to the functional J"(z,;-, ")
yields the existence of a quadruple A\ = 1, w € R", A € Cpudla, p(b)]-, and
q € C_4la,b]. (changing the sign of ¢(-)) such that for ¢ € [a, p(b)]x

prd
(A (0) = —AT(8) q(t) + P() 07 (5) + Q(6) wl), (35)
CBT(0)a(t) + QT 7 (1) + RO o) + NTOAD) =0, (36)
0@\ _ o p (1@
(—qw)) Miw+ T (n(b) ! (87)

where v(t) = Y (t) w(t) as mentioned above. If YT () R(t) Y (t) is invertible
on [a, p(b)]r, then we may solve equation (36) for w(t), hence also for v(t),
and then

o(t) = Z(t) [BT () q(t) — Q" (t) n° (t)], (38)
where
Z(t) =Y () [YT () R@t) Y (1) YT (). (39)

By inserting (38) into equations (32) and (35), it follows that (7, q) satisfies
the linear Hamiltonian system (H?) with

A(t) = A(t) = B(t) Z(t) QT (1),  C(t) == P(t) — Q(t) Z(t) Q" (¢),

_ _ (40)
B(t) == B(t) Z(t) BT (t).

These equations reduce to equations (29) for the calculus of variations case
where A(t) = 0, B(t) = I, and Y (¢t) = I. Then the following property
was shown in [10], where the time scale linear Hamiltonian systems were
introduced.
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Proposition 4.1 (Hamiltonian to symplectic). Let A(t), B(t), and
C(t) be defined by the formulas in (40). Under the natural solvability as-
sumption that

I — p(t) A(t) is invertible for all t € [a, p(b)]r,
the linear Hamiltonian system (H?) is a special case of the time scale sym-
plectic system (S) with
A(t) := D(t) At), C(t) :=C(t) D(t),
B(t) := D(t) B(t), D(t) := u(t) C(t) D(t) B(t) — AT (¢),
and where D(t) :=[I — u(t) A(t)] 1.

4.2. Control problem without shift in the state variable

On the other hand, starting with the time scale control problem which does
not have the shift in z, i.e., with
b

minimize J(z,u) := K (z(a), z(b)) —|—/ L(t,z(t),u(t)) At, (C)

subject to z € C} 4[a,b]s and u € Cprala, p(b)]: satisfying the constraints

(30) and (31) and with the dynamics
a®(t) = f(t.a(t),ult), € la,pO),

leads, by [28, Section 9], to the second variation

J"(z,a;m,0) =
(e (0) o [ s aien s g

subject to n € C} 4

constraint (33) and
(1) = At n(t) + BO)v(t), tela,p®)s, veT. (41)

Here, for some vector 4 € R” and functions X : [a, p(b)] — R¥, A € Cpya,
and p : [a,0]; — R", p € Cl 4, the coefficients A(t), B(t), P(t), Q(t),
R(t) are defined in a similar manner as the corresponding coefficients for
the problem (C?) in equation (34), but with the first and second order
partial derivatives of L and f evaluated at (¢,Z(f),u(t)) instead of at
(t,z°(t),u(t)), and with p°(t) instead of p(t).

Under a corresponding M-controllability assumption on the linear sys-
tem (41), the weak maximum principle [28, Theorem 9.4] applied to the

[a,b]y and v € Cpala, p(b)]r satisfying the endpoint
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functional J"(Z, @; -, -) yields the existence of a quadruple A\g = 1, w € R",
A € Cprala, p(b)]:, and g € C} 4[a,bl: (changing the sign of ¢(-)) such that
for ¢ € [a, p(b)]-
g*(t) = —AT(8) g7 (t) + P(t) n(t) + Q1) v(?), (42)
=BT(1) ¢"(t) + QT (1) n(t) + R(t) v(t) + N (t) A(t) = 0, (43)
and satisfying the transversality condition (37). Similarly to the situation
in Subsection 4.1, if YT (t) R(t) Y (¢) is invertible on [a, p(b)], then we may
solve equation (43) for v(t), i.e.,

u(t) = Z(t) [BT (1) ¢ (1) = QT (t) n(t)], (44)

where the matrix Z(t) is defined in (39). Upon inserting formula (44) into
equations (41) and (42), it follows that (7, g) satisfies the linear Hamiltonian
system

N> =At)n+B(t) ", ¢ =Ct)n—AT(t)¢, (H)
where the coefficients are defined by
A(t) = A(t) = B(t) Z(1) Q" (1),  C(t) := P(t) — Q(t) Z(1) Q" (1),
B(t) == B(t) Z(t) BT (t).
Then we can easily prove the following.
Proposition 4.2 (Hamiltonian to symplectic). Let A(t), B(t), and

C(t) be defined by the formulas in (45). Under the natural solvability as-
sumption that

I+ pu(t) A(t) is invertible for all t € [a, p(D)]r,

the linear Hamiltonian system (H) is a special case of the time scale sym-
plectic system (S) with

A(t) := u(t) B(t) D(t) C(t) + A(t), C(t) == D(t) C(t),

(46)
B(t) := B(t) D(t), D(t) := —AT(t) D(t),

and where D(t) := [I + u(t) AT (¢)]7L.

Proof. Using the formula ;g™ = ¢° — g, we can solve the second equation
in (H) for ¢° in terms of  and ¢. Putting this into both equations in (H)
yields the coefficients in (46). Then it is a straightforward calculation that
the corresponding matrix S(t) satisfies identity (3), thus defining a time
scale symplectic system. O
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In conclusion, no matter whether the original time scale control problem
(and hence, also a time scale calculus of variations problem) contains the
shift in the state variable x or does not, the resulting Jacobi system is a time
scale symplectic system of the form (S). Note also that in the continuous
time case both linear Hamiltonian systems (H?) and (H), as well as the
system (S), reduce to the same differential system (H.).

4.3. FEuler-Lagrange system for functional F

Next we show that the system (S) is indeed the Euler-Lagrange (or Jacobi)
system for the quadratic functional F given in (1). Consider the variational
problem

minimize F(x,u) (VP)

subject to admissible (x,u) satisfying

z(a)) _
(10 o o
We assume that M € R"™*2" r < 2n, and that M has full rank 7.

Remark 4.1. In (2) we considered the boundary conditions for F in terms
of a projection matrix M. Obviously, if rank M < 2n, then we may simply
disregard in (2) the linearly dependent equations and obtain the equivalent
constraint (47). On the other hand, starting with M as in (47), then we
can set M := MT(MMT)~'M, which is a projection with the property
that Ma = 0 if and only if Ma = 0. In this case we can also redefine the
matrix T to be (I — M)T (I — M), because for o € Ker M = Ker M we
have o'Ta =aT(I — M)T (I — M) a.

Next we consider the boundary value problem

z(a)\ _ u(a) \ _ o (=(a) T
@ m(Gm) =0 (L) -r(e) v o
for some y € R”, where the system (S) is defined in Section 1. The system
(S) is called M -normal if the only solution u(-) of

A =Dityu, BHu=0, tefap®l. () =Ty,
—u(b)
for some v € R", is the trivial solution u(-) = 0. Equivalently, the M-
normality of the system (S) means that if (x, u) solves (BVP) with z(-) = 0,
then also u(-) = 0.
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In the formulation of the next result we need the first variation of the
functional F at an admissible pair (z,u) in the direction (£, w). By [28,
Section 9], the first variation takes the form

ot w — (T@Y p (@)
Floutw) = (m(b)) : (5(6))
+ / b{mTCT(I—i- pA) E+pa’ CTBw+pu’ BTCE+u” (I+pD)" Bwl(t) At

over admissible (¢, w) satisfying

5(@)

M =0. 48
(<6 )
Again, the pair ({,w) is called admissible if ¢ € C}4la,bl,, w €

Cpealas p(B)]z, and €3 (8) = A(t) €(t) + B(t) w(t) for t € [a, p(b)]:.

The discrete version of the following result can be found in [19, Theo-
rem 4]. In particular, condition (ii) in the statement below says that the time
scale symplectic system (S) is the Euler-Lagrange system for the quadratic
functional F.

Proposition 4.3 (Euler-Lagrange system for (S)). The following
implications relate the variational problem (VP) and the boundary value
problem (BVP).

(i) Let (,u) solve (BVP) and let F > 0 over (47). Then F'(Z,u;-,-) =0
and (%, u) solves (VP).

(i) Conversely, if (Z,u) solves (VP), then F'(z,u;-,-) = 0, F > 0 over
(47), and there exist \g > 0, vy € R", and p € C;rd[a, blz such that the
pair (AoZ,p) solves (BVP). In addition, if the system (S) is M -normal,
then Ao = 1, and v and p(-) are unique.

Proof. “(i)” Suppose that (Z,u) solves (BVP) and F > 0. Then, by [28,
Theorem 9.6], F'(z,; &, w) = 0 for any admissible (£, w) with (47). More-
over, for any admissible (z,u) the pair (§,w) := (z,u) — (%, u) is also ad-
missible, it satisfies (48), and

F(z,u) — F(z,0) =2F'(Z,5;¢w) + F(&w) = F(&w) > 0.

Hence, (Z, 1) solves (VP).

“(i1)” Conversely, let (Z, @) solve (VP), i.e., (Z,a) is admissible, (47)
holds, and for every other such pair (z,u) we have F(Z,u) < F(z,u).
Then, by [28, Theorems 9.6 and 9.7], F/'(Z,4;&,w) = 0 and 2 F({,w) =
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F"(z,u;&,w) > 0 for any admissible (£, w) satisfying (48). Furthermore, by
the time scale weak maximum principle [28, Theorem 9.4], there is Ao > 0,
veR" andp € Cprd[ b]; (changing the sign of p(+)) such that (suppressing
the argument ¢ in the following calculations) on [a, p(b)]x

P =—ATp7 + X [CT (I + pnA)z + nCTBa], (49)

—BTp7 + o [uB"Cz + (I + pD") Bu] =0, (50)
e

The admissibility of (Z, @) yields from (49), via the first identity in (5), the

equation
P> =X CTz” — ATp7 on [a, p(b)], (52)
while from (50) it gives on [a, p(b)]x
Xo (22 — Az — Ba) + \o [uBTCz + (I + uDT) Bu] = BTp°.

By using the first identity in (5) once more and by the third equation in
the coefficient identities (4), it follows that

Mo = \o (AZ — uBTCz — pDTBu) + BTp” = — X D727 + BT5°. (53)

Therefore, equations (52) and (53) show that the pair (AoZ, p) satisfies the
adjoint time scale symplectic system (7). Consequently, this pair satisfies
(S8) and hence, with the transversality condition (51), the pair (AoZ, D)
solves (BVP). Finally, under the M-normality, Ay = 1 and ~ and p(-) are
unique, as it follows from the time scale weak maximum principle in [28,
Theorem 9.4]. O

Acknowledgments

The first author was supported by the Grant Agency of the Academy of
Sciences of the Czech Republic under grant KJB100190701, by the Czech
Grant Agency under grant 201/07/0145, and by the research projects MSM
0021622409 and ME 891 (program KONTAKT) of the Ministry of Educa-
tion, Youth, and Sports of the Czech Republic. He wishes to thank the
Michigan State University for the hospitality provided while conducting
a part of this research project. The second author was supported by the
National Science Foundation under grant DMS — 0707789.



287

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

C. D. Ahlbrandt, Discrete variational inequalities, in: “General Inequalities
6”7, Proceedings of the 6th International Conference on General Inequalities
(Oberwolfach, 1990), W. Walter, editor, pp. 93-107, Birkhéuser, Basel, 1992.
C. D. Ahlbrandt, Equivalence of discrete Euler equations and discrete Hamil-
tonian systems, J. Math. Anal. Appl. 180 (1993), 498-517.

C. D. Ahlbrandt, S. L. Clark, J. W. Hooker, W. T. Patula, A discrete inter-
pretation of Reid’s roundabout theorem for generalized differential systems,
Comput. Math. Appl. 28 (1994), no. 1-3, 11-21.

M. Bohner, Calculus of variations on time scales, Dynam. Systems Appl. 13
(2004), no. 3-4, 339-349.

. M. Bohner, O. Dosly, W. Kratz, Positive semidefiniteness of discrete

quadratic functionals, Proc. Edinburgh Math. Soc. 46 (2003), 627-636.

M. Bohner, A. Peterson, Dynamic Equations on Time Scales. An Introduction
with Applications, Birkhduser, Boston, 2001.

A. E. Bryson, Y. C. Ho, Applied Optimal Control. Optimization, Estimation,
and Control, Hemisphere Publishing Corp., Washington, 1975.

O. Dosly, S. Hilger, R. Hilscher, Symplectic dynamic systems, in: “Advances
in Dynamic Equations on Time Scales”, M. Bohner and A. Peterson, editors,
pp- 293-334, Birkh&user, Boston, 2003.

M. R. Hestenes, Calculus of Variations and Optimal Control Theory, John
Wiley & Sons, New York, 1966.

R. Hilscher, Linear Hamiltonian systems on time scales: positivity of
quadratic functionals, Math. Comput. Modelling 32 (2000), no. 56, 507—
527.

R. Hilscher, Reid roundabout theorem for symplectic dynamic systems on
time scales, Appl. Math. Optim. 43 (2001), no. 2, 129-146.

R. Hilscher, V. Ruzickovd, Riccati inequality and other results for discrete
symplectic systems, J. Math. Anal. Appl. 322 (2006), no. 2, 1083-1098.

R. Hilscher, V. Ruzi¢kova, Implicit Riccati equations and quadratic func-
tionals for discrete symplectic systems, Internat. J. Difference Equ. 1 (2006),
no. 1, 135-154.

R. Hilscher, V. Ruzickové, Perturbation of nonnegative time scale quadratic
functionals, in: “Difference Equations, Special Functions, and Orthogonal
Polynomials”, Proceedings of the International Conference (Munich, 2005),
S. Elaydi et al., editors, pp. 266—275, World Scientific, London, 2007.

R. Hilscher, V. Ruzickovd, Perturbation of time scale quadratic functionals
with variable endpoints, Adv. Dyn. Syst. Appl. 2 (2007), no. 2, 207-224.

R. Hilscher, P. Rehdk, Riccati inequality, disconjugacy, and reciprocity prin-
ciple for linear Hamiltonian dynamic systems, Dynam. Systems. Appl. 12
(2003), no. 1-2, 171-189.

R. Hilscher, V. Zeidan, Discrete optimal control: the accessory problem and
necessary optimality conditions, J. Math. Anal. Appl. 243 (2000), no. 2, 429
452.

R. Hilscher, V. Zeidan, Second order sufficiency criteria for a discrete optimal
control problem, J. Difference Equ. Appl. 8 (2002), no. 6, 573-602.



288

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.

38.

39.

R. Hilscher, V. Zeidan, Symplectic difference systems: variable stepsize dis-
cretization and discrete quadratic functionals, Linear Algebra Appl. 367
(2003), 67-104.

R. Hilscher, V. Zeidan, Calculus of variations on time scales: weak local
piecewise C%d solutions with variable endpoints, J. Math. Anal. Appl. 289
(2004), no. 1, 143-166.

R. Hilscher, V. Zeidan, Nonnegativity and positivity of a quadratic functional
in the discrete calculus of variations: A survey, J. Difference Equ. Appl. 11
(2005), no. 9, 857-875.

R. Hilscher, V. Zeidan, Time scale symplectic systems without normality, J.
Differential Equations 230 (2006), no. 1, 140-173.

R. Hilscher, V. Zeidan, Coupled intervals for discrete symplectic systems,
Linear Algebra Appl. 419 (2006), no. 2-3, 750-764.

R. Hilscher, V. Zeidan, Legendre, Jacobi, and Riccati type conditions for
time scale variational problem with application, Dynam. Systems Appl. 16
(2007), no. 3, 451-480.

R. Hilscher, V. Zeidan, Time scale embedding theorem and coercivity of
quadratic functionals, Analysis (Munich) 28 (2008), no. 1, 1-28.

R. Hilscher, V. Zeidan, Applications of time scale symplectic systems without
normality, J. Math. Anal. Appl. 340 (2008), no. 1, 451-465.

R. Hilscher, V. Zeidan, Riccati equations for abnormal time scale quadratic
functionals, J. Differential Equations 244 (2008), no. 6, 1410-1447.

R. Hilscher, V. Zeidan, Weak maximum principle and accessory problem for
control problems on time scales, Nonlinear Anal., to appear.

W. Kratz, Quadratic Functionals in Variational Analysis and Control The-
ory, Akademie Verlag, Berlin, 1995.

W. Kratz, Definiteness of quadratic functionals, Analysis (Munich) 23
(2003), no. 2, 163-183.

W. T. Reid, Ordinary Differential Equations, Wiley, New York, 1971.

V. Ruzickova, Discrete Symplectic Systems and Definiteness of Quadratic
Functionals, PhD dissertation. Masaryk University, Brno, 2006.

G. Stefani, P. Zezza, Constrained regular LQ-control problems, SIAM J.
Control Optim. 35 (1997), no. 3, 876-900.

V. Zeidan, Sufficiency criteria via focal points and via coupled points, STAM
J. Control Optim. 30 (1992), no. 1, 82-98.

V. Zeidan, Sufficient conditions for variational problems with variable end-
points: coupled points, Appl. Math. Optim. 27 (1993), no. 2, 191-209.

V. Zeidan, Nonnegativity and positivity of a quadratic functional, Dynam.
Systems Appl. 8 (1999), no. 34, 571-588.

V. Zeidan, New second-order optimality conditions for variational problems
with C?-Hamiltonians, SIAM J. Control Optim. 40 (2001), no. 2, 577-609.
V. Zeidan, P. Zezza, The conjugate point condition for smooth control sets,
J. Math. Anal. Appl. 132 (1988), no. 2, 572-589.

P. Zezza, The Jacobi condition in optimal control, in: “Control Theory,
Stochastic Analysis and Applications”, S. Chen, J. Yong, editors, pp. 137—
149, World Scientific Publishing, River Edge, NJ, 1991.



289

The Global Properties of a Two-Dimensional
Competing Species Model Exhibiting Mixed Competition

P. J. Johnson* and M. E. Burke

Department of Mathematics and Statistics,
University of Limerick, Ireland
* E-mail: patrick.johnson@ul.ie
www.ul.ie

In this paper we consider a two species population model based on the dis-
cretisation of the original Lotka-Volterra competition equations. We analyse
the global dynamic properties of the resulting two-dimensional noninvertible
dynamical system in the case where the interspecific competition is considered
to be “mixed”. The main results of this paper are derived from the study of
some global bifurcations that change the structure of the attractors and their
basins. These bifurcations are investigated using the method of Critical Curves.

Keywords: Critical curves; Global bifurcations; Noninvertible maps; Competing
species.

1. Introduction

In this paper we will show how the global dynamics of a biological model
can be analysed through a study of global bifurcations that cause qual-
itative changes in the attractors and their basins of attraction, as some
parameters of the model are varied. In particular, we consider a two-
dimensional quadratic map derived from the Lotka-Volterra competing
species population model which has very close analogies to the well-known
one-dimensional standard logistic map. A previous investigation of the dy-
namics of this map has been given for a range of parameter values which
show both characteristic one-dimensional and two-dimensional behaviours.!
However, this model has been largely ignored by other researchers due to
the charge of biological infeasibility. Once the population sizes grow beyond
a certain point then at the next time step at least one of the populations
becomes negative. This is biologically meaningless and thus represents the
main drawback of this model. However the model is extremely useful in
demonstrating the effects of global bifurcations. In this paper these bifurca-
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tions are analysed using the method of critical curves. This is a technique for
investigating the global properties of noninvertible two-dimensional maps??>
and is used extensively in this paper when analysing the global properties
of the map. Using critical curves the map has previously been studied as a
particular model of Cournot duopoly, though for a restricted set of param-
eter values.*"

The discrete-time model analysed in this paper can easily be deduced
from the Lotka-Volterra two species competition model which was originally
expressed as a system of differential equations.® This model permits either
the coexistence of both species or the extinction of one or other of the
competing species. It is possible, by discretisation and rescaling, to derive
from the original Lotka-Volterra model a discrete time two-dimensional
quadratic map T : R3 — R3. Denoting the normalised populations of the
two species at time k by z and yi respectively, the map determines the
time evolution of the two species according to (zx+1,yx+1) = T(Tk, yr) or

Tpr1 = azp(l — z — syx)

Yk+1 = byk(1 — yx — tay), @)
where a and b are the intrinsic growth rates, and s and ¢ the (interspe-
cific) competition parameters, of species x and y respectively. Per head
of species population, the size of the competition parameter determines
whether intraspecific competition is more important (parameter < 1) or
whether interspecific competition dominates (parameter > 1). This paper
deals with the case where one of the interspecific competition parameters is
greater than 1 and the other interspecific competition parameter is less than
1. This subcase shall be referred to as mized competition. In this scenario
it is possible to exhibit permanence,” bistability® or dominance.’ Perma-
nence occurs when both species coexist whereas dominance is seen when of
one species always drives the other species to extinction. Bistability occurs
where only one of the species survives but unlike dominance which species
survives depends on the initial population densities.

2. General Properties of the Quadratic Map
The evolution of the dynamical system is obtained by the iteration of the
two-dimensional map T :
' =ax(l —z — sy),
, (2)
Y =by(l -y —ta),
where a and b are greater than 1, s and ¢ are positive parameters and ’
denotes the unit-time advancement operator. Since this map (2) is basically
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a two-dimensional version of the standard logistic map with interactions
permitted, there are limitations on the values of the parameters to ensure
that the populations remain nonnegative.

The map (2) is defined only for nonnegative values of x and y that lie
below the lines 1 —x — sy = 0 and 1 — y — tx = 0. More specifically, the
Live Region(LR) of the map can be defined as follows:

LR={(z,y); x>0,y >0,1—2z—sy>0,1—y—tz>0}.

In the case of mixed competition only one of the lines 1 — z — sy = 0 and
1 —y —tx = 0 is active in forming the boundary of LR. Therefore, LR is
triangular in shape.

If (z,y) € R2 \ LR, then the next iterate will produce negative values for
at least one of the species, which is biologically meaningless. Furthermore, it
is important to realise, that under certain conditions an initial value whose
starting point lies in LR, may enter into the region Ri \ LR after a finite
number of iterations of the map.'® We shall call a point (zg,0) a feasible
point if its full trajectory® remains in LR. We will refer to such a trajectory
as a feasible trajectory.'! Finally, we denote by F the feasible set, defined
as the set of feasible points.

There are three axial fixed points of the map T":

a—1 b—1
b= (210, 0o 5= (0.20)

The fixed points E, and E, are related to the non-zero fixed points of the
one-dimensional quadratic maps that govern the dynamics restricted to the
invariant axes. There is also another fixed point given by the solution of
the equations

a—azr—asy—1=0,
b—by—btx —1=0.

We will refer to this off-axis fixed point as E.. We will concentrate on the
situation where O is always an unstable node (a,b > 1) as otherwise it will
be attracting to trajectories in its local neighbourhood.

The case of mixed competition can be split into two subcases; subcase
1 is when st < 1 and subcase 2 is when st > 1. In subcase 1, by fixing
the growth parameters between 1 and 3 the fixed points E, and E, will
both be saddle points and the off-axis fixed point F, will be stable. When
the growth parameters are increased beyond 3 the fixed points F, and

2The sequence (T*(xo,y0))ken of values calculated by iterating the map T.
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E, become completely unstable and trajectories starting on the axes are
now attracted to the higher period stable points embedded in the axes.
For increased values of the parameters the off-axis fixed point, F,, will be
replaced by higher period points. It should be noted too that it is possible
for the fixed point E, to be located outside of LR.'°

In subcase 2, the fixed point E, is located outside of LR for most of
the choices of parameters and so all generic trajectories starting within LR
are attracted to one of the attractors on the coordinate axes. It is possible
to configure the map (2) so that the fixed point E, is located in LR. E,
will be a saddle point in this case and its stable set acts as a separatrix
between the attractors embedded in the invariant coordinate axes. These
results are obtained through a standard study of the local stability of the
fixed points.'°

2.1. Critical Curves

Map (2)P belongs to the class of noninvertible maps because solving for
(x,y) in terms of a given (z/,y’) in (2) will typically return no solution or
more than one solution. Noninvertible biological maps'?'3 have previously
been studied using the method of critical curves.

As the point (z’,y’) varies in the plane R? the number of preimages of
(2, y"), changes. Pairs of real preimages appear or disappear as the point
(2',y") crosses the boundaries separating regions whose points have a dif-
ferent number of preimages. Such boundaries are usually characterised by
the presence of two coincident or merging preimages. This leads to the def-
inition of the critical curves. The critical curve of rank-1, denoted by LC
(from Ligne Critique), is defined as the locus of points having two, or more,
coincident preimages, located on a set called LC_1 (the curve of merging
preimages). Arcs of LC separate the plane into regions characterised by a
different number of real preimages. A region of the plane is labelled “a Z,
region” when its points possess n distinct preimages.

For a continuously differentiable map T the curve of merging first rank
preimages LC_; belongs to the set :

LC_; C {(z,y) € R* | det (DT) =0}

where DT is the Jacobian of T'. Also note that LC' is the rank-1 image of
LC_y under T, ie. LC =T (LC_;).

bThis map (2) has previously been analysed using the method of critical curves; In Bischi
and Naimzada (1999)% for the parameter values st = 1/4 , and in Bischi et al. (1998)°
for s=t¢t=1/2 and a = b.
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Fig. 1. (a) Critical curve LC_; in the case when st < 1. (b) Critical curve LC in the
case when st < 1.

In the case where st < 1, the locus of points for which det(DT) = 0 is
given by the union of two branches of a hyperbola, denoted by LC’(fbl) and
LCQ in Fig. 1(a). Also LC is the union of two branches, denoted by LC(®)
= T(LCEal)) and LO®) = T(LCSbl)) (Fig. 1(b)): LC(®) separates the region
Zy, whose points have no preimages, from the region Z,, whose points have
two distinct rank-1 preimages, and LC®) separates the region Zo from Zy,
whose points have four distinct rank-1 preimages.

LC_7 7
4
0 ] j ' ! /02 ] \\%\
—0.47 —0.4
(a) (b)

Fig. 2. (a) Critical curve LC_1 in the case when st > 1. (b) Critical curve LC in the
case when st > 1.

In the case where st > 1 LC_; is represented by an ellipse (Fig. 2(a)). In
this case LC is represented by a closed curve presenting three-cusp points
as shown in Fig. 2(b). LC here bounds a region Z, surrounded by an un-
bounded region Zs.
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3. Global Bifurcations

We know from Mira et al. (1996)3 that global bifurcations are characterised
by a contact between the boundary, denoted dF, of the feasible set and the
arcs of the critical curves LC.

In the case when st < 1 the possible biological outcomes from the sys-
tem are dominance and permanence. Dominance results in all feasible tra-
jectories being attracted to one of the coordinate axis whereas permanence
results in an attractor in the interior of LR which leads to more interesting
behaviour when analysing global bifurcations.'4

Recall that if s > 1 then the line 1 — z — sy = 0 forms the internal
boundary of LR whereas if t > 1 the line 1 —y —tx = 0 forms the boundary.
We shall look at this phenomenon for the case where s > 1 although similar
results can be found in the case where ¢ > 1. Fix the parameters b, s and ¢
and vary the parameter a. As a is increased the critical curve branch, LC(®)
which separates Zy from Z; moves upward and outward (See Fig. 3(a) &
(b)). The exact value of a(= ®) at which this contact bifurcation occurs is
found from the solution of the following expression,

(23[% +t]—[d—a(l—s)])? =4 —a(l—s)]* —4s[4t +a(s —t)].

A detailed derivation of ® can be found in Appendix C of.®

For a > ®, immediately after the bifurcation, a segment of 1 —x—sy = 0
enters the region Zy so that the region R;, bounded completely by LC(®)
and 1 — 2 — sy = 0 now has two preimages (see Fig. 3(b)). These two
preimages merge along LCEal) and form a hole (or lake) inside F.3 This
has the effect of changing the set F from simply connected to multiply
connected (or connected with holes).® This can be seen clearly in Fig. 3(c),
where the hole Hj is the preimage of the region R;. Hy belongs to the set of
points that generate non-feasible trajectories because the points of Hy are
mapped into Ry, outside of LR, and therefore go negative in x on their next
iteration. This is only the first of infinitely many preimages of R; which
form a sequence of smaller and smaller holes within F.

As the parameter a is further increased (yet still remaining below 4),
LC® moves upwards and outward and the region R; enlarges and, conse-
quently, all its preimages enlarge and become infinitely more pronounced.
When the parameter a is increased beyond 4, the critical curve LC(®) no
longer forms a closed region with the boundary of the feasible region F.
This adjustment has the effect of changing the structure of the boundary
of F from smooth to fractal (Fig. 3(d)). Thus it can be concluded that the
transformation of the region F from a simply connected set into a multiply
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Fig. 3. (a) LC inside F prior to contact. (b) Crossing between LC and 8F. (c) The
resulting hole Hy inside F. (d) The boundary of F is now fractal. The Basin of Infinity
is represented by the gray region.

connected set occurs because of a global (or non-classical) bifurcation due
to contact between 0F and branches of the critical set LC.

The attractor, A, existing inside F changes its structure for increasing
values of the parameters a and b when st < 1. For values of @ and b less than
3 the attractor is the stable fixed point E,. As a and b increase above the
value 3, E, loses stability through a flip (or period doubling) bifurcation at
which point F, becomes a saddle point, and an attracting cycle of period
2 is created near it. If we now fix b at some value greater than 3, and
further increase a, the cycle of period 2 undergoes a flip bifurcation at
which point an attracting cycle of period 4 is created, which becomes the
unique attractor inside F. Almost all points inside F have trajectories that
converge to the 4-cycle attractor, so that F can be identified with the basin
of attraction of the attractor for all practical purposes.

These flip bifurcations are followed by a sequence of further period dou-
blings, which creates a sequence of attracting cycles of period 2" followed
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Fig. 4. (a) Chaotic attractor in the interior of F. (b) Just prior to the contact between
the attractor A and 9F.

by the creation of chaotic attractors (Fig. 4(a)). The numerical simulations
show that the size of the chaotic attractor increases as a increases, and
with the parameter values that were used in Fig. 4(b) the chaotic set is
extremely close to a contact with the boundary of its basin. This contact
bifurcation, when it occurs, is known as the final bifurcation and causes the
destruction of the attractor A.3 After this type of contact bifurcation, any
initial point generates non-feasible trajectories, that is, the growth model
does not generate a stable feasible evolution of the population system.

In the case when st > 1 it is possible for the system to exhibit all three
biological outcomes. In the case of dominance there is no internal fixed
point in LR and all internal trajectories end up on one of the coordinate
axes. In the case of bistability the internal fixed point is a saddle and
again all internal trajectories are attracted to the coordinate axes. When
permanence occurs in the system in this case there is no internal fixed
point and all trajectories are attracted to a higher period stable point in
the interior of LR.** We will now focus on the attractor embedded in the
y-axis to demonstrate some unusual behaviour in the case when st > 1.

Prior to the contact between 1 — x — sy = 0 and the segment of LC
in LR, the attractor on the y-axis exists completely below LC. When the
parameters are chosen so that sb > 4, LC' intersects the y-axis at a value
greater than % and hence a portion of the attractor embedded in the axis
now exists in the interval (%, 1] which is above the line 1 — z — sy = 0.
Trajectories will continue to be attracted to the axial attractor but in this
instance they will exit LR en route to the attractor. Although this is not
a typical contact bifurcation (change in the structure of the attractor or
holes within the basin of attraction) it does occur due to a contact between
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LC and the boundary of the feasible set. Even though the attractor still
exists after this “quasi-final bifurcation”, and for trajectories starting on
the axis is still viable, all points starting in the interior of LR that are
attracted to this attractor will now generate infeasible trajectories en route
to the attractor. Therefore for parameter values sb > 4 (y-axis) and ta > 4
(z-axis) a contact bifurcation occurs that results in infeasible trajectories
for points originating in the interior of LR.

4. Conclusions

In this paper, an investigation of the global properties of a two-dimensional
competing species model displaying mixed competition is made using the
method of critical curves. Critical curves allow us to thoroughly analyse
the changing structure of the system as the parameters vary. A general
study of the properties of the attractors and of their basins in the case
of mixed competition is carried out. The biological relevance of the differ-
ent cases is presented to highlight the significance of the analysis carried
out. In contrast to the two species continuous-time Lotka-Volterra model
with mixed competition which results in dominance by one species (e.g.'%),
this discrete-time model is capable of exhibiting permanence, bi-stability
or dominance depending on the parameter values.
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In this work we discuss the structure of ordinal pattern distributions obtained
from orbits of dynamical systems. In particular, we consider the extreme cases
of systems with a singular pattern distribution and of realizing each ordi-
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Kolmogorov-Sinai entropy and the topological entropy of one-dimensional dy-
namical systems to the richness of the underlying ordinal pattern distribution.
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1. Introduction

Ordinal time series analysis (see Bandt*, Keller et al.”) is a new approach
to the investigation of long and complex time series. From the modelling
viewpoint, the time series considered are either realizations of stochastic
processes or orbits of dynamical systems. Here we concentrate to the second
case. The central subjects are ordinal patterns describing the up and down
in orbits.

Definition 1.1. For d € N={1,2,3,...} we call Z, := Xfl:l{o, 1,...,0}
the set of ordinal patterns of order d. Further, let X C R and let f : X «.
By the ordinal pattern of order d € N realized by x € X we understand the
sequence ig = i4(x) = (i1,42,...,14) € Zy defined by

i =#{re{0,1,....1—1}| feU=D(z) > fold=")(z)}

for I =1,2,...,d, where f°"(z) with n € N denotes the n-th iterate of a
point x € X with respect to f.

If d e N,z € X and igy1(z) = (i1,92,...,%d,%d+1), then obvi-
ously i4(f(z)) = (i1,42,...,%4). The relationship between ig1(z) and
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ig(z) = (i%,4h,...,4,) is more complicated. As shown in Keller et al.,”
the 1,15, ..., are recursively given by
Y -1
i = dpr 1 Y0 i = Dy i < ' (1)
1141 — 1 else

Here note that originally the ordinal pattern of order d realized by z €
X was defined as the permutation m4(x) = (ro,r1,...,74) of the set
{0,1,...,d} satistying

fold=ro)(g) > feld=r)(g) > > fold=ra-)(g) > fold=ra(y) (2)
and
ri_1 > 1y, if foldmmin)(g) = fold=m)(g), (3)

(The determination of my(z) from igz(x) and vice versa is simple, but not
relevant here.) In the permutation language the ordinal pattern of order d
realized by x can be immediately seen from the ordinal pattern of order
d + k realized by z for k in N. Namely 74(x) is obtained from mgq4r(z) =

(ro,7m1,...,Td+k) by omitting the entries 0,1,...,k in (ro,71,...,7d¢t+r) and
subtracting k from the remaining entries. In order to get m4(f°*(z)) from
ma+k(x) = (10,71, -, Td+k), one simply has to omit the entries d + 1,d +

2, .,d4+kin (ro,m1, ..., Tdsk)-

2. Ordinal patterns under iteration

Prerequisites and notions. Let X C R and let £ be a o-algebra on X.
We will consider measurable maps f : (X, ) « with the property that

{reX|z< f(z)} €€ foralneN. 4)

Clearly, this property is satisfied in the case & = B(X), where B(X) is
the Borel-o-algebra on X'. A probability measure k on £ is said to be f-
invariant if k(f~1(E)) = x(E) for all E € €. Further, let for (i;){, € Z,
with d € N

Eya = {z € X |z realizes (i), ).

Property (4) ensures that E;ya_ € €. Finally, let No = {0,1,2,...}.

Infinite patterns and the backward map. Ordinal patterns of order
d realized by X classify orbits (z, f(z),..., o9 (z),z = f°%(x)) starting
at some point x € X. From the viewpoint of prediction, for example, it is
however better to see them as determined from an orbit landing at z. The
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higher the order d of the ordinal pattern is, the more information on the
‘past’ of z is given, where higher order patterns are ‘extensions’ of lower or-
der ones. Therefore, it is natural to consider the set Z,, = X fil{o, 1,...,0}
of infinite ordinal patterns. There is a special dynamics on Z,, which we
describe now.

First of all, we equip Z, with the topology generated by the set of
elementary cylinder sets

Agpa = {in} x {ig} x ... x {ia} x X {0,1,...,1}
=1 l=d+1

given for (i;){_, € Ty with d € N. Note that Z. is compact with respect to
this topology. The backward map describes the intrinsic structure of ordinal
patterns of arbitrary order under iteration (compare text below Def. 1.1).

Definition 2.1. The map By : Zoo <= with Boo((4)52,) = (i])72,, where
i},14h, ... are recursively defined by
A AT -1,
i = { ipy1 if 21;11 Uk — k:ll i, <1

)

1141 — 1 else
is called the backward map.

As shown in Keller et al.,” the map B : Zoo < is continuous, hence
Borel-measurable. Note that it plays a similar role as the shift-map on
{1,2,...,n}° in symbolic dynamics for a symbolization decomposing the
state space into n pieces.

3. Distribution of ordinal patterns

Given a map f on a measurable space (X, ) with (4) and an invariant pro-
bability measure x, we are interested in the distribution of ordinal patterns
realized by X', which is well-defined by the invariance of x. This distribution
can be considered as the unique measure p = p,; on the space (Zoo, B(Zso))
of infinite ordinal patterns defined by

“(A(iz)?’zl) = /Q(E(il)zi:1) for all d € N and (i;)], € Zg.

Note that the probability of (finite) ordinal patterns (i;)j", € Zg is here
directly addressed by the measure of the elementary cylinder sets A(u);i:l-
One easily sees that p is Boo-invariant (see Keller et al.”).

The richness of the ordinal pattern distribution p characterizes somehow
the complexity of a dynamical system. Let us first describe the case that
is singular.



302

Theorem 3.1. Let X C R, let £ be a o-algebra on X, and let f : (X,€) «
be a measurable map. Further, let k be an f-invariant probability measure

n (X,E) satisfying (4). Then for u = p, the following statements are
equivalent:

(i) p is singular.
(i) There exist p € N and i € T, with u({i}) > 0 and B (i) =1i.
(iii) There exists a set E € £ whose elements realize the same ordinal pat-
terns for each given order and some p € N with f°P(E) C E and
Kk(E) > 0.

Proof. (i) = (ii): If p is singular, then fix some i € Z, with ,u({ }) >0
Tnvariancy of p implies u({i}) = p(B} (1)) = p(B?(i)) = p(Bao3(i)) =

.. Since p is finite, B3 °* ()N B °™ (i) # () for some k,m € Ny Wlth E<m
thus i € B °P({i}) for p = m — k. This shows (ii).

(ii) = (iii): Assuming that (ii) is satisfied with i = (4;)52,, let Ej for
k =1,2,... be the set of all # € X realizing the ordinal pattern (i;),”, .
Then Ey D Es D E3 D ... and f°P(Ey11) C Ey for all k € N. Therefore,
for E :=(Ny—, Ex one easily obtains f°P(F) C E. By the construction of x
it holds k(E1) > k(E2) > k(E3) > ... > u({i}) > 0, hence x(E) > 0. Since
the ordinal pattern of order kp realized by « € E is equal to (zl)f:p , for each
x € F, the ordinal patterns realized in F coincide for any given order.

(iii) = (i): Given an E as described in (iii), let (zgd),zgd),..., ((id))
denote the ordinal pattern of order d € N realized by E. Note that
(@) GO UEDRYy —)GS)i)) for each k € N.
Hence, there exists some i € Z,, such that ﬂ;ozl A(i(kp));cfl = 1i. Since
M(A(igkp))ffl) > k(E) > 0 for each k € N, it follows that u({i}) > 0

that is, p is singular. O

Note the part ‘(i) = (ii) of Theorem 3.1 shows that the singular part
of ;= p, is concentrated on a set of points being periodic with respect to
the map B

If ordinal patterns are obtained from a real-valued stochastic process
with independent identically distributed continuous random variables, all
ordinal patterns of a given order have the same probability. The distribution
describing this case adequately is the probability measure A on (Zoo, B(Zoo))
- the equidistribution - defined by

A(Agye ) = for all d € N and (4;)], € Za.

(d+1)
Let us consider the ordinal pattern distributions relative to this equidistri-
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Fig. 1. Map realizing all ordinal patterns

bution. First of all, as shown in Keller et al.,” A is Boo-invariant and B
is strongly mixing for A. The latter means that

limg_, o A(B;oos(Al) N Ag) = A(Al)A(Ag) for all Ay, As € B(IOO),

with the consequence of ergodicity of Bo, for A, that is, A(BL'(A) A A) =0
for A € B(Zo) implies A(A) =0 or A(A) =1 (compare Walters'!).

The following statement related to ergodicity of By, for A and also
shown in Keller et al.” roughly says that the distribution of ordinal patterns
is either very thin or very fat. The support C of a probability measure pu on
(Zoo, B(Z)) is the intersection of all closed sets D with p(D) = 1. It holds

n(C) = 1.

Theorem 3.2. If u is a Boo-invariant measure on (Zoo,B(Z~)), then for
the support C of p either A(C) =0 or A(C) = 1.

Let us give a continuous map f on the interval [0,1] for which the
Lebesgue measure )\ is f-invariant and p) is concentrated on Z.

Example 3.1. For all n € N consider the map f,, : [0,1] < defined by

2n+1)x —kforz € [ﬁ,%[, k=0,2,...,2n

fulz) = 1+k—(2n+1)xforac€[ﬁ,%[;kzl,&...,?n—l .

lforz=1
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We want to show that with respect to f, each ordinal pattern of order 2n
is realized by the points of a non-empty open subset of [0,1]. Let J, =

]T]j_l, 212_4;11[ for k=0,1,2,...,2n. Given a permutation

(0 1 2 ... 2
= <7T(0) (1) 7(2) ... 7r(2n))

of {0,1,...,2n}, fix successively z2, € Jr-1(0),T2n—1 € Jr-1(1), T2n—2 €
Jﬂ—l(g), ..., X0 € Jw—l(gn) with fn(xl_l) =g foralll =1,2,...,2n. Thisis
possible since each of the intervals Jj is mapped onto ]0, 1[. One easily sees
that z( realizes the ordinal pattern m and that there exists a neighborhood
of xy consisting of points realizing the same ordinal pattern.

Now for n € Ny let a, = 1 — 27", Then clearly [0, 1] is the disjoint
union of the intervals I,, = [ap—1,a,[; n € N having length 27", Let f :
X = [0,1] < be defined by

f(x) — {anl + 2*7’Lfn(2n(x - anfl)) for x € In

1 forx=1.

f is continuous and maps each of intervals [a,,—1, a,,] onto itself ‘like as small
copy of f,’ (see Fig. 3). This shows that f realizes each ordinal pattern of
arbitrary order on a non-empty open set. It can easily be seen that the
Lebesgue measure is f-invariant.

4. Permutation entropy and topological permutation
entropy

With the exception of a few number of extreme cases, the cardinality of
ordinal patterns of order d realized by a map f is increasing for d. The
rate of this increasing can be used for quantifying the complexity of a given
map. This more generally leads to the concepts of permutation entropy and
topological permutation entropy introduced by Bandt et al.:®

Definition 4.1. For X C R and f : X < let X; be the set of points x
with different iterates x, f(z), f°2(z),..., f°%(z). Further, let

hyq=In(#{i € Tq| B0 Xy # 0}).

If £ is a o-algebra with (4), f is measurable and & is an f-invariant measure
on (X&), let

ra=— Y k(BN Xg) In k(BN Xy).
i€Zy
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*

. hy g . .
and h} = limsup, ., =5 is called topological
permutation entropy of f and permutation entropy of f with respect to &,
respectively.

. hg
Then hf = limsup, ., —5*

Remark 4.1. Note that the exclusion of points with some coinciding iter-
ates in the definition of hg ; and hj; , seems to be not substantial in the most
— ez, H(A ) In p(As) for

1 = 4y, had been used to define permutation entropy. This deﬁmtlon would
extend to a quantity related to a Boo-invariant measure p on (Zoo, B(Zoo)).

cases. Thus for the ‘normal’ cases ), = limsup,_,

In the case that all ordinal patterns are realized by a map f as in Ex-
ample 3.1, the topological permutation entropy is infinite. Since according
to Stirling’s formulae lim,, _, o e TIL{’;‘:JF% e = b it holds

hg.a/d

1m
d—oo Ind

9

in particular, the topological permutation entropy is infinite (see also Amigd
et al.?). Bandt et al.® have shown the following interesting statement:

Theorem 4.1. Let f : I <« be a piecewise monotone interval map, i.e. a
continuous map on a compact interval I decomposing into finitely many
subintervals where the map is monotone. Then the following holds:

(i) The topological entropy of f is equal to h{.
(i) For each f-invariant measure k on (I,B(I) the Kolmogorov-Sinai en-
tropy of f is equal to h},.

Note that for piecewise monotone interval maps the permutation en-
tropy is determined by ordinal patterns in the periodic orbits (see Misi-
urewicz?). Since piecewise monotone interval maps have finite topological
entropy (see Misiurewicz and Szlenk,'® there must be non-realizable ordi-
nal patterns (see Keller et al.”, Amigé et al.?), hence the following is valid
(Keller et al.”):

Corollary 4.1. If f : I < is a piecewise monotone interval map and K
an f-invariant measure on (I,B(I)), then for the support C of u, it holds
A(C) =0.

By the above result, for ergodic piecewise monotone interval maps the
Kolmogorov-Sinai can principally be estimated using the empirical permu-
tation entropy of a part of an orbit. Unfortunately, there is not much known
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about for which maps (i) resp. (ii) of Theorem 4.1 is valid. In this connec-
tion, note that Misiurewicz® has given an example of an interval map with
zero topological entropy but non-zero permutation entropy.

In order to generalize Theorem 4.1 in a certain sense, Amigé et al.!
and Amigé and M. B. Kennel? have given relaxed definitions of permuta-
tion entropy and topological permutation entropy. Roughly speaking, they
mimic the Kolmogorov-Sinai entropy and topological entropy by consider-
ing permutation entropy and topological entropy of a coarse-graining and
then letting the diameter of pieces go to zero. For ergodic and expanding
interval maps they get (i) and (ii) of Theorem 4.1, repectively, for the re-
laxed definitions. Note that from the practical viewpoint, the definitions are
not too different from the original ones, because each computer uses finite
precision. It is an advantage of the approaches of Amigo and coauthors that
their approach also includes multidimensional interval maps.
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Discretized Pantograph Equation with a Forcing Term:
Note on Asymptotic Estimate
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The paper deals with the asymptotic estimate of solutions of a difference equa-
tion, which arises as a discretization of pantograph equation with a forcing
term. The term with delayed argument is approximated via linear interpo-
lation between the closest mesh points. The derived asymptotic estimate is
compared with the estimate corresponding to the continuous counterpart.
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1. Introduction

The main goal of the article is to formulate an asymptotic estimate of
solution of the difference equation

Tpy1 — Tp = —ahz, + bh((l - Tn)xl_)\nj =+ TnxL)\nJJrl) + hfn, (1)

where @ > 0, b # 0, 0 < A < 1 are reals, |b|/a < 1, r, := An — [Mn],
n=0,1,2,..., h > 0 is the stepsize and |*| means the floor function of the
argument *. The term f,, is a given sequence of reals. The investigation of
this difference equation was motivated in the connection to the numerical
discretization of

(t) = —ax(t) + bx(At) + f(t), tel:=[0,00) (2)

via Euler method, where the term with the proportional delay is approx-
imated via linear interpolation. Really, if ¢, := nh and f, := f(t,), then
T = z(ty), n =0,1,2,.... Equation (2) (in the vector form and without
the forcing term) is in the scientific literature referred to as a pantograph
equation. This name comes from an application on British railways,! where
the motion of electric locomotive’s pantograph along a trolley wire has been
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studied. There was many publications dealing with the properties of pan-
tograph equation and its modifications. Let us recall e.g.2% The discrete

cases have been studied e.g. in”'° and many others.

2. Preliminaries

In this section we mention asymptotic estimate of solution of Eq. (2) and
formulate some assumptions, which will be considered to derive the asymp-
totic estimate of solution in the discrete case (1).

In the continuous case, solutions of auxiliary functional equation

ap(t) = [bl(At), (3)

are often utilized to derive the asymptotic estimate of solutions of the pan-
tograph equation. Dealing with the discrete case, instead of the above func-
tional equation (3) we similarly consider the functional inequalities

ap(t) = [blp(L\t/R) ), tel. (4)
and

ap(t) = b [(1 = r(@))p(LAt/h) h) +r(E)p(([At/R] + DR)],  tel, (5)
where 7(t) = A\t/h — | A\t/h].
Remark 2.1. We can easily verify that if |b|/a < 1, then p(t) = (¢t +
h/(1=X)%, a=log(|b|/a)/ 1og~)\_1 is a positive continuous and decreasing
solution of (4) such that p(t + h) — p(t) is nondecreasing on I for arbitrary

real 0 < h < h. Moreover, the decreasing solution of (4) is also a solution
of (5) provided |b|/a < 1, as one can see from the relation

ap(t) > [blp(| 3] h)
> (bl (1 — r()p(| 2] B) +r()p((| 2] + DR)), te T

In the end of this section we recall the relevant asymptotic estimate for
the delay differential equation (2), which was derived in.!!

Theorem 2.1. Let a > 0, f(t) € C'([to,0)) and f(t) = O(t*), f(t) =
O(t* 1) as t — oo, where a = log(|b|/a)/logA\~1. Then the asymptotic
estimate

x(t) = O(t* logt) as t— 00 (6)
holds for any solution x(t) of (2).

The goal of the next section is to find conditions under which we obtain
the same asymptotic estimate also in the corresponding discrete case.
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3. Main result

Theorem 3.1. Let x,, be a solution of equation (1), where 0 < ah < 1,
b0, |bl/a <1 and let f, = O(n®), where a = log(|b|/a)/log(A™1). Then
zn = O(n*logn) as n — oo.

Proof. Let @ be such that @ = 1 — ah. Then we can rewrite the difference
equation (1) as
Tpy1 = a 'z, +bh((1— Tn)T n) T anj+1) Fhfn, n=1,2,3,.... (7)
We introduce the substitution y, = x,,/p, in (7) to obtain
Pr1Yn+1 = A" PuYn+0h((1=70)p xn) Y an) F TP ) 1Y An)+1) F R fns (8)

where p, = p(t,), n = 1,2,3. Function p(t) satisfies the inequality (5)
with the properties mentioned in Remark 2.1. Our aim is to show that the
estimate y, = O(logn) as n — oo holds for every solution y,, of Eq. (8).
Multiplying Eq. (8) by 1/al»+! we get

Pn+1Yn PnlYn bh hfn
Flintl (L=7n)pan Y an) T 0P 0] +1Y [ An)+1) +

)

atn+1 atn atn+1 atn+1

ie.,

nYn bh hifn
A (p Y ) = (L =7)pan) Y an] + TrPan)+1Y [ An)+1) + Pfn 9)

atn atn+1 atntt

Now we construct a sequence of intervals I,,,m = 0,1,2,... such that
Use_oLlm = I and the function At is mapping I,,4+1 onto I, for all m =
1,2,...: Weput Ty = 0and T,, = A™™h, m = 0,1,2,.... Then we set
Iy = [Tin—1,Tm).

Let us take any t, € I,,4+1, m = 1,2,.... We define nonnegative integers
km(ty) := |[(ty — Twm)/h]. Denote t, := t, — kpy(ty)h — h. Summing the
equation (9) from ¢, to t,_1, we get

~ ~ v—1
puat at h
- p atu yu+ P qls+1
v v sS=u

Yu (b((1=74)pxs Y As) TTsPAs|+1Y[xs|+1) + fs)-

m

Furthermore, we denote M, := sup {|yl|7 t,e U Ij}. In accordance
§=0

with (5) and the assumption on f,, we obtain

it at = (1—a" i = hEK
il < 280+ S U ey, o O N7 B
p’Ua “ v S=u aw p'l) S=u aw



310

A"

s+1

hE — . [(1\"
v< Mm M - A = S
il < e+ (a0 25 S50 (5) 0

where K > 0 is a suitable real constant. Using the relation % =
we get

and summing by parts we obtain

Pul

~t, WK at ( po Pu vl g teet
M., M., — — — = Aps
pv&t“ + ( + 1-— ah> Pv <at” at“ Z (a) p

hK ate = 1\ hK  puat

=\ Mn+-—7)|1- = Aps | — T

(4 325) (-5 2 (3) o)
hK atv = 1\

< (M, + =) [1- - Aps | . 10

< +1_dh)< pz() 0 (10)

Now, we can take p = (t + h/(1 — \))*, o = llogg/\ r as a decreasing

solution of (5). Let us recall that Ap is nondecreasing on I (see Remark
2.1). Then from (10) we obtain

v—1 ~
hK Pu = Putl a'
|yv| S <M + Cl,h) {]— + Do Z &ts+1

S=u

< (M, + —Mf |4 Lo Putie
1—ah

v

hK —Ap(T,, — h)
< (om0 e S

where ¢ :=1/(1 — a"). The repeated application of this procedure yields

o] < (Ml—i—%) f[ <1+§%j—)h)>7
1

IN

Y]

i p(Tj+1
ie.,
mhK —Ap(T; — h)>
M1 < <M1 +— h) jl;[l (1 +£7P(Tj+l) . (11)

Substituting the solution p = (¢ + h/ (1 —X))® and utilizing the binomial

theorem it could be shown that Z 13 %

is convergent as n — oo.
Hence, the product in (11) converges as m — oo as well and M, fulfills
the asymptotic estimate M, < O(m) as m — oo. Since ¢, € IL,4+1, we
have m < log(t,/h)/logA~! < m + 1. Hence, the asymptotic estimate

yn = O(logn) as n — oo holds. O
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4. Examples and final remarks

Remark 4.1. The assumption on the stepsize h (h < 1/a) enables us to
preserve the correlation of asymptotic estimates of discrete and continuous
case. In other words, the estimates of solutions in the discrete case and
the continuous case are expressed via the same function, resp. sequence
(provided the stepsize h is sufficiently small).

Example 4.1. Consider the initial problem:

(1) = —9a(t) + %x(t/?)) + ﬁ 20)=1, telo,00).  (12)

In accordance with (6) we get the asymptotic estimate
z(t) = O(t 3 logt) as t— oo.
In the corresponding discrete case we consider formula (1) in the form

2h

ETESTER

h
Tpr1 = (1 —9h)x, + 5((1 —Tn)T(n/3) + T n/3)41) +
where z9 = 1, r, = n/3 — [n/3]. Then according to Theorem 3.1 we
get z, = O(n3logn) as n — oo provided h < 1/a. If we violate the
condition on stepsize, this asymptotic formula is not valid. Indeed, if we set
h =1 > 1/a, then the corresponding discrete equation

1 2
Tnt = =9%n + 2 (L= ra)epns) +Tnln/s) 1) + s
admits unbounded solutions as n — oo (one can see that the relation |z, | <
|€n41] holds for n =0,1,2,... provided ty =0 and zo = 1).

Remark 4.2. The above mentioned result follows the previous investiga-
tion in,'? where Eq. (2) was discretized via Euler method, but with a piece-
wise constant approximation of the delayed term. Although we have derived
the result only for |b|/a < 1, the same result can be derived also for the
case |b|/a > 1 applying analogous proof technique.
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The classical theory of k-th order linear functional and difference equations
is obtained as a special case of the theory developed here for the k-th order
functional equation model which generalizes the first order model fo¢p— Af =
B. The function ¢ belongs to a special space S of continuous strictly monotonic
functions equipped with a group multiplication o. The equation’s domain can
be a finite interval, a half-line or the real line.

Announced here are the main theorems on solution structure for k-th order
homogeneous linear functional equations in S.

Keywords: Linear functional equation, homogeneous structure, space of con-
tinuous strictly monotonic functions, group multiplication.

1. Introduction

Studied here is the general theory for generalized k-th order homogeneous
linear functional and difference equations in the space S of strictly mono-
tonic functions of the form

ax () (fo¢") (@) + -+ ar(@) (f o ¢') (@) + ao(w) (f 0 ¢") (2) = 0. (%)

Particular and general solutions of these equations are defined and funda-
mental theorems on solution structure are stated. Linearly dependent and
independent functions in S are introduced so the fundamental system of
solutions of equation (*) can be defined and used in the new theory, which
is analogous to the classical theory of functional and difference equations
[1-5].

Based on this general theory of linear functional and difference equations
are the results of the author’s papers [6-8], where also applications appear.
The first paper [6] uses the theory developed here to solve generalized Abel
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functional equations in S. The second paper [7] applies the theory to solve
equation (*) with constant coefficients using roots of the characteristic equa-
tion and a continuous solution of the associated Abel functional equation
(o) () = X(z+ 1) oafx). In the third paper [8], iterative solution for-
mulas are given for the first order linear equation (f o ¢) (x) = Af(xz) + B
to produce approximate values for the solution f(z) and for computer as-
sisted visualization of solutions. The two cases are considered there: when
A, B are constant and when A, B depend on z. Existence-uniqueness for
kth order equation (*) appears in [8], pages 114-116.

Preliminaries
Notation: Let J = (—o0, 00), Z the set of integers, R the set of real numbers,

R = (—o0,00) and Cy(J) the set of continuous functions on the interval 7.

Definition 1.1. Let a,b € R, a < b. The set of all functions f which satisfy
f € Co(T) and f maps one-to-one the interval 7 on the interval (a,b) will
be denoted by symbol S and called a space of strictly monotonic functions.

Definition 1.2. An arbitrarily chosen increasing function X € S will be
called a canonical function in S. The inverse to the canonical function X
will be denoted by X*.

Definition 1.3. Let a,3 € S. Let X* be the inverse to the canonical
function X € S. The composite function

V(@) = a(X*(B(2)))

will be called a product of functions o, 3 € S in the class S and we write
v = a o . The product 7 is defined on J.

Note. The set S, together with the operation o, forms a non-commutative
group [6]. The neutral element is X, the canonical function, and the inverse
of ais &(z) = X (a* (X (x)), where o* is the inverse to function a.

Definition 1.4. Let X € S be the canonical function. Let ¢ € S. The
iterations of a function ¢ in S are functions in S defined by

¢°(x) = X (),
" (x) = (poo¢™) (), z€J, n=0,1,2,...,

¢" Nz)=(¢p ' 0g") (x), z€T, n=0,-1,-2,...,
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where ¢! = ¢, defined by ¢(z) = X (¢*(X(z)), is the inverse element to
the element ¢ in S according to the multiplication o.

Definition 1.5. Let ¢ € S. A continuous function p = p(z) on J satisfying
(po @) (x) =p(zx) for x € J is called automorphic over ¢.

An example is any l-periodic continuous function p on J and ¢(z) =
x + 1. For instance, define a 1-periodic function p by p(z) = sin(nz) on
0 <z < 1. Then p(x) =p(x +1) = (po ¢)(x) for all x. Constant functions
are automorphic over ¢, for any ¢.

Symbol Uy denotes the set of all automorphic functions p over ¢ which
satisfy |p(z)| > 0 for x € J, together with the zero function.

Assume hereafter ¢ € S, X € S is a canonical function, ¢(zx) >
X(z),z € J. Let zp € J denote an arbitrary point of J and let X* be the
inverse to X. Define point iterates {z,} and intervals {j,} by

z, = X" (¢"(0)),  Ju = (Tp,pt1), peEZ

2. Linear Functional Equations in S

Consider a linear homogeneous functional equation of the k-th order in .S
of the form

ak(z) (f o ¢") (x) + -+ ar(2) (f o ¢') (2) +ao(x) (f 0 ") (x) =0, (1)

where a; € Co(J),i =1,2,..., k. We look for a solution f € Cy(J) which
satisfies equation (1) identically on J. A function f which is a solution of
(1) is called a particular solution of (1). Assume hereafter ay = 1.

Note. Difference equations can use ¢(x) = x + 1, X (x) = . For fixed x,
solutions are just real sequences { f(z,)}52o. See [8].

Theorem 2.1. If functions f1 and fo are solutions of the given equation
(1), then also their sum f1 + f2 is a solution of equation (1).

Theorem 2.2. If a function f is a solution of (1) and ¢ € R an arbitrary
constant, then also the product cf is a solution of equation (1).

Theorem 2.3. If a function f is a solution of (1) and C € Uy an auto-

morphic function, then also C(z)f(x) is a solution of equation (1).

Proof. To prove the third result, substitute the product into (1):

a(z) (Co¢¥) (2) (f 0 ¢*) () + - + ao(x) (C 0 ¢°) () (f 0 ¢°) (x)
= C(2) [ar(@) (f o ¢") (z) + - +ao(x) (f 0 ¢°) (x)] =0,
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because (C o ¢') (z) = C(z) for i =1,2,..., k. ]
Theorem 2.4. If functions f1,..., fr are particular solutions of equation
(1) and C; € Uy are arbitrary automorphic functions, then also

Ci(z) f1(z) + Ca(2) f2(2) + - - + Ci(2) fi (@) (2)

is a solution of equation (1) on J.
Proof. Apply Theorem 2.1 and Theorem 2.3. |

Definition 2.1. Expression (2) is called a general solution of (1) if every
solution f of (1) is uniquely represented by (2). The trivial solution f =0
is uniquely represented by C; = ... = C = 0.

Definition 2.2. Let f = f(z) be a solution of equation (1). Functions

fos f1,- -+, fr—1 defined by fi(z) = f(z),z € j;,i=0,1,...,k—1, are called
initial conditions of the solution f.

3. Linear Dependence and Fundamental Solutions

Definition 3.1. Functions f; = fi(x),i = 1,...,k, € J are called lin-
early dependent over Ug on J, if there are automorphic functions C; € Ug,
i =1,...,k, at least one of which is different from zero, such that for all

reJ
Ci(z) fr(z) + Co(2) f2(x) + - - + Ck(z) fr(x) = 0. (3)

In particular, for some index ¢, |C;(x)| > 0 for x € J, because a function

in Uy is either the zero function or else it never takes the value zero.
Linear independence over Uy on J means that formula (3) holds for all

zreJonlyifCh=Cr=...=Cr=0.

Definition 3.2. Let functions f; € Co(J),i = 1,...,k, be given. For z €
J, define Dy = det(Fp) where Fp is the matrix

(f100°) (@) (f200°)(x) - (fxog’) ()

le le--- le
Fole) = Ulé)()(h ?“) (fr ?“)

(f10651) (@) (20 6*~1) (@) -+ (fu0 ")) (&)
Lemma 3.1. For x € J we have the identity
(Do 0 ) (x) = ao(x)Do(z).
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Proof. Replace each entry of the last row in determinant (Dg o ¢) (x)
by its equivalent expression obtained from the functional equation. A
simplification is made by adding combinations of the determinant rows
to the last row, until entry 7 in the last row consists of a single term
—ao(x) (fi 0 ¢°) (z). The common factor of the last row is then —ag(z).
Swapping the last row to the first row implies

(Do 0 ¢) () = (=1)(—ao(x)) Do ().
The identity is verified. |

Lemma 3.2. The inequality |Do(x)| > 0 holds for all x € J if and only if
lag(z)| > 0 for x € J and |Do(x)| > 0 on jo.

Proof. Assume |Dg(z)] > 0 on J. The previous lemma implies that
ao(x)Do(z) = (Do o ¢) (z) is nonzero, therefore ap(x) # 0. Because jo is
contained in 7, then it follows that |Do(z)| > 0 on jo.

Assume |ao(z)| > 0 for z € J and |Dg(z)| > 0 for x € jo. Then each
x € j1 can be written z = X*(¢(u)) for some u € jo. The previous lemma
implies

|Do(z)| = [ (Do © ¢) (u)| = |ao(u) Do(u)| > 0.

The process can be repeated to show that |Dg(z)| > 0 for = € j,, pp > 0.
Similarly, if z € j_1, then u = X*(¢(x)) belongs to jo. The previous lemma
implies

|ao(x) Do ()| = [Do(u)| > 0.

The inequality implies |Dg(x)| > 0 for all x € j_;. The process can be
repeated to show that |Dg(z)| > 0 for z € j,, p < 0. Because J is the
union of all j,, then |Dy(z)| > 0 for z € J. O

Theorem 3.1. If functions f;,i =1,...,k, are linearly dependent over Uy
on J, then the determinant Dy is identically zero on J.

Proof. Let functions f;,i =1,...,k, be linearly dependent over Uy on J.
Then identity (3) holds, where C; € Uy, i = 1,2,...,k, and for some index
i, |Ci(x)| > 0 on J. Sample (3) at iterates x, ¢(x), ¢2(x), ..., to obtain
a k x k linear homogeneous system of algebraic equations with coefficient
matrix Fp(z) and variable list C1(z), ..., Ck(x). Because the algebraic
equations have a nontrivial solution, then the determinant of coefficients
Dy(x) must vanish, by standard linear algebra theorems. O
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Definition 3.3. A system of k solutions f; € Co(J),i =1,...,k of (1) is
called fundamental provided |Dy| = |det(Fp)| > 0 on J. Such a system
is called a fundamental system of solutions and the matrix Fy is called
a fundamental matrix.

Theorem 3.2. If equation (1) has a fundamental system of solutions f1,
.., [, then these solutions are linearly independent over Uy on J .

Proof. Assume
Ci(z) fr(x) + Co(2) f2(x) + -+ + Cg(z) fr(x) = 0.

Create k— 1 more sampled equations by replacing z by iterates ¢(x), ¢2(z),
..., to obtain a k x k system in variables Cy(z), ..., Ckx(x) with coefficient
matrix Fp. Because Fy is invertible, then each C; has to be zero on J. O

Theorem 3.3. If equation (1) has a fundamental system of solutions f1,
.., fr, then a general solution of equation (1) is given by

f(@) = Ci(@) f1(2) + Ca(z) f2(x) + - - - + Cr(z) fi (2), )
CielUy, 1=12,...k

Proof. Assume that besides solutions f1, ..., fr we are given an additional

solution f. We will construct automorphic functions satisfying (4).

Sample k times the relation Cy(z)fi(z) + - + Ci(z) fu(z) = f(z) at
iterates x, é(v), ¢*(x), ..., to get a k x k nonhomogeneous system of
equations for the symbols Cy (), ..., Ci(z). The coefficient matrix for this
system is the invertible matrix Fy(x). On interval J, Cramer’s rule applies
to solve for the symbols C;(x), as quotients of determinants. We must verify
that the functions C; defined in this manner are indeed continuous on J
and that (C; o ¢) (x) = C;(x) holds on J.

To verify continuity of C;, examine its determinant quotient to see that
both numerator and denominator are continuous and the denominator Dg
never takes the value zero.

We verify now identity (C; o ¢) (x) = C;(x). The fraction (C; o ¢) ()
has denominator (Dg o ¢) (x). The numerator of C; is a determinant D; and
D; 0¢ is the numerator of C; 0¢. Proof details for (Dg o ¢) (z) = ao(x)Do(x)
apply to give the relation (D; o ¢) (z) = ag(x)D1(z). A previous lemma im-
plies ag(x) # 0, therefore the common factor ag(x) cancels in the quotient,
giving the identity

(Ci 0 ¢) (x) = Ci(x).
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Then the C; are automorphic on J and
Ci(z)fi(x) + -+ + Ci(x) fr.(x) = f(x) on J.

Because each solution f on J is expressed as a linear combination of the
fundamental system of solutions, with automorphic coefficients C;, then (4)
is satisfied. |

Theorem 3.4. Given a fundamental system of k solutions f1,..., fr of
equation (1) and any other solution fiy1, then the appended list f1,. .., fr+1
is linearly dependent over Uy.

Proof. By Theorem 3.3, fiy1 is a linear combination of f1, fo,..., fr with
coefficients in Us. O

Theorem 3.5. If two homogeneous linear equations of k-th order
(fo¢") (@) +pr-1(z) (fod"") (2) + - +po(2) (fo¢°) () =0,
(f 0 o") (@) + ar-1(z) (fo ¢*1) (2) + - + qo(2) (f 0 8°) (2) =0,
have the same fundamental system of solutions f1, ..., fi, then the equa-
tions are identical, that is,

pi(r) = qi(x), 1=0,...,k—1.

Proof. Re-write the functional equations for f;, ..., fr as a system of
equations

Pr—1(z) (fro¢*1) (z) + -+ + po() (fr0¢°) (z) = — (fro¢*) (2)

pro—1(@) (fro 1) (2) + - " po(@) (fr 0 ¢) () - (feo ") ()

Solve for the variables po(z), ..., pr—1(x) with Cramer’s rule. This proves
uniqueness of the coefficients. O
Theorem 3.6. Given a fundamental system of solutions fi, ..., fr of

equation (1) on J, then the corresponding linear homogeneous functional
equation in S is

(f10¢2) (z) - (ka(b(l)) €9 (f0¢2) (z)
(floqf))(ﬂf)';'(fw%)(x) (foéfi)(%“) _0, e )
(fiod®) (x) -+ (frod®) (x) (fo o) (2)

Proof. First show that (5) defines a k-th order linear functional equation
(1) with fundamental set of solutions f1, ..., fx. Then use Theorem 3.5. O



320

4. Linear Nonhomogeneous Functional Equation

Consider the nonhomogeneous equation

a(z) (f 0 ¢*) (@) + -+ ao(z) (f 0 ¢°) (2) = Q(x) (6)

where assumptions replicate those for (1) and Q(x) is continuous. We state
without proof the basic result.

Theorem 4.1. Assume (1) has a fundamental set of solutions f1, ..., [k
over Ug on J. FEach solution of linear nonhomogeneous functional equation
(6) is the sum of a particular solution f(x) of monhomogeneous equation
(6) and the general solution of (1), that is, f(x) in (6) is given by

f(@) = f(z) + Co() fr(x) + Ca(2) fo (@) + - - - + Cr(2) fio().
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The Marx model for the profit rate r depending on the exploitation rate e
and on the organic composition of the capital k is studied using a dynamical
approach. Supposing both e(t) and k(t) are continuous functions of time we
derive a law for r(¢) in the long term. Depending upon the hypothesis set on
the growth of k(t) and e(t) in the long term, r(¢) can fall to zero or remain
constant. This last case contradicts the classical hypothesis of Marx stating
that the profit rate must decrease in the long term. Introducing a discrete
dynamical system in the model and, supposing that both k£ and e depend on
the profit rate of the previous cycle, we get a discrete dynamical system for r,
rn4+1 = fa(rn), which is a family of unimodal maps depending on the parameter
a. In this map we can have a fixed point when a is small and, when we increase
a, we get a cascade of period doubling bifurcations leading to chaos. When a is
very big, the system has again periodic stable orbits of period five and, finally,
period three.

Keywords: Marx Model, Profit rate, Exploitation rate, Organic composition of
the capital, Chaos, Topological entropy, Lyapunov exponent.

1. Introduction

We find in [8] a well known equation from economic theory. In this work we
will deduct the model and study it in terms of dynamical systems theory.
The equation quoted above describes the behaviour of the profit rate r,
with the exploitation rate e and with the organic composition of the capital
k, in the Marx model. The study of this equation in a dynamical system
perspective seems to be very interesting, because it relates the magnitudes

*This work is part of the first author’s Ph.D. dissertation.
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r, e and k by the equation

= €
14k

(1)

Our main goal is to use this equation as the starting point of a study in
which we may model e (¢), k (t) and r (¢) as variables depending on ¢, using
the formalism of discrete dynamical systems, which we present in the final
section.

In the first section we present a pre-analysis considering that e (¢) and
k (t) do not depend on one another and that they vary continuously with
time. This analysis leads us to conclude that, in this simple situation, the
profit rate can decrease or even increase with time and that we aren’t in
the presence of a mathematical indetermination. Something that has been
always motif of discussion in economic theory.

In the third section we approach the problem by making a study of
some concrete models for profit rates using several assumptions. We use an
asymptotic perspective. We conclude that we aren’t in the presence of any
indetermination. Thus we may infer the behaviour of the profit rate in the
long term.

In the fourth section we introduce in the model a iterative approach:
the organic composition of the capital and the exploitation rate are now
dependent on the same variable (profit rate) in the previous cycle. We
now have discrete variables and the system starts reacts to what happened
before. In this section we will also introduce a concrete model, that, like
many other possible models, may describe the dynamical situation in a
realistic way. We prove that, in certain cases, this approach may lead to
stability situations with well defined limits, may lead to periodic orbits
(where the profit rate repeats itself from p to p units of time) or may lead
to chaos where, in this case, it is impossible to predict the evolution of the
system. In this last case, the system becomes strongly dependent on the
initial conditions.

In the last section using a discrete dynamical system we study the profit
rate with the resources of dynamical system theory. We computed the Lya-
punov exponents and the topological entropy. We established the existence
of chaos when « is large.

In this work we prove that the Marx model is open to several mathemat-
ical approaches and, depending on which approach we use, the conclusion
may go from decrease, to stability, to periodicity and even to chaos of the
profit rate.

It’s wrong to say that this subject is closed by saying that it leads to
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an indetermination. Quite to the contrary, this model is still open and may
be treatable mathematically with profitable economic interpretations.

2. Study of the profit rate as a function of time

In this section we study the profit rate, considering that the variables do
not depend on the other variables. We also assume that all the variables
are continuous functions of the time t.

To get the relation (1) let’s remember that, according to Marx

obtained profit
profit rate = ————— = "
invested capital

where
invested capital = constant capital + human capital.

We also know that
obtained profit

exploitation rate = -
human capital

and
. . . constant capital
organic composition of the capital = ————.
human capital
Simplifying the relation for the profit rate we obtain

exploitation rate

rofit rate = .
P 1 + organic composition of the capital

To study the profit rate r, we suppose that this quantity varies with
the time ¢ according to equation (1). Both e (t) and k (t) are positive and
continuous functions which depend on ¢,

e(t) € C° (R) : RY — RY and k (1) € C° (RY) : R — Ry

Our assumptions are simple: we suppose that the exploitation rate is a
limited function that may or may not be monotonous. We assume that the
organic composition of the capital increases unlimitedly, because it accounts
the technological innovation which, according to [8], is a magnitude that
will grow unbounded due to the never stopping invention and technological
innovation of mankind. The exploitation rate will always be limited by
physical factors that cannot be surpassed due to human limitation.

It’s easy to show that, if e (¢) is a positive and bounded function, with

e(t) < A A cRT, (2)
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and k (t) is a positive increasing and unbounded function, in other words,
VBeR'3H e R 1t >t = k(t) > B, (3)

then the profit rate tends to zero,
) e(t) ) A
ARTERD S ABTE R
because we can take k (t) as big as we want.

These assumptions are justified because there is no physical limit for
technological innovation, for invention and for investment. However there
exists a physical limitation for the exploitation rate inherent to the human
condition.

=0

Example 1. Let e(t) = 1L+t and k (t) = v/t. We know that 0 < %th =

1- %th < 1 and , 1121 V/t = +00. The profit rate decreases slowly to zero,
— 100

in long term, after an initial growth.

A similar idea leads to the same conclusions if the exploitation rate
grows but in an inferior rate when compared to the organic composition
of the capital. This means that the exploitation rate wouldn’t be bounded
by any human factors. Both this magnitudes would tend to infinity. In this
case the growth of the exploitation rate is slower than the growth of the
organic composition of the capital, which implies that the limit obtained is
also zero.

Example 2. Let o,8 > 0, e(t) = t* and k(t) = t®. In this case the
growth of the exploitation rate and the growth of the organic composition
of the capital are unlimited, but the growth of the exploitation rate is
smaller than the growth of the organic composition of the capital, because
t* < t*t9 vt € R, Since r (t) = — 0, the profit rate

t _ 1
EE G il
decreases to zero.

Example 3. Consider that the exploitation rate increases at the same rate
as the organic composition of the capital, i.e., e (t) = k(t),Vt € RT. The

model for the profit rate is now r (t) = W o b for any e (t). In

other words, the profit rate tends to a constant value after a few cycles.

In an extreme situation, it’s easy to verify that if the exploitation rate
increases faster than the organic composition of the capital, then the profit

rate grows indefinitely, because 1j(,€t()t) P +oo.
— 100

From an economic point of view, the situations of the examples 1 and 2

make more sense, because the exploitation rate can not grow indefinitely.
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3. Study of concrete models for the profit rate

In this section we will make the analytic study of the variation of the profit
rate r as a function that depends on the exploitation rate e and on the
organic composition of the capital k.

3.1. e(t) and k (t) grow in a linear way

A first model, not necessarily realistic, but often used theoretically as a first
approach when the time scale is not very large, is the usual linear model.
We consider the hypothesis that e (t) and k () obey to a linear laws

e(t)=At+ B and k(t) = Ct +d,

where t is the time and A, B,C, D € RT. When the system is in the initial
position, ¢t = 0, we have the initial conditions

e(0) =eg=Band k(0) = ko = D.

The values of A and C' are, respectively, the rate of change of e (t) and
k(t) which respect to ¢, that is, the derivatives of e (t) and k(¢) which
respect to time are

e(t)=Aand k (t)=C.
What happens in the asymptotic situation? We need to study
lim _At+B =
t—o+ooCt+ D +1
We conclude that in the case of a linear growth of e (t) and k (t), the
value of r (¢) tends to a constant value different from zero.

A
= #0.

Tfinal =

3.2. e(t) and k (t) grow with power model

A second possible model happens when we assume that the exploitation
rate and the organic composition of the capital obey a power law.
We consider the hypothesis that e () and & (¢) obey

e(t) = At + B and k (t) = Ct° + D,

where A, B,C, D, a, 3 € RT.
When the time ¢ is in the initial instant, ¢ = 0, we have the initial
conditions

e(0) =eg=Band k(0) = ko = D.
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The derivatives of e (t) and k (t) in order to t are given by

’

e (t) = aAt*t and k' (t) = BCtP~1.

In an asymptotic situation, when ¢ grows to infinity, we have the limit

I At + B
Tfingl = LM ———————.
fimal = s CtP+ D+ 1
We have three possibilities:

(1) If a > B, then 74 = +0o and the profit rate grows to infinity. This
situation seems to be unrealistic, because it means that the exploita-
tion rate would grow in a more accelerate rhythm than the organic
composition of the capital.

(2) If a = B, then rying = é. Therefore if e (t) and k () both grow with
the same exponent, then the value of 7 (¢) tends to a constant, different
from zero. This situation is identical, in terms of final result, to the
linear situation.

(3) If & < B, then rfinqa = 0. We conclude that the profit rate would have
as limit the zero value. This situation seems to be the most realist,
because it means that the exploitation rate would grow at a pace less
accelerated than the organic composition of the capital.

4. A discrete dynamical system

In this section we will construct a discrete dynamical model for the profit
rate, considering that the profit rate for the current cycle is obtained using
the exploitation rate and the organic composition of the capital as functions
of the profit rate from the time unit immediately before.

4.1. General model

In the economic world of today, any decision, is conditioned by what hap-
pened immediately before, that is, we can suppose that the exploitation
rate and the organic composition of the capital depend on the profit rate
obtained in the time instant immediately before. The time unit in this case
can be, in general, a year. Therefore n + 1 represents the year after the
current year n. The variable in the year n + 1 will be a function of the
variable of the year n. It’s obvious that we can consider another time unit,
for example a month or a decade, depending of the rate of change in the
system.
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Therefore the magnitudes in the (n + 1)th iteration are functions that
depend on the nth iteration. We consider this functions continuous and
differentiable. We have

ent1=E(rn)  kny1 = K (1) . 4)

In this case the profit rate depends also on the profit rate of the year
before. By replacing the relations (4) in (1), we obtain

E(r,)
1+ K (r)

This equation represents a one-dimensional discrete system. If K depends
on r, in an increasing way and, F is a limited function of r,, then the
ideas presented in the early sections apply and the profit rate decreases
also to zero. We will have always a more complex situations when E and
K adjust themselves to the profit rate step by step. We believe that, this
situation will be very interesting in the medium term (ten, twenty, thirty
and more years). However the long term situation, from our point of view,
will always lead us to a growth of K and a limitation of E, which will
originate a decrease of the profit rate in the long term.

()

Tn+1 =

4.2. Model with a discrete dynamical system

We will now introduce an idealised dynamical system so we can understand
what happens, if we consider the economic universe as a whole. We are not
interested in considering a specific country or company.

The model that we propose is based on the following assumptions:

(1) We suppose that we haven’t had any losses, i.e., when we consider the
economy as a whole, we are supposing that a negative profit rate doesn’t
exist. In fact, we think that in all of the economic activity there exists
a positive balance (possibly zero) of the profits. On the other hand, the
profit rate can’t be unlimited because that contradicts the fact that the
total quantity of money in the planet is finite.

(2) When the profit rate is low, the exploitation tends to be high. In general,
when the companies are created or when they face financial difficulties
it is very common for the workers to make an extra effort to help the
company to obtain or regain satisfactory results. Consequently we will
consider that the exploitation rate is high when the profit is low.

On the other hand, when the profit rate is high, the pressure on workers
tends to decrease and therefore the exploitation rate tends to decrease.
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1. In the left plot we represent the variation of the exploitation rate when a =

0.5,1,1.5 and 2 while in the right plot we represent an instance of the organic composition
of the capital with an increase of the profits.

We will consider here when the profit rate is very large the exploita-
tion rate is zero. So, we consider the following linear model for the
exploitation rate

B = {07 i ()

based on what was mentioned above, where a is a positive real value
and b is an adaptable parameter that adjusts to the economic situation.
Therefore, for the study of a concrete model, let’s choose b = 1.7.
Having the previous assumptions in mind, we could have chosen another
value. It is clear that this value can be adaptable to the economic
information available. On the other hand, the real parameter a has
strongly influence in the exploitation rate when profits are low, but
when profits are high it will have a low influence. In Fig. 1 we can see
some examples.

If the economic system has a low profit rate, the trend will be to in-
corporate more capital (invest) and, on the other hand, to decrease the
human capital, through dismissals, that will lead to an increase of the
organic composition of the capital. If the profit is very high, the trend
will be to reinvest in the capital: human capital (technical formation)
and constant capital (technological innovation). A model that describes
this reality is given by a capital function K depending on the profit rate
of the previous cycle, that is,

—005 _____ ifpr €[0,b
K (ry) = { (7 +0.001) (b—77,) [0, ] '

7
0 ifr, >b @)
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0.5 1 15 17'"

Fig. 2. In the left plot we represent the profit rate for a = 1.5. In the right plot we can
see the bifurcation diagram for the profit rate as a function of the parameter a.

The value of b in our model was considered equal to 1.7. The value
0.001 is used to give us a reasonable value for the capital when the
profit is low, and the value 0.05 will originate an equilibrium in the
organic composition of the capital, between low profit and high profit.
We emphasize the fact that when the profit is high, i.e., for values
near to 1.7, the organic composition of the capital as a function of
the profit, grows unlimitedly, which is acceptable because the profit is
always bounded. We can see in Fig. 1 a representation of the function
K (r).

By replacing the relations (6) and (7) in (5), we obtain for the profit
rate

(rn+0.001)(b—7r,)+0.05 (8)

a(b—7,)%(r,+0.001) if r, € [0, b]
Tn+1 =
ifr, >b

In Fig. 2 we see an instance of the plot for the profit rate defined in 8.

For values 0 < a < 1.0690451 this iteration has a stable fixed point. For
example, for a = 0.75, the profit rate tends to 0.70004. When 1.0690451 <
a < 1.2267617 we do not have a stable fixed point, but oscillations be-
tween two points. For example for a = 1.1 the profit rate oscillates between
0.376535 and 1.32338. If the parameter increases more, we would have an
even more complex situation, with period doubling until the system turns
completely unpredictable. For 1.3204 < a < 1.37291, r,, has orbits of period
five. When the parameter a grows even more, we have again the aperiodic
situation until we fall on a period three zone (for values of a greater than
1.44607), that is, the profit rate has a triennial repetition. In Fig. 2 we
represent the bifurcation diagram for the profit rate as a function of the
parameter a.
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5. Chaos on the profit rate

In this section we make a qualitative study of the profit rate using math-
ematical tools from dynamical system theory, such as the Lyapunov expo-
nents and topological entropy. We use these concepts to establish that there
is chaos in the profit rate when we increase the parameter a.

Let’s consider the function f, : Rj — R{ discussed in section 4.2,

a (1.7 —7)? (r 4 0.001)
(r +0.000) (1.7 — ) + 0.05

fa (r) = (9)
and let a; ~ 1,321. If a; < a, then there exists a real interval J = Jz1, 22|
such that for all r € J we have f (r) > 1.7.

In our model this means that if the profit rate r, in a specific year n
belongs to J then in the next year we have a null profit. For example, for
a = 1.35 we have x1 = 0.0687709 and x2 = 0.468683.

To calculate the critical point of the function, that we will represent by
¢, it is necessary to solve the equation f, (r) = 0. The derivative of the
function defined in (9) is

ACES

(r — 1.75779) (r — 1.7) (r — 0.191897) (r + 0.251688)
a 5 . (10)

(r — 1.7289) (r + 0.0299033)

So ¢ = 0.191897 is the only critical point of f,, for all @ > 0. This means
that if in a specific year the profit rate is 0.191897, then in the next year
we will necessarily reach the maximum possible profit.

The fixed points of the function are determined through the relation
fa(z) = 2,Vo € Dy, . For example, for a = 1 we have f; (0.821574) =
0.821574. The value of f2(x) = f, (fa(z)) is called the second iterate of
x under f, (the first iterate of x under f, is f, (x) and f0 (x) = z). More
generally, fF (z) = f, (f,f*1 (x)) is the kth iterate of x under f. So a point
xo € Dy is said to be k periodic if, after k iterations under f, it returns to
the initial value x¢. In other words, the period is the minimum £ such that
fF(x) = x0. The set

Oy, (wo) = {330,331 = fa (z0), 22 = ff (20) 5oy Tm1 = 5—1 (330)}

is called the forward periodic orbit of xo. When f* (z¢) = x (with k&
minimum) we say that the orbit is k periodic or a k-cycle. If the orbit

Oy, (x0) = {0, x1, 22, ..., Tk, ... }

isn’t periodic, then # (Oy,) = .
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It is easy to verify that 0.00586137 is a 3-cycle under the iteration fi 5,
because

£25(0.00586137) = f1.5 (f1.5 (0.479346)) = f1.5 (1.68711) = 0.00586137.

The orbits can be stable or unstable. According to [2] a k-cycle is stable
if | (f* (xo))/ | <1 and is unstable when | (f* (xo))/ | > 1. Note that by the
chain rule | (f* (xo))l | is equal to

’

k—1
1 (@o) £ (@1) o f (ziea) | = [T 1 () |-
n=0
In the 3-cycle determined above, we have fi ;5 (1.68711) = —0.769278,
15 (0.00586137) = 56.1711 and f}  (0.479346) = —1.21476, so

|15 (1.68711) x f - (0.00586137) x f| 5 (0.479346)| > 1,

and therefore the 3-cycle is unstable.

The number of orbits is not bounded, while the number of stable orbits
is bounded, as we will see.

The Schwarzian derivative, S f,, of a function f, at x is defined

@ 3 (f@)
=) 2(&@0

According to Singer’s theorem [7] if f, is a C® map in a closed interval
J = [z1,22] € Dy,, such that f, (z1) = fo (22) = 21, Sfa(z) < 0,Vz €
J\{P.} and if f, hasn critical points in J, where { P} is a set of the critical
points of f,, then for Vk € ZT, f, has at most n attracting periodic orbits
with k period. If we have f, (x1) > x1 and f, (x2) = x1 or f, (x1) = 1
and f, (z2) > x1 or yet fo (1) = fo(x2) > x1, then we have at most
n + 1 attracting periodic orbits with k period (we include the orbit of
21 or xo according to the case). In the case of f, (z1), fo (x2) > z1 and
fa (x1) # fa (x2), then we will have at most n + 2 attracting periodic orbits
with &k period (we include the orbits of x; and x5).

In our example, we have f, € C?® in J = [0,1.7] and f,(0) =
0.0558994a > 0, a > 0 and f, (1.7) = 0. ¢ = 0.191897 is the only criti-
cal point of f, in J. Once that Sf, (x) < 0, Vo € J\ {c}, then Vk > 1, f,
has at most two attracting period orbits with k& period.

The Lyapunov exponent is a mathematical indicator of the exponential
degree of the velocity at which two arbitrary nearby orbits split apart as the
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-2

Fig. 3. In the left plot we represent the Lyapunov exponents A of the function f, as a
function of the parameter a while in the right plot we have the curve of the topological
entropy ht.

number of iterations increases. The Lyapunov exponent A (zg) for a point
o can be defined by the formula

A (o) = limsup (% S toglf () |> (11)
k=0

n—-+o0o

where z), = f¥ (z). To calculate with a numeric algorithm the value of the
exponent we use

n—1
. 1 /
A(zo) = ngffoo (g Zlog|f (z) |> (12)
k=0
that is equivalent to
Aao) =tog (tim_ /1077 20)'T)-

If the absolute value of f' (x) is greater than one, then the Lyapunov
exponent is positive, which implies a sensitive dependence on the initial
conditions. In Fig. 3 we represent, in the (a, A)-plane, the progress of the
Lyapunov exponents of the function f,.

Another important topological invariant is the topological entropy. To
introduce this concept we will use the kneading theory [5]. For this it is
necessary to define the growth number s for unimodal maps (a function
that has only one critical point). We use the concept of lap number [ (f2),
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i.e., the number of maximal intervals of monotonicity of f2 (f2 is piecewise-

monotone).
The growth number s can be obtained by the relation
1
s(fa) = T (L(f)F . (13)

When the growth of the laps is small (polynomial growth with the number
of iterates) we do not have chaos. When the growth of the lap number
is exponential we have chaos. This happens when the growth number is
greater than 1.

For the turning point ¢ = 0.191897, we will define the parity function
by

1 ifz<e
e(x)=40 ife=c (14)
-1 ifz>c

The kneading determinant is a formal series in ¢ given by

o0

Z (tya) =1+

[Tz @ (15)
1 \j=1

In case of periodic orbits of ¢, Z (t,a) is a polynomial of degree (n — 1).
The inverse of the least root of Z (t,a) in [0,1] is the growth number of f,
(Milnor-Thurston theorem [5]). The topological entropy h; is given by the
relation h; = log, (s).

Our function is unimodal (more precisely, f, increases in [0,c] and de-
creases in [¢, 1.7]). For a = 1.32, the first terms of the kneading determinant
are

T—t— 2483 =t 85 — 0 7T — ¥ 1% — 10 12 8

The smallest real root of this polynomial belongs to [0, 1] is approximately
equal to 0.580692. The topological entropy therefore is given by

hi = log, (0.5806927 ") ~ 0.78415.

In Fig. 3 we see the evolution of the topological entropy values for our
model.

The fact that the topological entropy increases and is greater than zero
(associated to the fact that the Lyapunov exponent is positive) means that
the dynamical system becomes more complex when the parameter a in-
creases. For values of a > 1.32099 the model starts to exhibit chaos, some-
thing that results clearly in the bifurcation diagram at the end of the first
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classical duplication period process. We can see clearly in this diagram an
aperiodic band with no stability. From the economic point of view this sit-
uation would also result in a huge complexity and instability of the system.
This situation happens when the exploitation rate is very high and the
profit rate is very low. When a > 1.372 the h; starts to decreases. This
happens because some orbits fall outside the interval [0,b = 1.7] where the
profit rate is zero. So we have less complexity.

In this model, trying to correct low profit at the cost of high exploitation
rate leads inevitably to instability and chaos, both from the mathematical
point of view (mathematical definition of chaos) and from the common
sense point of view (economic chaos). For values of a > 1.32099 our model
stops being realistic, because in those circumstances, after a high profit, we
will have a null profit. If it was possible to introduce an exploitation rate so
high that we would be in this situation, that would mean that the system
would react by presenting a reasonable profit rate from five to five or three
to three units of time (values of a near to 1.35, in the first case, and higher
than 1.446, in the second case). This situation of apparent stability inside
chaos coexists with infinity unstable orbits of all periods (as is guaranteed
by the Sharkovsky theorem [6]).

In economy the exploitation rate must be kept below a certain critical
value, which in our model is a < 1.069. This maintains the stability of the
system in a constant profit rate along the economic cycles.

6. Conclusion

The problem of the decreasing of the profit rate with time has been the
subject of multiple discussions in the last 150 years.

In this purely mathematical study about this subject, we used the equa-
tion that arises from value theory, a purely static equation, that only gives
us the fixed relation between the profit rate, the exploitation rate and the
organic composition of the capital. That equation is our starting point for
a several dynamical considerations.

It’s obvious that we can’t infer conclusions about the profit rate evo-
lution if we regard this equation as a relation between constants. This is
what has been done in the past.

Our goal was to construct an evolutive model in time, that starts in this
equation and give it a dynamical interpretation.

In sections 2 and 3 we used fundamental assumptions the fact that the
exploitation rate can not grow indefinitely, duo to the limitations of all
the economic processes that always depends on human factors. In these
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sections we concluded that: either the profit rate always decreases or, at
least, it tends to a constant value. This happens if the profit rate and the
organic composition of the capital obey the same evolution law, which isn’t
absurd from the economic point of view because they are strongly related.

Although mathematically possible, that assumption which arises from
Marx’s time, that “the profit rate has a decreasing tendency” has not been
proved and it is not a theorem. As always in mathematics, everything de-
pends on the assumptions.

In the final sections we introduced a unidimensional dynamical system,
more realistic that blind previsions based only on immutable laws, or in
linear approaches, that are unreal, in the last case, in a long term.

In this model we obtain either stability or chaotic behaviour, but what-
ever the order of the magnitudes of a, when we use this last kind of discrete
dynamical modulation, the profit rate doesn’t necessarily fall to zero.
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Sometimes we obtain attractive results when associating facts to simple ele-
ments. The goal of this work is to introduce a possible alternative in the study
of the dynamics of rational maps. In this study we use the family of maps

2 .
f(z) = %3=, making some associations with the matrix A = ( i 7?) of its
coefficients. Calculating the numerical range W (A), the numerical radii r(A)
and 7(A), the boundary of the numerical range OW (A), powers and iterations,

we found relations very interesting, specially with the entropy of this maps.

1. Introduction

The main goal of this article is to present an alternative tool to study
the dynamics of a real rational function, using results from the Numerical
Range Theory, and has two main parts. The first, comprising Sections 2-3,
is concerned to the adequation of the Numerical Range Theory to the data
provided from rational maps. As described in Milnor [8], each map f, in
the space Rato, can be expressed as a ratio

where ag and by are not both zero and p(z), ¢(z) have no common root.
Milnor [8] states that we can obtain a roughly description of the topology
of this space Rats that can be identified with the Zariski open subset of
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complex projective 5-space consisting of all points
(ag:ay:ag:bg:by:by) € CPO,
for which the resultant

ag ay as 0

ao aq a9
bo b1 by O
0 bo b1 b

res(p,q) = det

is non-zero. Taking z = z+4i0 and ag = 1, bg = 1, ag = —a+10, b = —b+10,
a1 =0, by =0, with x, a, b real numbers, we obtain

1 0 -—a 0

0 1 0 —a
B= 1 0 -b 0 |’

0 1 0 —b

res(p,q) = det B. This matrix B is associated to the real rational map
f(z) = (22 —a) / (2% — b). The map f will be the one that we will use in
our results associated to the matrix B.

The second part of this article, comprising Sections 4-5, shows how
can we apply the Numerical Range Theory to the dynamics of the map
f, establishing the relation between some partitions of an ellipse €2, and
the symbolic space generated by the partition of the domain of f in real
intervals. Moreover, we launch a conjecture that could be a path to generate,
in the future, an extension of the usual symbolic space applied to rational
maps, allowing us to describe much better the dynamics of this maps.

2. Numerical Range Theory

The classical numerical range of a square matrix M,,, with complex num-
bers elements, is the set W(M,,) = {u*M,u, v € S(C")} , with S(C") the
unit sphere, u is a vector in C™ and u* is the transpose conjugate of u.
The numerical range W (M,,) also can be defined as the the image of the
Rayleight quotient Ry, (u) = uw*Mpyu/u*u, u # 0. The set W (M,,) is closed
and limited, and it is also a subset of the Gaussian C plane. Toeplitz [10]
and Hausdorff [2] proved that W (M) is a convex region. From Kippenhahn
[5], the boundary of the numerical range, W (M,,) is a piecewise algebraic
curve. In the particular case of a square matrix M, with eigenvalues Aj,
A2, W(My) is a subset limited by an ellipse with foci in A\; and Ag, result
known as Elliptical Range Theorem, see Li [6].
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Proposition 1. If Hy, = (M, + M})/2 and Sy, = (M, — M) /2
are the Hermitian and skew-Hermitian parts of M,, respectively, then
Re(W(M,)) = W(Hp,,) and Im(W (M,,)) = W(Su,,).

Proof. The proof can be found in Melo [7]. O

Theorem 1. To every complex matrix M, = Hp,, + S, through the
equation kys, (a1, g, az) = det(an Hyr, — i Snr, + asly,) = 0 is associated
a curve of class n in homogeneous line coordinates in the complex plane.
The convex hull of this curve is the numerical range of the matriz M,,.

Proof. Adapting the proof in Kippenhahn [5] we have the desired resultD

3. Merging f(x) in W (M,,)

Hwa-Long Gau [1] states that we can obtain from a 4 x4 matrix an elliptical
numerical range, thus we could use B as defined in section 1, but we can
simplify our results if we use a smaller matrix, Ao, trough a result in linear

! _a) will produce equivalent results as

algebra. The new matrix Ay = ( 1

the obtained from B.
Lemma 1. The matriz B is unitary decomposable in
(o )
0 A
a block diagonal matrix.

Proof. In order to prove this result it is sufficient to find an unitary matrix
E such that

* (A Oy
EBE—(@2 A2>.

With some computation we can see that

0

oS O O
o O = O
= o O O

0
1
0

Proposition 2. W(Ay) = W(B).
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Proof. Bylemma 1 E*BE = A;@® As and using the properties of numerical
range we have

W(E*BE) = convex hull{W (A2) UW (A2)} = convex hull{W (A2)}.

The convez hull of a convex set is itself, then W (E*BE) = W (A3). But
the numerical range of B is invariant under unitary transformations, see
Kippenhahn [5], so W(B) = W (Az). O

In our study we use f(z) = (z%—a)/(z%—b), witha > 0,b > 0and a > b.
Such map takes all real axis with exceptions +v/b on (—oco,1) U [%,+00).
With A = R\{£Vb}x (—00,1) U[%,+00) we can define the graphic of f,
graph(f), as the pair (z, f(x)) € A and 0 : R\{£vb} — A.

Definition 1. Let C = {v € C? : v = (z, if(2)} and

\IJ:{ZE(C:,Z:UAQU v;«éO}.

vy

We define V: A — C as (z, f(z)) — (2, if(z)) and E: C — U.
By definition 1 the image of (x, f(x)) is z = (v*Aqv) /v*v by 2o V.
Proposition 3. ¥ C W(As)

Proof. By the definition of ¥ and W (As), using Rayleight quotient, the
result follows. |

From proposition 3 we know that ¥ is a subset of W(A2) C C, and
using definition 1, we can calculate the elements z € ¥, and as they were
defined, they will become a function of x. After some calculations we have

(z) —a®b+ (2a + b) ba® — 3ba* + 2% +i(a+ 1) (—abx + (b + a)z® — 2°)
z(z) = .

a?+ (b2 —2a)x? + (1 — 2b) 2* + 26

So, the z € ¥ is a function such that z(x) = g(z)+ih(z), with € R. Some
elementary calculus show us that g(x) and h(x) are real rational continuous
functions in R, therefore z(z) is continuous in C. We call some attention to
the fact that z(£v/b) and z(o0) exists and are well defined in C.

Observation 1. We have z(z + 1) = z(z) for

xr=

<—1:t\/1+6a—2bj:2\/4a+9a2—1Oab+b2>.

N~
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Let 9 and x12 be the values where f(z) = 0. If we calculate z(0,a/b);
z(x2,0); z(212,0); 2(x,x); z(z, —x) we obtain four different points of W.
With some elementary algebra we calculated the ellipse that contain this
four points. This ellipse is

(-1 &
0= L+ >=1,(z,y) €ER*’, a>b,a>0,b>0,,
2 2
with 1 + b and 1 + a the minor and major axis length of 2, respectively.
Moreover, when we use all points (z, f(z)) they will fall in © under
transformation by z.

Lemma 2. Let z(x) = g(z) + ih(z), then the pair (Re(z),Im(z)) satisfies
Q.

Proof. We obtain this result replacing in the equation of Q, z by Re(z)
and y by (2). O

Proposition 4. If S; € U there are, at least one x; such that z(x;) = S;.

Proof. Since z(z) = g(z) + ih(x) is a continuous function in C and by the
lemma 2 the result follows. O

Then we conclude that ¥ can be represented by the ellipse with equation
Q.

Since Q is constructed in the space R? and this space is isomorphic to
C, when we refer to an element z € § it can understood has a vector in R?
or a complex number in the plane C.

There are relations between the functions f and g that we can observe,
described in the following lemmas. The proofs are omitted because they
result from straight calculus.

Lemma 3. If zy is a zero of f(x), then g(xo) is a relative maximum of
g(x).

Lemma 4. If xo is a relative minimum of f(x) or xo is a discontinuity
value of f(x), then g(xo) is a relative minimum of g(x).

There are similar relations between h(x) and f(z).
Follows some results relating f(x) to €.

Lemma 5. Let f(zo) = £xo, then Z oV (xo, f(xo)) is vertex of Q.
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Proof. If f(zo) =z, by V we have (z¢, izo). So

e (23)(2)
0 0 1-b 120 1-b 1+4a

E((zo, 120)) = = "y,
(o, izo) - i
(xo —1X0 ) .
(2
And if we look at the equation of €2, we see that (152, —1£2) is a vertex
of Q.
If f(x9) = —xo we obtain another vertex of  in a similar way, which is

Lemma 6. The discontinuities of f(x) and the values where f(x) has a
minimum are transformed by Z oV o @ in the vertex (—b,0) of Q, and the
roots of f(x) and the oo are transformed by ZoV o0 in the vertex (1,0) of
Q.

Proof. Since z(z) = g(z) + ih(x) = v*Asv/v*v, v = (x,if(z)) is a contin-
uous function in C, we have z(£vb) = —b and z(c0) = 1. m|

4. Partitions of 2

Let x1, za, x5, X6, T7, Ts, Tg, T12, 13 be the solutions of ¢’'(x) = 0. By
lemma 4, and lemma 3, and considering the order of real axis, we will have
29 and x12 as zeros of f(x); x5 and zg as the discontinuities of f(x) and
27 = 0. All this values have image from z(z), lemma 2, including the infinity,
being related by z(z2) = z(x12) = 2(00) and equal to vertex (1,0) in Q, see
lemma 6, z(z5) = z(z9) = 2(0) and equal to vertex (—b,0) in Q. Related to
the real axis, z(z1) is symmetric to z(z13) and z(xg) is symmetric to z(xs)
in 2. Where are the missing 3, x4, 10, 11 7 They will be the values such
that z(z1) = z(z11), 2(x6) = 2(x10), 2(x8) = 2(x4) and z(z13) = z(x3).

Using this special values x;, ¢ = 1,..,13, with order z; < x;4+1, we can
define a partition function pa, as

Iy, if$<1'1
I; if$i71<$<1'iwith2§i§13.
Ly, ifx>a3

pa(z) =

Now we will create partitions in € using the images z(x;), i = 1,..,13

in €. Here, we ask attention for one particular aspect of z, see proposition
4. Some intervals I; will be transformed in the same arc of 2. The only



342

thing that will distinguish them is the orientation and the origin of its end
points.

Definition 2. Let S; = z(x;), we define arc(S;,Siy1) as the arc of Q
starting at S; and ending at S; 1, with counterclockwise orientation.

We define pag, a partition function, as:

Ji, if we arc(z(oo), z(z1))
pag, (w) = J; if we arc(z(xi—1), z(x;)) with 2 <7 <13 .
we Jia, if we arc(z(x1q), z(c0))
The functions pa(x) and pag(w) are related by
Ji ifi=1
—J; if2<i<6
z(I;) =<} J; ifi=T7ori=38,
—J; if9<i<13
Ji ifi=14

thus we can build a matrix T4 of the transformation pag(z(pa)),

N; O
T pr—
14 |:(O)7 N7:| )
with
(10 0 0 0 0 0]
0 -1 0 0 0 0 0
0 0 -1 0 0 0 0
N:=10 0 0 -1 0 0 0
0 0 0 0 -1 0 0
0 0 0 0 0 -1 0
0 0 0 0 0 0 1)

It is easy to see that Th4.T14 = I14, det(Th4) = 1, and it is an involutary
matrix.

5. Dynamics of f(x)

Now we have a new tool to study the dynamics of f using a symbolic space.
Using 2 to study the behavior of f we will have the same advantages that
we would have when studying the behavior of second degree polynomials
functions in the unit circle.
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If we define a symbolic space using the partitions created by the function
pa in the real axis we will have the problem of dealing with the disconti-
nuities of the function f and the infinity itself. So, profiting that z is a
continuous complex function in CU {oo} this problem will vanish.

We can build two distinct symbolic spaces. The first will be the classical
association between the intervals produced by pa in the real axis, see Milnor
[8] for further reference, using the domain of the function f, and considering
an alphabet A with designations I; for each interval, we will have a symbolic
space ¥, = AN. The second will be constructed as we consider the alphabet
B=1{Ji,...,Jia}, and the set ¥ = BY of symbolic sequences on the elements
of B, introducing the map spa : RU {oco} — B.

Conjecture 1. The symbolic dynamics of f does not change if we use 3
instead of ¥..

Both spaces are connected by the transformation matrix 774 and doing
some calculus in matrix algebra, since this matrix is an involutary matrix,
we could get the result. All computations in our work points in that direc-
tion. But we are still working in a suitable proof of this result. Moreover,
Y will work as an extension of X..

It means that we can identify the periodic orbits in the same values of a
and b as we use both spaces ¥ and X.. For example for the values a = 4.01
and b = 2.5 the critical orbit of f is periodic in both spaces, such as all the
others values of periodicity found in our research. But they are many new
sequences in Y that needs more work to full understood slightly changes
caused by the obliteration of co. We are in the way.

This work, when finished, will imply a sequential work in the kneading
theory and further study of the entropy of rational real maps.
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We consider the difference equations of the form
A($n - pnwnf-r) = :thf(xnfoy-'ErrklfG, ey -'En)

We classify the set of possible nonoscillatory solutions of the above equations
according to their asymptotic behavior. Some oscillation results for equation
with maximum function are also obtained.

Keywords: Neutral type difference equation, asymptotic behavior, nonoscilla-
tion, oscillation.

1. Introduction

In this paper we consider the nonlinear difference equations of neutral type
of the form

A(mn - pnxn—‘r) = 5an(33n—z7; Tn4l—0oy- - - 7xn) (Ea)

where n € N(ng), N(ng) = {ng,no +1,...}, ng is fixed in N = {1,2,...},
d = £1, 7 is a positive integer, o is nonnegative integer, p,q : N(ng) —
R., f: R°Y' — R. We assume that f is a nondecreasing function and
if uy,ug,...,us41 are positive (negative), then f(u1,us,...,us11) is also
positive (negative).

By a solution of equation (E¢) we mean a real sequence (x,) which
satisfies equation (EJ) for all sufficiently large n. A solution is said to be
nonoscillatory if it is eventually positive or eventually negative. Otherwise
it is said to be oscillatory.
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In section 2, we classify the set of possible nonoscillatory solutions of
equations (EJ) according to their asymptotic behavior. In section 3, we
study the following neutral type difference equation

A(Zp — PnTn—r) = —Gn fnax ]xs, n=20,1,... (e)
se|n—o,n

which is a special case of equation (E—). We obtain, under the hypothe-
o0

sis ) g; = oo, sufficient conditions for the oscillation of all solutions of
j=1

equation (e). The unstable difference equation

A(Tp — Pppn—r) =¢n max z,, n=01,...
s€[n—o,n]
has been studied in [7]. Functional equations involving the maximum func-
tion are important since they are often met in the applications, for in-
stance in the theory of automatic control [8]. Some qualitative properties
of these equations can be found in [2-5], [7], [9]. The higher order difference
equations of type (e) have been studied in [5]. The authors obtained in

that paper some oscillatory and asymptotic behaviors under the hypothesis
o0

ZQj<OO.

Jj=1

2. Classifications of Nonoscillatory Solutions

We begin by analysing the asymptotic behavior of possible nonoscillatory
solutions of equations (Ed). Let (z,) be a nonoscillatory solution of (EJ).
Put

Zn = Tn — PnTn—7- (1)

Then, by (Ed), (Az,) is eventually of one sign, so (z,) is eventually of
constant sign, also. Therefore, either

Tnzn >0 (2)
or
Tnzn <0 (3)

for all sufficiently large n. Let us denote by Nt [or N'7] the set of all
nonoscillatory solutions z of equation (Ed) such that (2) [or (3)] is satisfied.
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Let us introduce the following sets:

Ny = {zeNT: lim z, =0},

n

Nt = {zeNT: lim |z,| € (0,00)},
NEi={zeNT: lim |z]|=c},

n——oo

Ny = {zeN": lim z, =0}
Ne = {zeN7: T o] € (0,00},
No={zeNT: lim |z]=oco}.

From (2) and (E+) it follows that the sequence (z,) is positive and in-
creasing for large n or it is negative and decreasing, eventually. Hence, for
equation (E+) we have N~ = . Similarly, from (3) we get N =0 for
equation (E+).

Analogously for equation (E—) we have NJE =0 and N; = 0. There-
fore we have the following decomposition of the set A/ of all nonoscillatory
solutions of equations (E9¢):

N=NITUNSUN UNL for §=-1
N=NIUNFUN; UNS for §=1.

We will consider the following two cases:

(4)

I 0<p,<1, for n > ng;
(I) 1<p, <A< o0, for n>ng.

For simplicity, the equation (E§) subject to the case (I) [case (IT)] will be
referred to as equation (E6, I) [(Ed, IT)]. The simple lemma below indicate
that restrictions upon (p,) may force some of the classes appearing in (4)
to be empty.

Lemma 1. (see [6]) Suppose
0<pn<1 for n>np.
Let x be a nonoscillatory solution of the inequality
Tn(Tn — Ppn—r) <0
for sufficiently large n. Then x is bounded. If, moreover,
0<pr, <A<, for n>ng

for some positive constant A\, then lim x, = 0.

n——:aoo
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From Lemma 1 it follows that
N =0 for (E—,I).

By imposing suitable restrictions on (g, ) we show that some other solution
classes appearing in (4) are empty.

Lemma 2. Suppose that

> g =oc. (5)

Jj=no
Then the inequality
(Atp + @ f (Un—oy ey Un)) Sgnu, <0

has no nonoscillatory solution (u,) such that liminf |u,| > 0,
n—oo

and the inequality
(Atp — @ f (Un—gy ey Un)) SgR Uy > 0

has no nonoscillatory solution (u,)such that imsup |u,| < co.

n—-o0

The proof of Lemma 2 is similar to the proof of Lemma 3 in [6] and will be
omitted.

Lemma 3.

(a) If v € N for (E+) then the sequence z defined by (1) satisfies
(Azp — @nf(Zn—oy s 2n)) Sgn 2, > 0 for all large n.
(b) If x € N~ for (E+,I) then the sequence y, = —z, with z given by (1)
satisfies
(Ayn + @nf (Yntr—cs s Yntr)) Sgnyn <0 for all large n.

(c) If x € N= for (E+,II) then the sequence w, = —%= with z given by (1)
satisfies

1
<Awn + Xan(wnJrTfo'a '~-7wn+7’)) Sgn Wy S 0

for all large n.
(d) If v € N for (E—) then the sequence z satisfies

(Azp 4+ qnf(Zn—oy s 2n)) Sgn zn, < 0 for all large n.
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(e) If v € N~ for (E—,I) then y,, = —z, with z given by (1) satisfies
(AYn — gnf Yntr—0s s Yntr)) SGRYn > 0 for all large n.
(f) If t € N~ for (E—,II) then w, = —3 with z given by (1) satisfies

1
(Awn - Xan(wn+‘r—oa e wn+7’)> sgnwy > 0

for all large n.

The proof of Lemma 3 is similar to that of Proposition 1 in [6] and will

o0
be omitted. From the above lemmas we get that if > ¢; = oo is satisfied

Jj=no
then
NFf=0 and N7 =0 for (FE9).
Furthermore, the condition Y ¢; = oo also ensures that A" =
Jj=no
0 for (E—,II).

Summarizing the above observations we conclude that under the con-
o]
dition ) g¢; = oo the classification (4) of the set A of all nonoscillatory

Jj=no
solutions of equations (E¢) is as follows:

N=NLuN, for (E+,1)

N=NLUN; for (E+,II)
and

N =N for (E—,I)

N =N for (E—,II).

3. Oscillation Results
Our aim in this section is to establish conditions for the oscillation of all

solutions of equation (e). We will need the following lemmas.

Lemma 4. Assume (qn) is a positive real sequence and k is a positive
integer. If

n—1 k k+1
lim inf Z q; > <l€——|—1> y

i=n—k

then
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(i) the difference inequality
Axn + qnTn—k < 0

has no eventually positive solution;
(ii) the difference inequality

Axn + qnTn—k > 0
has no eventually negative solution.

This lemma follows from Theorem 7.6.1 in [1].

Lemma 5. Assume (q,) is a positive real sequence and l is a positive
integer. If

n+l—1 l I+1
im int 3 0> ()

i=n+1

then

(i) the difference inequality
Az, — qnTny1 > 0

has no eventually positive solution;

(ii) the difference inequality

Az, — nTn+1 <0

has no eventually negative solution.

The above lemma one can obtain by modification of Theorem 7.5.2 in [1].

From Section 2 we know, that the only possible nonoscillatory solutions
of equation (e) are of the type
N =N for 0<p, <1
N =N for p, > 1.

Therefore we get the following result.

o0
Lemma 6. Let ) ¢; = oco. Then we have:
Jj=no
(i) if 0 < pp, < 1 and (z,) is an eventually positive solution of (e),
then the sequence (zy) is eventually decreasing, z, > 0 eventually and
lim 2z, =0;

n——oo
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(%) if 0 < pp < 1 and (x,) is an eventually negative solution of (e),
then the sequence (z,,) is eventually increasing, z, < 0 eventually and
lim 2z, =0;
n—-moo
(i) if 1 < p, < A< oo and (x,) is an eventually positive solution of (e),
then the sequence (zy) is eventually decreasing, z, < 0 eventually and
lim z(n) = —o0;
n—-m:ao0
(i) if 1 < p, <\ < oo and (x,) is an eventually negative solution of (e),
then the sequence (z,) is eventually increasing, z, > 0 eventually and
lim z, = oco.

n——oo

As an immediate corollary of Lemma 6 we get the following theorem.

o0
Theorem 1. Let > g; = oo and p, = 1. Then every solution of equation
Jj=no
(e) is oscillatory.

Theorem 2. Let ) gj =00, 0<p, <1, o>7 and

Jj=no
n—1 - T+1
lim inf i i s S . 6
o 8 o) () o

Then every solution of equation (e) is oscillatory.

Proof. Assume, for the sake of contradiction, that equation (e) has a
nonoscillatory solution (z,). Let x, > 0 eventually. From Lemma 6 (i) it
follows that the sequence (z,) is eventually decreasing and positive. Then,
by (1) we have z, < x, and

max 2z, < max .
s€n—o,n] s€[n—o,n]

Therefore from (e) we obtain

Azp + ¢, max z, <0.

s€[n—o,n]
Since (z,,) is eventually decreasing, for sufficiently large n, we have

Zn—r < Zn_e = MmMax  Zs.
s€[n—o,n]

Hence
Azpy + qnzpn—r < 0.

But from (6) and Lemma 4 it follows that the above inequality has no
eventually positive solution which is a contradiction.



352

Now, let z,, < 0 eventually. From Lemma 6 (ii) it follows that the sequence
(zn) is eventually increasing and negative. Then, from (1) we have
Tp < PnTp—7 < PnZn—r

and

max xs < max (PsZs—r)-
s€[n—o,n] s€[n—o,n]

As (zy,) is increasing it is zs_r < z,_, for every s € [n — o, n]. Since all p;

are positive then pszs_r < pszn_, for every s € [n — o, n]. Therefore

max s < max (pszs—r) < max  (Pszn_r).
s€n—o,n] s€n—o,n] s€[n—o,n]

As z,_, is negative and ps are positive then

max (pszn—‘r)§< min ps) Zn—r.

s€[n—o,n] s€[n—o,n]

Hence, by (e) we get

0=Az,+¢q, max zs<Az,+qn ( min ps) Zp—r-
sE

s€[n—o,n] [n—o,n]

But from (6) and Lemma 4 it follows that the above inequality has no
eventually negative solution which is a contradiction. This completes the
proof.

o0
Theorem 3. Let ) gj=o00, 1<p,<A<o0, 7>0 and

Jj=no

n+r—o—1 Gi 0o T—o+1
liminf " ‘ > < - 1) : (7)
n—so00 max T—0O
i=n+l  scli—o,i] Pstr

Then every solution of equation (e) is oscillatory.

Proof. Assume, for the sake of contradiction, that equation (e) has a
nonoscillatory solution (z,). Let z, > 0 eventually. From Lemma 6 (iii)
it follows that the sequence (z,) is eventually decreasing and negative. In
view of (1) we have

Zn > —PnTn—7,
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and hence

max s> max (— ZSJFT) . (8)

s€[n—o,n] s€[n—o,n] Ds+r
Since the sequence (z,,) is eventually decreasing, then for sufficiently large

n we have

min  (—2zs4r) = —Zntr—o- (9)
s€[n—o,n]

Note that for every s € [n — o, n]
(_ ZerT) Z <_ ZnJr'ro’) Z _ Zntr—0 ]
Ps+r Ps+r max  Ps4r
s€[n—o,n]

Then, consequently, for every s € [n — o,n] we have

Te > — Entr—0
max  Ps+tr
s€[n—o,n]
and
dn
0=Az,+¢q, max xz3>Az, —————— 217 0.
s€[n—o,n] max Psir

s€[n—o,n]

But from (7) and Lemma 5 it follows that the last inequality has no even-
tually negative solution which is a contradiction.

In the case where (x,,) is an eventually negative solution of (e) one arrives
similarly to the inequality

0=Az,+¢g, max xs<Az,— qinzwﬁ,g.
s€[n—o,n] max Psir
s€[n—o,n]

From (7) and Lemma 5 it follows that the above inequality has no eventually
positive solution which is a contradiction. Hence each solution of (e) is
oscillatory. This completes the proof.
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In this work is studied the oscillatory behavior of the delay differential differ-
ence equation of mixed type

Z m
x' (t) = Zpi:c(t—ri) + Z gz (t+75)
i=1

j=1
(ri >0,i=1,..,6, 73, >0, j=1,...,m)

Some criteria are obtained in order to guarantee that all solutions of this equa-
tion are oscillatory. Some conditions for having nonoscillations are also given.

1. Introduction

The aim of this work is to study the oscillatory behavior of the differential
difference equation of mixed type

14 m
a' (t) =mer (t—ri)+ZqJﬂf(t+Tj) (1)

where z (1) e R,0<r; <12 < ... <71, 0< 7 <72 <..< 7Ty and the
coefficients p;, g; are real numbers.
As usual, we will say that a solution z (¢) of (1) oscillates if it has
arbitrary large zeros. When all solutions oscillate (1) will be said oscillatory.
According to Krisztin [1, 2], the oscillatory behavior of (1) can be stud-
ied, as for delay equations, through the analysis of the zeros of the charac-
teristic equation

14 m
A= Zpi exp (—Ar;) + Z g; exp (A7) . (2)

i=1 j=1
In fact, assuming that ¢, # 0, through [1, Corollary 5] one can conclude
that the equation (1) is oscillatory if and only if the characteristic equation
(2) has no real roots.
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Therefore considering the function
4 m
A) = piexp (=Ari) + Y q;exp (A7), (3)
i=1 j=1

and noticing that N (\) — oo, as A — oo, faster then A, one can say that
equation (1) is oscillatory if, for every real A, either

N(A) > A (4)
or

N(\) <A\ (5)

2. Oscillations

With respect to condition (4) we obtain the following theorem.

Theorem 2.1. Ifp;,q; >0, fori=1,...0 andj=1,..m—1, ¢y >0 and
eZquj > 1 (6)

j=1

then the equation (1) is oscillatory.

Proof. For A < 0 one has clearly

£ m
N\ = Zpi exp (—Ar;) + qu exp (A1j) >0 (7)

i=1 j=1

and consequently N (A) > A.
If A > 0 then

N < /\1 >\
: :Zexp i) Z TJ

=1 Jj=1

" exp (AT
> 7& J)Qj

T
Z Tiq; > 1

and, in view of (6), N (\) > \.
Thus N (A) > X for every real A. O

| \/



357

Example 2.1. The equation

I t):ipix(t_“)‘ﬂlc(t-#é)+x(t+%)+%x (t+%>

=1

where p; >0, fori=1,...,0 and 0 < r; <19 < ... < 1y, is oscillatory since

11 1
S 4242 ) ~1.0301
‘ (9 Ty 7)

A few simpler conditions that imply (6) can be used to obtain the os-
cillatory behavior (1). This is shown in the following corollary.

Corollary 2.1. Ifp;,q; = 0, fori=1,...,Landj=1,.m—1, g >0
and one of the following conditions holds

Z) eT1 Z;il qj > 1,
i) eqy it 7> 1, g=min{g;:j=1,.m},
ii) ergm>1, ¢g=min{g; :j=1,..m},

then the equation (1) is oscillatory.

Remark 2.1. Notice that the condition iii) of the Corollary 2.1 implies i)
and ii) of the same corollary.

Remark 2.2. Notice that the Corollary 2.1 cannot to be applied to the
equation of Example 2.1, since

i 1 1
er qu =eg <2 + g) ~ 0.79283,

11
quTJ < +gt 7) ~ 0.54474,

11
eqmim = 3e§§ ~ 0.33979.

Example 2.2. Using the condition i) of the Corollary 2.1, the equation

¢ 1 1 1\ 1 3
/ P— . J— . J— J— — — —
t)—;plx(t n)+2x<t+4)+w<t+2)+9x(t+4)

where p; > 0, fori=1,....,0 and 0 < 71 < ry < ... < 1y, is oscillatory since

1
enij = < +1+ 9) ~ 1.0949 > 1.
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Notice that the condition ii) of the Corollary 2.1 cannot be used in this case
since

m 1/1.1,3
qumﬂg(ﬂf@)“o'%:”%'
Jj=1

Example 2.3. Using the condition ii) of the Corollary 2.1, the equation

‘
=S, 4 L 3 1,2 1
x (t)—;pza:(t rz)—i—zx t+5 +4a: t+4 +9x t+3

where p; >0, fori=1,....,0 and 0 < 7] < ry < ... < 1y, is oscillatory since

G ef1 1 1
i=—|-+4+-+ =) =1.0647 > 1.
eq;TJ 2<5—|—4+3) >
Condition i) doesn’t work for this equation since
o e(l 3 5
== = — — ~ (0.9816.
erjz:;qj 5<2+4—|—9)
Example 2.4. Using the condition iii) of the Corollary 2.1, the equation

¢
1 ) 1 1
/ — . J— . — — — —
' () —;pm(t n)+x<t+ 4) + 4o (t+ 2) +5e(t+1)
where p; >0, fori=1,....,0 and 0 < 7] < ro < ... < 1y, is oscillatory since

11
eqTim = 3516 =1.0194 > 1.

The Theorem 2.1 expresses a larger relevance of the advanced part of the
equation in order that (1) be oscillatory. A symmetric situation is obtained
when the condition (5) is used to get oscillatory criteria. This is shown in
the following theorem similar to [3, Theorem 2.2.1].

Theorem 2.2. Ifp;,q; <0, fori=1,..,fandj=1,.m—-1, ¢, <0 and

¢
e Z rip; < —1 (8)
i=1

then the equation (1) is oscillatory.
Proof. If A > 0 then

£ m
N\ = Zpi exp (—Ar;) + qu exp (A1;) <0 9)

i=1 j=1

and consequently N (A) < A.
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For A\ < 0 then

and consequently N (A) < A.
Thus for every real A, one has N (\) < A. O

Example 2.5. The equation
1 1 1 1 1 “
/ _ . .
' (t) = -z <t— ?) — 5% (t— Z) — 3¢ <t— §) —|—j§:1qjx(t+7j)

where ¢; < 0, for j = 1,...,mand 0 < 71 < 75 < ... < Ty, is oscillatory
since

Analogously to Corollary 2.1 one can state the following corollary.

Corollary 2.2. If p;,q; <O, fori=1,...0and j=1,.m—1, gn <0
and

) er Zlepi < -1,

v) epiZl ri < —1, p=max{p;,i=1,...0},

vi) erpl < —1, p=max{p;,i=1,.., ¢},
then the equation (1) is oscillatory.

Remark 2.3. In this case, as in Corollary 2.1, the condition vi) of Corollary
2.2 implies iv) or v) of the same corollary.

Remark 2.4. Notice that the Corollary 2.2 cannot to be applied to the
equation of Example 2.5, since

1 1 1

4
er Y pi=e- (—— — - 1) ~ —0.7119,
2 7\ 3 2

4
1/1 1 1
e r = ok <_ L _> ~ —0.658,
i=1 3\3 4T

(= —3 L 0.38833
er1pl = 673~ . .
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Example 2.6. Using the condition iv) of the Corollary 2.2, one can con-
clude that the equation

) ) o) S

=1

is oscillatory for any ¢; < 0, for j =1,....,m,and 0 < 7y < 72 < ... < Ty,
taking into account that

14
1 1
ey pi= e (—2 - Z) ~ —1.529 < —1.
=1

Condition v) of the Corollary 2.2 doesn’t work in this case

¢
1/1 1 1
i =—e~|=+>4+ =)~ —-0.7362.
ep;r e4<2+4—|—3>

Example 2.7. Through v) of the Corollary 2.2, the equation

0=ge(t55) -3 (3) -3 (- 5) S

1

is oscillatory for every ¢; <0, for j =1,...mand 0 < 7 <7 < ... < Tpy,
since

¢
1/1 1 2
ep;ri =—e5 <E + 5 + §) ~ —1.7216.

In this case one cannot use condition iv) taking into account that

4
1/ 1 3 4
i=e— (-0 -2 ~ —0.55725.
e”;p 610( 2 1 5)

Example 2.8. The condition vi) of the Corollary 2.2, is illustrated by the
the equation

j=1

where ¢; <0, for j=1,...,mand 0 <71 <72 < ... < Tp. As
11
er1pl = —3615 ~ —1.0194,

one concludes that the equation is oscillatory.
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3. Nonoscillations

With 0 <7y <1rp < ... <1, 0 <71 <72 < ... <7y and p;,q; such that
gm # 0, we recall that (1) is nonoscillatory if and only if there exists a
Ao € R such that

N (Ag) — Ao = 0.

In the regard of obtaining (1) oscillatory, all the results of the preceding
section envolve specifically either delays or advances. In fact, the Theorem
2.1 and Corollary 2.1 state that (1) is oscillatory independently of the delays
and the Theorem 2.2 and Corollary 2.2 state that (1) is oscillatory indepen-
dently of the advances. Assumptions as the obtained in [4, Corollary 1] for
delay equations, which imply the oscillatory behavior of (1) independently
of the delays and advances are here no longer valid. That is, equation (1)
cannot be oscillatory globally in the delays and advances simultaneously.
However that is possible in view of the existence of nonoscillations as is
shown in the following theorem.

Theorem 3.1. If peg,, < 0 then the equation (1) is nonoscillatory inde-
pendently of the delays and advances.

Proof. Assume for example that p, > 0 and ¢,,, < 0. Then for every family
of delays and advances one has, as A — 400,

NA)—A= ipi exp (—Ar;) + iqj exp (A1j) — A — —o0
i=1 =1
and as A\ — —o0, j
NA)-XA= ipi exp (—Ar;) + iqj exp (A1;) — A — +o0.
i=1 =1
Then by continuity there exists at least ; Ao € R such that N (Ag) — Ao = 0.

The case py < 0 and ¢,, > 0 can be obtained in a similar way. O

In the meantime (1) can be nonoscillatory in others situations, as the
stated in the following theorem.

Theorem 3.2. Ifp;, ¢; >0, fori=1,..,0 and j =1,..m, and

4 m
1 1
i +— + —1 m i| <0 10
;p+Tm+Tmn T ;qj (10)

then the equation (1) is nonoscillatory.
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Proof. If A <0 then, by (7), N(A) —A> 0.
Let A > 0. Notice that

4 m
—A= Zpi exp (—Ar;) + qu exp (A1) — A

j=1

‘
<Zpl+exp ATm) qu
i=1 j=1

The function
¢

Zpl + exp (A7) Z

i=1

has a minimum at

1 m
Alz—aln T,nzlqj
j:

and
J4 1 1 m
1) ;p +7_m+7_mn T, ;qj

Consequently, by (10), we have f (A1) = N (A1) — A1 <0.
Again by continuity we conclude the existence of a Ay € R such that
N ()\0) —Xo =0. O

Example 3.1. The equation
1 1 1 1 1 1 1
"t)=zx(t - —z(t— —z(t+ - t+ =
v () = gelt—m)+ge( T”+5x< +5> 10" ( 4>+2x< +3)
with 71 < rg, is nonoscillatory. In fact as
1 1 1/1 1 1
e Inf=(=-4+-—=4+=)| = —0.60416.
<9+4)+3+3n{3(5+10+2>} 0.60416
(10) is satisfied.

In the Theorem 3.2 one can see that nonoscillations occur independently
of the delays, Analogously, one can obtain nonoscillations independently of
the advances.

Theorem 3.3. Ifp;,q; <0, fori=1,...,0 and j =1,..m, and

m 4
1 1
- ———In|r ) >0 11
Sunn (1?_1:“9 |) (1)

then the equation (1) is nonoscillatory.
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Proof. If A > 0 then by (9) we have N (A) — A < 0.
Letting A < 0 we obtain

4 m
NA)—-A= Zpi exp (—Ar;) + qu exp (A1j) — A
i=1

j=1

14 m
> exp (—Ary) Zpi + qu - A
i=1 j=1
The function
J4 m
g\ =exp(=Ar) Y pi+ > g —A
i=1 j=1

has a maximum at

and

Consequently, by (11), we have g(A2) = N (A2) — A2 > 0 and also by
continuity one has N (Ag) — Ag = 0, for some Ag € R. O

Example 3.2. The equation

/(t)——l t—l _2 t—l _1 t—l _l (t + )_i (t+72)
TWETRT T 5T et U Tt T gt T

1 1 1/1 2 1
(_Z_E) —6—6In {5 (§+5+5)] ~ 6.6125,

condition (11) is verified.
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The dynamic contact problem in linear viscoelasticity will be discretized with
finite element method and finite difference method. The concept of the a priori
stability estimation for dynamic frictional contact will be analyzed by using
the local split of the Coulomb model. The split will be implemented such that
the global balance of energy will be preserved in the case of perfect stick, while
in the case of slip an algorithmically consistent approximation will be produced
pointwise on the contact interface.
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1. Introduction

In this paper we will study a mathematical model of the dynamic process of
a frictional contact problem between a deformable body and a foundation,
under the consideration that the body is assumed to be viscoelastic with a
linear elasticity operator, a nonlinear viscoelasticity operator.

This paper makes an approximation of this mathematical model with a
sequence of variational inequalities that model the contact condition with
the penalty method and the undifferentiable friction functional with a con-
vex function.

Finite element methods, together with numerical schemes of finite dif-
ferences for solving associated systems of nonlinear ordinary differential
equations, are capable of modeling stick-slip motion, dynamic sliding, fric-
tion damping and related phenomena in a significant range of practical
problems.

*Work partially supported by CEEX Grant No. 2-CEEX-06-11-96/19.09.2006 and par-
tially supported by Grant No. 31/1.10.2007, PN-II-RU-MC-2007-1.
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2. Variational formulation of the problem

Let us consider a linear viscoelastic body at a given time ¢t = 0 situated
in a domain Q C R? where d = 2 or d = 3, with Lipschitz boundary
0Q =Ty UT'y UL that is divided into three mutually disjoint measurable
parts 'y, Ty, T¢ with meas(Ty) > 0, see Figure 1. We set Q = Q x (0,7
for T > 0. The body is fixed on I'yy, so the normal displacement field
vanishes there, and the friction between I'c and the foundation is given by
Coulomb law. Volume forces of density f act in 2 and surface tractions of
density h are applied on I'y.

We denote by w = (u1,...,uq) the displacement vector, by ¢ = {o;;}
the stress tensor, by e(u) = {e;;(v)} the linearized strain tensor, where
i,7 = 1,....d , by on, or and by uy,ur , the normal and tangential
components of stress tensor and of the displacement vector, respectively.
We assume the Kelvin-Voigt viscoelastic constitutive relation

0ij = 045 (u, 1) = i) ena (i) + c3 en(u)

E;,)Cl and cg,)cl with ¢,7,k,l =1,...,d are the viscoelastic and elastic
components tensors, respectively. Denoting by uy and u; the initial dis-

where ¢

placement and the initial velocity, respectively, we suppose that the mass
density is constant, conveniently set equal to one. Then the classical formu-
lation of the dynamic contact problem with friction in linear viscoelasticity,
see [1] and [2], is: find a displacement field u : Q — R¢ | such that:

i — dive = f in @ (la)
oij(u,4) = cgj,llskl(u) + cgj-,)ﬂlakl(u) in Q (1d)
u=0 on 'y x (0,7) (lc)
c-n=~h on 'y x (0,7) (1d)
uny < 0,0y <0,uny-0ony =0 ODFCX(O,T) (16)
ur =0, = |or| < F(0) - |on| on e x (0,7) (1f)
ur #20, = or = —F(ur) - lon] - ﬁ on e x (0,7) (1g)
u(z,0) = wo, U(z,0) =1up in Q (1h)

where n is the outward normal unit vector on 92 and F' is the coefficient
of friction, f is body force, h is surface traction. The relation (1a) is the
equililibrium equation, (1¢) and (1d) are the boundary conditions, (1e) is
the contact condition, (1f) and (1g) represent the Coulomb friction law
and (1h) are the initial conditions.

In order to obtain the variational form, (see [2]), of the problem (1), we
need the following notations: I C R an interval, W a Banach space and
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I

k A
SN/

Fig. 1. The contact of a body with a foundation.
Bo(I,W) the set of the bounded functions, with the norm:

2 2
Jull3acramy = | eto)
and the set of admissible functions:
K={veLl*(I,H'(,%)/v=00nTy x (0,T), vy <0onT¢c x (0,T)}

The variational form is the following variational inequality: find ©« € K N
Bo(I, L?(,%)) with u(z,0) = ug, @(x,0) = u; such that for every v € K

/Q {i(v — 1) + a(u,v — @) }dzdt + g F (ur) |lon(u,w)| (Jor| — [ar|) dsdt

2/ f(v—a)dzdt (2)
Q
where S¢ =T'¢c x (0,T) and a bilinear form

a(u,v) = c )i (e (V) + cioes (Wen(v).

The first step in the sequence of the approximations is the penalty
method for replacing the unilateral contact conditions by a nonlinear
boundary condition dependent on the small parameter § > 0, oy (0, u) =
1/6 [un], . The second step is the regularization method for the approxi-
mation of the module function |-|, with a convex function ¥.(-) , that fulfils
the following conditions: |¥.(v) — |v|| < € and |grad¥.(v)| < 1 . Finally,
we have to transform the variational inequality into a variational equality
that will approximate the problem (1), using a test function v = @ + Aw
and after dividing by A, when A tends to zero, we obtain: find u with
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i € (@W+V)NBo(I,L*(,%)) and u(x,0) = ug, w(x,0) =u; s.t. for any
veV

g {F(ur)1/o[un], grad¥.(ir)vr +1/0 [in], vy }tdsdt

+/ {tw + a(u,v) — fo} =0 (3)
Q
where the space is

V={veL*(I,H'(Q,%))/v=00nTy x (0,T)}

2.1. Finite element approxrimations of the dynamic contact
problems with friction

Using standard finite element procedures, the approximation of the vari-
ational equation (3) can be constructed in finite-dimensional subspaces
Vi(C V C V') . For certain (h) the approximations of displacements, ve-
locities and accelerations at each time t € (0,7 are elements of Vj,, d" (¢),
oM (t), a" (t) € Vj, where d = u, v = @ and a = ii. Within each element
Qf(e=1,..., Ny) the components of the displacements, velocities and ac-
celerations are expressed in the form:

Ne
di(t,x) =Y di(t)Ni(x),
I

ai(t,x) =Y ag(t)Ni(z) (4)

where k = 2 or 3, N, =the element’s number of node, df(t), vi(t), al(t)
are the nodal values of the displacements, velocities and accelerations, at
the time ¢t and Ny is the element shape function associated with the nodal
point I. If is the number of the nodes of the finite element mesh from 2,
then this problem is equivalent to the following matrix problem:

Problem P¢”. Find the function d : [0, T] — RdXNI?, s.t.

Ma(t) + Kd(t) — P(d(t)) + J(d(t),v(t)) = F(t) (5)
with the initial conditions

d(0) = ug,v(0) = uq (6)
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Here we have introduced the following matrix notations: d(t), v(t), a(t):
the column vectors of nodal displacements, velocities and accelerations,
respectively; M: standard mass matrix; K: standard stiffness matrix; F'(¢):
consistent nodal exterior forces vector; P(d(t)): vector of consistent nodal
forces on I'c; J (d(t), v(t)) : vector of consistent nodal friction forces on I'¢c;
ug, u1: initial nodal displacement, velocity.

The components of the element vector (¥ P have the form: (P =
— f(‘”rc on -n - Nyds and the components of the element vector (¢) J have

the form: (©J = — f<e>r or -n - Nrds. In order to obtain the components
C
of the element vector P and J it is used a contact finite element, see [7], [8].

2.2. Solution strategies for spatially discrete system and
time steppining procedures

The algorithms that we shall use for solving the discrete dynamical system
involve variants of standard schemes used in nonlinear structural dynamics

calculations: the Newmark-type algorithm or the central-difference scheme.
N

Let us consider a partition of the time interval I = |J [tg—1,tx] with 0 =
k=1

to <t <...<ty =T, we denote At = t, — t_1 for the length of the

sub-interval [t;_1,tx]. In the dynamic case, the inertial terms are restored
and issues associated with temporal accuracy and stability come to the
fore (must analysis). If we denote in an ordinary differential equation (5)
Ky = K — P+ J (where the matrices P and J are nonlinear), and (5)
becomes:

Ma(t) + Ky (d(t)) = F(t) (7)

In dynamic case inertial terms cannot be neglected and the variable ¢ in
this case does have the interpretation of real time. We have to find ap-
proximations di41, Vk+1, ar+1 at time tr41 from equation (7), with given
displacement vector dj, velocity v and acceleration ay at time t

May1 + KN (diya) = F (thta) (8)

dito = adp+1 + (1 — a)dk

At?
di+1 = di + Atvg + N [(1—20)ai + 2Bak1]

Vg1 = v + At [(1 =) ag + var41]
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where «, 3 and ~ are algorithmic parameters that define the stability and
accuracy characteristics of the method. In particular, when o = 1, the
algorithm reduces to the classical Newmark algorithm. A wide range of
algorithms exists corresponding to the different available choices of these
parameters, we illustrate the implicit methods.

2.3. Implicit methods

To introduce the concept of an implicit method we examine the trapezoidal
rule, which is simply a member of the Newmark family obtained by setting
a =1, 3 =1/4 and v = 1/2. The substitution of these values into (8)
yields:

Mayi1 + Kn (diy1) = F (tit1),

2
di+1 = di + Atvg, + ATt [ak + ak+1] , (9)
Vg1 = U + % lak + apy1] -

Combining the first two equations in (9) and solving it for dgy1, gives us

4 4
EMdk_H + Ky (dk+1) =F (tk+1) + M <ak + Atvy, + Edk) , (10)

4
U1 = 5 (dk41 — di) — A0k

At
V41 = Vg + > [ak + agt1]

This method is the most expensive procedure involved in updating the
solution from ¢ to t;41. First equation is not only fully coupled, but is also
highly nonlinear, in general, due to interval force vector. We could write the
first equation of (10) in terms of a dynamic incremental residual R (dj41)
via

4

R(dgy1) = F (tgr1) — Kn(drs) — EMdk+1
4
+M <ak + Atv, + Edk) =0 (11)

This system suggests that the same sorts of nonlinear solution are needed
for implicit dynamic calculations as are needed in quasistatic.
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2.4. Stability solution for the implicit methods

In this case, the integrator is second order accurate and unconditionally
stable for linear problems, meaning that the spectral radii of the integrator
remains less than 1 in modulus, for any time step At.

A criterion for stability (computation of critical points), in solving the
contact problems, is that the second derivative of potential energy becomes
zero (see [1]). In the iterative and incremental solving of the contact prob-
lems with penalty method the stability, consists in the kind of changes in
the active set of contact nodes. For the gap or penetration g < 0, the con-
tact nod becomes active, otherwise is inactive. The strategy for the choice
of the active set may be a constant verification and reorganization of the
active set after each iterative step, or a change of the active set only after
convergence has been achieved. The iteration process might become more
stabile by the second approach as changes in active set occur less frequently.
The critical situations arise in transitions from sliding to adhesion of the
contact nodes.

2.5. Nonlinear equation solving with Newton-Raphson
iterative method

The implicit and explicit methods are valid only for linear or linearized
problems. In this section we give a general framework for solving the non-
linear discrete equations associated with computation of an unknown state
at step tr41, in either context of a dynamic contact problem formulation
as in (11). In either case, the equation to be solved takes the form

R(d41) =0 (12)

with R, a nonlinear function of the solution vector dy, , is considered.
The general concept of a Newton-Raphson iterative solution technique
for (12) (identical with (10) and with (11)) is defined in iteration j by

: OR :
R(d& Adl =
(dk“) - [8dLj =0 13)

k+1

following by the update
- , ,
dipy = dj g + Ady, (14)

is smaller

Iteration on j typically continue until the Euclidian norm HAdi

than some tolerance.
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The residual at iteration j , from (11) is of the form

, . 4
R(d]41) = F (teen) = K (d4,) - M,
+M <ak + Aty + de) =0 (15)
with (13), equation (15) to take the form
k
[AtMJrKL ( ,m)} Ad¥ =R (dgm) (16)

where the stiffness matrix K7, (d;C +1) is given as

Kr (dk"'l) - <8<§(—dN>dj (a7
Tt

We note that a variety of iterative procedures exist as alternatives to the
Newton-Raphson nonlinear solution procedure (quasi-Newton, secant meth-
ods etc.). The scheme of solving the linearized dynamic contact problems
is the following:

(1) initialization the set of the iterative count tx, =0 At =0,k =0, j =0,
d;? =0;
compute the mass matrix M, the standard stiffness matrix K and a
2 te th trix M, the standard stiff; trix K and
dynamic residual R;
compute the contact nodal forces P and the contact friction forces J;
3 te th tact nodal f P and th tact friction fi J

(a) compute the normal gap g%;
(b) check for contact finite element status:
IF g}y > TOL then out of contact
ELSE in contact. Check for frictional stick or slip
contact status
ENDIF.

(¢) compute total matrix K, and residual R, this involves to compute
the vectors {aiﬂ,viﬂ,diﬂ} fromk=0to N(k=N => tg41 =
T);

(4) check for convergence
IF ‘Adiﬂ d{cill‘ < TOL1 then converge and exit

ELSE go to step (6)
(5) update the displacement field d?cill = dJJrl + Adl;
(6) set j = j+ 1 and go back to (2).
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3. Numerical example and concluding remarks

This example [11] is often studied for validation of computer codes, and
has the advantage of being elementary and that of giving different contact
areas and coefficient of friction, see Figure 2. Thus, we have an open contact
area AB, a sliding area BC and a sticking area CD. The contact area was
modeled with the contact finite element with three nodes, see [1].

(1)

Fig. 2. Contact between a 2D elastic slab and a rigid plate.

It is known that the matrix KN is wrong conditioned, if we split the
normal and tangential stress from the contact boundary, in diagonal
blocks matrices, these matrices blocks contain coefficients of the same
order size, and with this procedure we will obtain a better conditioned
matrix.

The discontinuity of the Coulomb’s friction law at zero sliding velocity is
a major source of computational difficulties in friction problems. Even
though, in the algorithms described in this section and the previous
one, a regularized form of that law is used; those difficulties cannot
be completely avoided. The situation which may arise when using the
methods described here with a constant step is the following one: in
unloading situations (passage from sliding to adhesion) the Newton-
Raphson iterative techniques may fail to converge if 7 is very small and
the step too large. For small values of ? the radius of converge of the
iterative scheme used is very small due to the step change in ¥, on the
interval [—e, €.

The critical situations arise in transitions from sliding to adhesion be-
cause it is then that the most important change in the solution occurs.
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One simple remedy for these difficulties is to decrease the time step
until two successive solutions are not too far apart.
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Necessary and sufficient conditions in terms of the integral of the coefficient
are derived under which positive decreasing solutions of a half-linear dynamic
equation are (normalized) regularly varying of a known index.
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1. Introduction

We consider the half-linear dynamic equation

(@(y™)> —p()@(y") =0 (1)

on an unbounded time scale interval Z, = [a,00), a > 0, where p is a
positive rd-continuous function, and ®(u) = |u|*"!sgnu with a > 1. The
aim of this contribution is to provide precise information on asymptotic
behavior of positive decreasing solutions of (1), which always exist. We will
show that all these solutions are normalized regularly varying if and only
if the coefficient p satisfies certain integral condition. Moreover, the index
of regular variation will be shown to be related to the limit behavior of the
coefficient p. Our results unify and extend those from [7-9,11]. In addition

*Supported by the Grants KJB100190701 of the Grant Agency of ASCR and
201/07/0145 of the Czech Grant Agency, and by the Institutional Research Plan
AV0Z010190503.
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to the extension of linear results from [11], we also satisfactorily solve the
problem of “normalized behavior” of solutions of (1).

In the next section we recall basic concepts which are useful for this
work. The main results are contained in the third section.

2. Preliminaries

We assume that the reader is familiar with the notion of time scales. Thus
note just that T, o, f7, u, f2, f: f2(s) As, and ef(t, a) stand for time scale,
forward jump operator, foo, graininess, delta derivative of f, delta integral
of f from a to b, and generalized exponential function, respectively. See [6],
which is the initiating paper of the time scale theory, and the monograph
[3] containing a lot of information on time scale calculus.

Basic properties of equation (1) can be found in [10. In particular, the
solution space of (1) is homogeneous, the initial value problem involving (1)
is uniquely solvable on the entire interval Z,,, and under the condition p(t) >
0, any (nontrivial) solution of (1) is eventually of one sign. Moreover, see
[1], the class of positive decreasing solutions of (1) is always nonempty. Note
that equation (1) covers half-linear differential equations, see e.g. [5], half-
linear difference equations, see e.g. [?Chapter 8]book], and linear dynamic
equations, see e.g. [3].

In [11], a regularly varying function f : T — R of index ¥, ¥ € R, is
defined as a positive function on Z, satisfying f(t) ~ Cg(t) where C' is a
positive constant and g is such that lim;_,, tg®(¢)/g(t) = 9. If ¥ = 0, then
f is said to be slowly varying. We always assume that the functions dis-
cussed here are of a sufficient smoothness. The totality of regularly varying
functions of index ¥ is denoted by RV(¥). The totality of slowly varying
functions is denoted by SV. Further, it is shown in [11] that f € RV(9) iff it
has the representation f(t) = p(t)es(t,a), where lim;_,, ©(t) = const > 0
and 4 is a positively regressive function satisfying lim; . td(t) = 9. In [12],
another representation is derived under the condition u(t) = o(t) when
¥ # 0 or u(t) = O(t) when 9 = 0: f € RV(W) iff f(t) = t0(t)ey(t,a),
where lim;_, o, ¢(t) = const > 0 and 1 satisfies lim;_,, t1(t) = 0. A posi-
tive function f is said to be normalized regularly varying of index 9, ¥ € R,
if it satisfies limy oo tf2(t)/f(t) = ¥. If 9 = 0, then f is said to be normal-
ized slowly varying. The totality of normalized regularly varying functions
of index ¥ is denoted by N'RV (). The totality of normalized slowly varying
functions is denoted by N'SV. Normalized functions have the representa-
tions as above, where the function ¢(t) is replaced by a positive constant.
It holds that f € (N)RV(Y) iff f(t) = t"L(t), where L € (N)SV. In [12],
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many other properties of regularly varying functions on time scales are de-
rived. It is also shown there that p(t) = O(t) when ¥ = 0 and u(t) = o(t)
when ¥ # 0 are somehow natural conditions in the theory and cannot be
omitted. These conditions also occur in the main result of this paper which
concerns regularly varying behavior of solutions of (1). For the theory of
regular variation on a time scale with a “larger graininess”, in particular
on T = ¢"o, see [13]. Note that that theory is different in some important
aspects.

Some basic references on the theory of regularly varying functions of real
variable are [2,14], a reference on their relation to differential equations is
[8], and a basic reference on the theory of regularly varying sequences is [4].

The following lemma is new and gives simple sufficient conditions for a
regularly varying function to be normalized.

Lemma 2.1. Let f € RV(4), ¥ € R. Assume that u(t) = o(t) provided 9 #
0 and pu(t) = O(t) provided ¥ = 0. If f2(t) <0 and f2(t) is nondecreasing
for large t, then f € NRV(9).
Proof. Let f € RV(¥). Then
_fEAY) e
lim ————= = A" forall A >0 2
by [12], where 7 : R — T is defined as 7(¢t) = max{s € T : s < t}.
Let A € (0,1). Since —f? is nonnegative and nonincreasing, we have
t
—f&)+F(T(A)) = = [[ 3 fR(8) As = = fAD[E—T(A)] = —fA(E)(1 - A)t
for large t. This estimation and (2) imply limsup, .. —tf2(t)/f(t) <
limsup, .. (f(7(A))/f(t) —1)(1 —X) = (A? —1)/(1 — \). This estima-
tion holds for every A € (0,1). Taking now the limit as A — 1—, we obtain
. —tfA(t) A1
| ——= < 1
RSP TT Sali T
In view of (3) for f € SV, we may now restrict ourselves to ¢ # 0. We

have —f(t) + f(r(\t)) = — f:()\t) fA(s) As < —fA(1(M))(t — 7(\t)) This
estimation, (2), and A € (0,1) imply

S} (3)

A timinf 200 _ i FTOD) (DS (7 ()
t

t=oo  f(t) t—oo f(2) f(r (X)) (@)
e T(A) (T(At))
<umint 20 (M 1)
Since for z € R, 7(x) > a, 7(z) < x < o(7(x)) = 7( )), we have

z) + p(r
x) = 1.

(z
1<z/7(x) <14 p(r(x))/r(x), and so lim, .o /T Consequently,

—~
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in view of (2) and (4),

9 lim in L) imin A 1)) - = L v
A" liminf —g7e= = limnf /\t/r(At)—/\< 10 1) A

for every A € (0,1). Hence, liminf; .o —tf2(t)/f(t) > limy_;_(\Y —

/(A=Y — A\") = —¢. From (3) and the latter estimate, we obtain
limy oo tf2(t)/f(t) = 9, 9 € R, which implies f € NRV(Y). O

3. Main Results

Along with (1), consider the generalized Riccati dynamic equation
w?(t) = p(t) + S(t) = 0, (5)

where

o 2O (L .
SO =m0 w(t)( <I>[1+v(t)<1>1(w(t))])’ )

®~1 being the inverse of ®. The relation between (1) and (5), which will
be utilized later, is following: y(¢) is a nonoscillatory solution of (1) having
no generalized zero on Z,, i.e., y(t)y°(t) > 0 for t € 7, if and only if
w(t) = ®(y>(t)/y(t)) satisfies (5) on Z, with 1+ u(t) @~ *(w(t)) > 0 on Z,,
see, for example, [10].

Theorem 3.1. Let y be any positive decreasing solution of (1) on Z,.

(i) Assume p(t) = O(t). Then y € SV if and only if

lim ¢! /too p(s)As = 0. (7)

t—o0

Moreover, y € NSV.
(ii) Assume u(t) = o(t). Then y € RV(®~(N\o)) if and only if

t—o0

lim to‘*l/ p(s)As = A >0, (8)
t

where Xy is the negative root of the algebraic equation

AP =A—-A=0, (9)

B is the conjugate number to «, i.e., 1/a+1/8=1.
Moreover, y € NRV(®~1(\g)).



379

Proof. (i) “Only if”: Let y(t) be a slowly varying positive decreasing
solution of (1) on Z,. Then y~(t) is negative and nondecreasing for
large ¢. Hence, y € NSV by Lemma 2.1. Let w() = O(y2(t)/y(t)).
Then w(t) < 0 and satisfies (5) with 1 + p(t ) “L(w(t)) > 0 for
t € I, Since y € NSV, we have lim;_ ty>(t)/y(t) = 0, hence
lim; 00 t @~ H(w(t)) = 0, or limy—o t* tw(t) = 0 (and also lim;_.o w(t) =
0). Thus, limy—oo Nt ®~!(w(t)) = 0 for any N > 0. Let N be so large that
wu(t)/t < N for t € Z,, thus pu(t) < Nt for t € Z,, which is possible in view
of u(t) = O(t). Therefore we obtain lim; ., u(t) =1 (w(t)) = 0. Note that
S(t) defined by (6) is positive for t € Z,, see [10]. Applying the Lagrange
mean value theorem, S(t) can be alternatively written as

s = (o= DlOPe0)

[1+ pu(t) @~ (w(t))]*
where 0 < 14 p(t) @~ (w(t)) < £(t) < 1. We show that [ S(s)As < oo.
Since limy oo u(t) @~ H(w(t)) = 0, £(t) — 1 as t — oo, and we have S(t) <
2(a—1)|w(t)|? for large t. Further, since lim;_, ta_lw(t) = 0, there exists
M > 0 such that |w(t)| < Mt~ for large t. Hence, for large ¢, with the
use of the relation (Mtlfo‘)ﬁ = MPt—e,

(10)

/00 S(s)As < 2(a—1) /oo|w(s)|BAs < 2(a—1)M" /00 S%As < 0. (11)

Note that the integral [, (1/s%)As is indeed convergent since u(t) = O(t).
Integration of (5) from ¢ to co and multiplication by ¢t~ yield

—to‘_lw(t)+t°‘_1/ S(S)As=t0‘—1/ p(s)As. (12)
t t
Equality (10) and the time scale L’Hospital rule give
_ _ Bera—2
i e [ st (o D20
o (14 p(t) 2= (w(t))] " (#17)

Now differentiating t'~® and applying the Lagrange mean value theorem
on this term with ¢ < n(¢t) < o(t), we have, with the use of the relations
lims oo £(t) =1 and n(t)/t <1+ p(t)/t <1+ N,

R O (g 1 ]l
| OOl O ) o

<(1+N)* lim > tw(t)]” = 0.

t—o0

Hence, from (12), we get lim; . t* [ p(s)As = 0.
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“If’: Let y > 0 be a decreasing solution of (1) on Z,, then
lim; oo y*(t) = 0. Indeed, if not, then there is K > 0 such that
y2(t) < —K for t € I,, and so y(t) < yla) — (t — a)K. Let-
ting ¢t — oo we have lim;_.y(t) = —oo, a contradiction with
y > 0 Therefore integration of (1) from ¢ to oo yields ®(y2(t)) =
— [ ))As Multiplying this equahty by —to=1/®(y(t)
i A Ry = N LGOI 0
to=l [*p(s)As. Hence 0 < —t* 1d(y” ()/y( )) — 0, or 0
—ty®(t)/y(t) — 0 as t — oo, in view of (7). Thus y € NSV.

(ii) “Only if”: Here we use the arguments similar to those in the
proof of the part (i) “only if”. Note just that, with w = ®(y*/y),
lim; 00 t* 1w (t) = Ao and limy—oo p(t)® 1 (w(t)) = 0 by p(t) = o(t).

“If”: Assume that (8) holds. Let y be a positive decreasing solution of (1)
on Z,. Let v(t) = t*~1®(y?(t)/y(t)). Similarly as in the case “'f” of part
(i), we have limy—oo y®(t) = 0 and 0 < —v(t) < ¢! [ p(s)As. Hence
and due to (8), v(t) is bounded. We will show that lim;—_, o v( ) = Ao, which
implies y € NRV(®71()\g)). First observe that v(t) satisfies the modified
Riccati equation

@

)
) w
)

<
<

A
(25%) - w0+ Fioy =0, (13)

= lim 71}@) - !
FO = =1 ( IEI) <I>1<v<t>/ta1>1) ’

with 1+ p(t) @~ (v(t)/t*1) > 0 for t € Z,. Since lim;_.o (v(t)/t*"1) = 0,
integration of (13) from ¢ to oo yields

tva(f)l = /toop(S)AS - /too F(s)As. (14)

If we write (8) as t*~! [ p(s)As = A+¢e1(t) = |Ao|® — Ao + £1(t), where
€1(t) is some function satlsfymg limy .o €1(t) = 0, then multiplying (14)
by t*~! we obtain

—ot) = ol — Ao — 121 / " F(s)As + 21(0). (15)

Applying the Lagrange mean value theorem, F(t) can be written as
F(t) = (a = Dlo(t) /2 117¢=2()[1 + u(t) &~ (v(t) /12~ 1)] =2, where 0 <
L+ u) @ (o) /t*1) < ((t) < 1. We show that we may write

te! /°° Fas—t1 [ {_ (Slfa)ﬂ [0(s)|7As +ea(t),  (16)

t
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lim¢ oo £2(t) = 0. Denote Q(t) = ¢**(t)[1 4 p(t) @~ (w(t)/t* )]t~
Since v is bounded and p(t) = o(t), lim;_ oo u(t)® L (v(t)/t* 1) = 0 hence

lim; o0 ¢(t) = 1, and so lim;—.oc Q(t) = 1. We have t*~! [ F(s)As =
o= 1ft [ )A] l0(s)|PAs + t21 [ H(s)As, where H(t) = F(t) -
[~ =2 o) = (@ - DhoPe >/<ta*1>ﬁ ~ (o = D()P/2(0)
with ¢t < «(t) < or( ). Using the time scale L’Hospital rule, and with
t <w(t) <olt), we get
e [ A i (@ DI @)/t~ 1)
tLOO t /t H(s)As = tLoo (1= a)/w(t)
i ey OW/P) — (o))"
= Jimfv(®)] L (0)/2)e 0

where we use the fact that lim; o ¢(¢ )/t = 1 and lim; o w(t)/t = 1 fol-
lowing from pu(t) = o(t). Hence, t*~! [ H(s)As = 5(t), with some e5(t),

where lim;_, o £2(t) = 0, and so (16) holds. In view of (16), from (15) we get
—o(t) = [Ao|? — Ao —t71 [[7 [— (slfo‘)ﬂ |v(s)[?As + &(t), where (t) =
e1(t) — £2(t). Hence, —v(t) = [Ao|® — Ao — to~LG(t) [ [— (slfa)ﬂ As +
g(t), where m(t) < G(t) < M(t) with m(t) = infes¢|v(s)]?, M(t) =
sup,[v(s)|?, or

G(t) —v(t) = |No|® — No +&(2). (17)

We show that lim;—_,o, v(t) = A\g. Recall that —v(¢) > 0 is bounded from
above. First assume that there exists lim; oo (—v(t)) = L > 0. Then from
(17) we get Lﬂ—f—L = |/\0|ﬂ—>\0. If L > —)\g, then |/\0|ﬂ = Lﬂ+L+>\0 > Lﬂ,
contradiction. Similarly we get contradiction if L < —\¢. Now assume that
liminf; o (—v(t)) = L. < L* = limsup,_,.(—v(t)). Let L1 be defined
by liminf, . G(t) = L and Ly be defined by limsup, .. G(t) = L.
In general, L, < L1 < Lo < L* are nonnegative reals. Assuming that at
least one inequality is strict, which implies that at least on of the values is
different from —\g, we come to a contradiction, arguing similarly as in the
case when L existed. All these observations prove that the limit lim;_, . v(t)
exists and is equal to Ag. O

Remark 3.1. (i) The statements (i) and (ii) in the main theorem could
be unified, assuming A > 0 and \g < 0.

(ii) The conditions u(t) = O(t) and u(t) = o(t), which are assumed in
the theorem, are quite natural, and correspond with the general theory of
regular variation, see also [12,13].
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(iii) Observe that the condition y is decreasing does not need to be
explicitly assumed. Moreover, note that we are actually dealing with all SV
or RV(®~1()\g)) solutions. Indeed, (1) possesses just eventually decreasing
and increasing solutions which are convex. If a solution y € RV(9), ¥ <0,
were increasing, then there is M > 0 such that y*(t) > M or thereis N > 0
such that y(¢) > Nt for large ¢t. This however contradicts to the fact that
for any y € RV(9) it holds lim;_.o y(t)/t” = 0 provided ¢ < v, see [12].
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1. Introduction

We consider fuzzy differential equations, i.e., differential equations in the
space of fuzzy numbers E', which contains the functions u : R — [0, 1]
satisfying that:

i) w is normal: there exists ¢ € R with u(zg) = 1.

ii) w is fuzzy convex: Ve, y € R, A € [0,1], u(dz + (1 — Ny) >
min{u(z), u(y)}.

iii) w is upper-semicontinuous.

iv) The support of u, [u]’ = {x € R : u(x) > 0} is a compact set.

E' is a complete metric space considering the distance d., defined, for
u, v € E', by doo(u,v) = sup,epo,1) da ([u]*, [v]*), where dg denotes the
Hausdorff distance between nonempty compact convex subsets of R and

[u*={z eR : ulz) > a}, ae(0,1], [u]°={z €R : u(z) >0}

are the level sets of the fuzzy number w.
The addition and the multiplication by a non-zero scalar is extended to
fuzzy numbers by the Zadeh’s Extension Principle,! obtaining [u + v]* =
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[u]® + [0], [Au]® = A[u]?, for all a € [0,1], u, v € E', and A € R. On the
other hand, if 21, 2o € E', we call w € E' the Hukuhara difference of z;
and zo, w = 21 — g 2o, if 21 = 29 + w. The Hukuhara difference of z; and
Zo is unique, provided it exists.

The integral of f : [to, T] — Elin [to, T] (T > to) is defined levelwise as
oy £ () dt1* = { [, 7 9(t) dt | g : [to, T} — R measurable selection for
fal, for @ € (0,1], where f,(t) = [f(t)]*. A fuzzy function f is integrable
over [to, T if f[tO’T] f(t)dt € E. Obviously, every continuous function is
integrable.

We consider differentiability of a fuzzy function in the sense of
Hukuhara, that is, f : [to,T] — E' is differentiable at t € [to, T] if, for
some € > 0, the Hukuhara differences f(t + h) —g f(t), f(t) —u f(t —h)
exist in E', for 0 < h < € with t £ h € [to,T] and there exists
f'(t) € E', the derivative in the sense of Hukuhara of f at ¢, such that
limy, o+ M, limy, _, o+ W exist and are equal to f'(t).

In the ordinary case, if I is a real interval, M € R, and o : I — R,
equations v/ (t) + Mu(t) = o(t), and u'(t) = —Mu(t) + o(¢) are equivalent
and have the same solution. However, in the fuzzy case, the effect produced
on the level sets by the multiplication by a negative number —1[u]* =
[—uar, —ual], for a € [0,1], is the reason for the differences between the
solutions to u'(t) + 3u(t) = o(t) and v/ (t) — 3u(t) = o(t), provided both so-
lutions exist. Solvability of the initial value problem for ‘linear’ fuzzy differ-
ential equations u/(t) + Mu(t) = o(t), t € I, v/ (t) = —Mu(t) + o(t), t € I,
u'(t) = Mu(t) +o(t), t € I, v/ (t) — Mu(t) = o(t), t € I, where M € R,
M > 0, as well as the expression of each solution? have been studied. Also
in the cited reference, the expressions of the solutions to the previous prob-
lems are compared in terms of the midpoint® and the diameter of the level
sets, mp([u]®) = 5 (Uqr + Uar), diam([u]®) = uqr — Uqi. For o(t) = x{oy, the
solution was calculated"%° for a particular value of M. Initial value prob-
lems relative to the previous ‘linear’ equations with the derivative isolated
have a unique solution by fuzzy Picard-Lipschitz Theorem.! However, the
existence of solutions for the other equations depends on the validity of
certain compatibility conditions? on data.

For modeling of ecological systems which are subject to imprecise
factors®” fuzzy differential equations are used, and a fuzzy analog of
the logistic difference equation® has also been studied. Parametric LU-
representation of fuzzy numbers? is used for simulation of fuzzy dynamical
systems and continuous logistic model!? has been studied from the fuzzy
approach.
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2. Comparison of the solutions to different linear fuzzy
differential equations

In this section, we analyze the behavior of the solutions for initial value
problems associated to ‘linear’ fuzzy differential equations, and compare
the different expressions obtained for problems which has similar solutions
in the classical case.

We recall some results? which provide the expressions of the solution for
the i.v.p. relative to the different types of ‘linear’ f.d.e., specifying sufficient
conditions for the existence of solution there where it is not guaranteed a
priori.

We choose certain values for M > 0 and the independent term o(t) €
C(I, E'). By means of the various examples, we analyze the behavior of the
solutions of the different problems. We calculate the diameter and the mid-
point of the level sets of the solution, this study allows a better comparison
of the qualitative properties of the solutions, providing a useful informa-
tion which can be taken into account in the process of defuzzification of a
fuzzy solution in order to obtain a real solution for a problem influenced
by uncertainty effects. The behavior of the solutions will suggest which is
the best choice of ‘linear’ fuzzy problem to modelize a certain real process
with uncertainty.

In the following, we consider M > 0, I a real interval I = [0, 7] with
T>0orI=][0,+0c0), 0 € C(I,E"), and ug € EL.

2.1. v/ (t) + Mu(t) =o(t), t eI, M > 0.
Consider the ‘linear’ fuzzy initial value problem
u'(t) + Mu(t) =o(t), tel, u(0) = wup. (1)

Theorem 2.1. Problem (1) has a unique solution in I, given by

t
u(t) = ugXx (et} —I—/ o(8)Xqeme-nyds, t €1, (2)
0

if, for each t € I, there exists § > 0 such that the Hukuhara differences
u(t+h) —pg u(t) and u(t) —g u(t — h) exist, for all0 < h < B.

Example 2.1. Take the particular case of problem (1)
u'(t) +3u(t) = xpoa), t €L, u(0) =ug = xq13- (3)

Applying Theorem 2.1, we obtain the solution to (3) as u(t) =
X[e-st, 273041 t € I. Note that the solution is given at each instant ¢ by the
’ 3
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characteristic function of a real interval, hence the endpoints of the level
sets of the solution are independent of the level a € [0,1]. The reason is
that function ¢ and the initial condition ug are also given by characteristic
functions. See Fig. 1.

1,2

i e
MAN

0 1 2 3

Fig. 1. Endpoints of the a-level set of the solution to problem (3).

On the other hand, the midpoint and the diameter of the level sets of the
solution are mp([u(t)]*) = §(5e73* + 1), diam([u(t)]*) = +(1—e73"), Va €
[0,1], t € I. These values are again independent of the level a € [0, 1], due
to the choice of o and ug. See Fig. 2.

1,2

0,6 \ WP
\ ——diam

Fig. 2. Midpoint and diameter of the level sets of the solution to (3).

For a fuzzy function u differentiable in the sense of Hukuhara, the diameter
of the a-level sets is a nondecreasing function in the variable ¢, for each
a fixed. Thus, an interesting problem is the boundedness of the diameter
of the level sets of the solutions of fuzzy differential equations (which are
differentiable in the sense of Hukuhara) in order to control the fuzziness of



387

the solutions by keeping the diameter of the level sets bounded by a certain
degree of fuzziness. In this example, the solution has a very interesting
behavior since the diameter of the a-level set of the solution stays bounded
as t increases. On the other hand, note that, once the fuzzy solution has
been obtained, one can choose the midpoint of the 1-level set of u(t) as
a real number which represents the fuzzy solution with a certain degree
of accuracy, that is, in the process of defuzzification, we can select v(t) =
mp([u(t)]!), for each t, and we get a real function which represents the fuzzy
solution u. In the example presented, the midpoint of each level set tends
to a fixed number () as ¢ tends to 400, independently of a € [0,1].

2.2. v/ (t) = —Mu(t) +o(t), te I, M > 0.
Next, consider the problem
u'(t) = —Mu(t) +o(t), t€l, u(0) = uo. (4)

Theorem 2.2. Problem (4) has a unique solution on I, given by
Mt —Mt

u(t)ar = —%Ul(t,a) 4 ¢ s—Ua(ta), a€[0.1), te T, (5)
eMt efMt
u(t)qr = 7Ul(t,a) + Us(t,a), a €[0,1],t €1, (6)

where
. t ;. _Ms
Ui(t,a) = diam([ue]®) + [, diam([o(s)]*)e=M* ds,
Us(t,a) = (uo)ar + (u0)ar + fot (0(8)ar + 0(8)ar) €M ds.
Example 2.2. Consider the particular case of (4)
u'(t) = =3u(t) + X0, t€L,  u(0) =uo = X1y, (7)
whose solution (see Fig. 3) is given, using Theorem 2.2, by the expression

92 _ 3t 5—3t 3t 5—315
[u(®))* = ‘ 6+ £t +66 ,ael0,1], tel

The midpoint and the diameter of the level sets of u are mp([u(t)]*) =
F(5e73t + 1), diam([u(t)]*) = 3(e3 — 1), a € [0,1], t € I (see Fig. 4). Note
that the diameter of the level sets tends to 400, situation not desirable
from the point of view of applications, but the midpoint tends to % as t
tends to +oo. In fact, the expression of the midpoint of [u(t)]® is the same
of problem (3). As expected,? the expression of the diameter of the level
sets of u can be derived from the expression of the diameter of the level

sets of the solution to (3), replacing M by —M.
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1500

1000
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—u(t)a

-500

-1000 \

-1500

Fig. 3. Endpoints of the a-level set of the solution to problem (7).

—mp
— diam

Fig. 4. Midpoint and diameter of the level sets of the solution to (7).

2.3. v/ (t) = Mu(t)+o(t), teI, M >0
Let us study the problem
u'(t) = Mu(t)+o(t), t e, u(0) = uo.

Theorem 2.3. Problem (8) has a unique solution on I, given by

t
u(t) = uoXferty +/ 0 (8)Xqere—ery ds, t € T.
0

9)

Example 2.3. Next, we analyze the behavior of the solutions to problem

ul(t) = 3U(t) + X[0,1]» te Iv U(O) = U = X{1}-

According to Theorem 2.3, the solution to (10) is given by wu(t)

(10)

X[ose 4e31); t € I, (see Fig. 5). The midpoint and the diameter of the
3
level sets of the solution are mp([u(t)]®) = £(7€¥ — 1), diam([u(t)]*) =

$(e¥ — 1), a €[0,1], t € I (see Fig. 6).
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0

— U«

Fig. 5.

Endpoints of the level sets of the solution to problem (

10).

500
450

350
300
250

150
100
50

0

2

—mp
——diam

Fig. 6.

Midpoint and diameter of the level sets of the solution to (10).

2.4. u'(t) — Mu(t) =0o(t), teI, M >0

Finally, consider the problem

Theorem 2.4. Define

u'(t) — Mu(t) =o(t), tel,

u(0) = up.

Wi(t,a) = diam([u)*) + jt‘g diam([o(s)]*)eM* ds,
Wa(t,a) = (uo)ar + (u0)ar + [o (0(8)ar + 0(8)ar) e M* ds.

FExpressions

(11)
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fort € I, a € [0,1], represent the unique solution to problem (11) in I,
if they define a fuzzy number, that is, if u(t)q is nondecreasing, u(t)q, is
nonincreasing in a, and for every t € I, there exists § > 0 such that the
Hukuhara differences u(t+h) — g u(t), u(t) —g u(t—h) exist for 0 < h < S.

Example 2.4. The level sets of the solution of the following problem
u'(t) = 3u(t) = xpo,1), t€1,  u(0)=uo=xq}, (14)
whose endpoints are given by expressions (12) and (13), are

73t —3t_2 73t_ —3t
) = | IR I el e,

See Fig. 7. The midpoint and the diameter of the level sets of the solution

25

20 //
15
/
— Ul
10 /
5 /

0 1

Fig. 7. Endpoints of the level sets of the solution to problem (14).

are

1 1
mp([u(®)") = 5(76% — 1), diam([u(®)]") = 5(1—¢*), a € 0,1], te T,
whose graphs are shown in Fig. 8. In this example, the diameter of the level
sets is increasing and bounded by its limit as ¢ tends to +oo, which is %,

thus the solution does not get very fuzzy as t increases.

In these examples we can observe the properties of invariance of mid-
point (or diameter) of the level sets under certain changes in the equations.
Note that? the change from u/(t) 4+ 3u(t) = o(t) to u/(t) = —3u(t) +o(t), or
from ' (t) = 3u(t)+o(t) to v’ (t)—3u(t) = o(t) preserves the midpoint of the
level sets of the solution, while the diameter changes (replacing M by —M).
On the other hand, passing from v/ (t) +3u(t) = o (¢t) to u'(t) — 3u(t) = o(t),
or from u'(t) = —3u(t) + o(t) to v (t) = 3u(t) + o(t), the diameter of the
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25
20 /
15

10

—mp
——diam

L

0 1

Fig. 8. Midpoint and diameter of the level sets of the solution to (14).

level sets remains invariant, while the expression of the midpoint changes
(replacing M by —M). Both changes have to be made (in the midpoint
and the diameter of the level sets) if we pass from u'(t) + 3u(t) = o(t) to
u'(t) = 3u(t) + o(t), or from u/(t) = —3u(t) + o(t) to u'(t) — 3u(t) = o(t).
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We consider a third order nonlinear difference equation
A(rnA(pnAyn)) = anyn+1 + f(1, Yn).

The sufficient conditions under which for any nonzero constant there exists
a solution of the above equation which tends to this constants, are obtained.
Also, the sufficient conditions for the existence a solution of the considered
equation which can be written in the following form

U v w
Yn = Olnl +ﬁnl +’YTLJ7
n Tn Tn
(lm on <oco and lim Bp <oco lim v, < oo) are given.
n—oo n—oo n—oo

Here u, v and w are three linearly independent solutions of equation

A(rnA(PrAyn)) = anYnt1-

Keywords: Nonlinear, difference equation, third order.
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1. Introduction

In this paper we consider the nonlinear difference equation of the form

A(rpA(pnlAyn)) = anynir + f(n,yn), neN (1)

where A denotes the forward difference operator Ay, = y,11 — y, for
y : N — R. Sequences (r,), (p,) are positive, and (a,) is a real sequence.
Function f : N x R — R. Throughout this paper N denotes the set of posi-
tive integers, R the set of real numbers, R, the set of positive real numbers.
By a solution of (1), we mean a sequence (y,,) which satisfies equation (1)
for sufficiently large n.
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Third order difference equations with quasidifferences was considered, for
example, by Andruch-Sobilo and Migda [3], Dosla and Kobza [4-6], Graef
and Thandapani [7], Kobza [10], Migda, Schmeidel and Drozdowicz [12],
Thandapani and Mahalingam [13]. Background of difference equation the-
ory can be found in [1-2], [8] and [9].

2. Main results

We begin with the following existence theorem.

Theorem 2.1. Assume that

and

POED DR SIS ®)

where « is a nonzero real constant and the function f is continuous on the
second argument. Then for every nonzero constant c, there exists a solution
(yn) of equation (1) such that lim y, = c.

n—oo

Proof. Assume that (2) and (3) hold with ¢ > 0 (If c < 0
the proof is similar.) Let no be so large that Z Z Z lag] <

'L’IL() ji

1 and Z plz”zﬂf(k c)] < §. Set [* be the Banach

i=ng =1 k=j
space of all real bounded sequences with "sup" norm. Let S =

{y € 1% : |yn| < 2cfor n > ng}. It is not difficult to see that S is nonempty
convex and closed subset of [*°. We define a mapping T : S — [°° as follows

oo

Il 1
Tyn—c_z —Z (aryrs1 + f(k,yx)), for n € N.

T
i=n J:z J k=j

Hence [T'y,| < ¢+ § + § = 2¢, for n > ng. Thus, 7' maps S into itself. It is
easy to see that T is continuous and 7'(S) uniformly Cauchy. Therefore by
Schauder’s fixed point theorem there exists y € S such that Ty, = y,,. We
may verify that (y,) is a solution of equation (1). Furthermore lim y, = c.

n—oo

This completes the proof. O
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From now, assume that p, = 1 in the equation (1). Then this equation
takes the following form

A(rnA%yn) = anynr1 + f(n, yn)- (4)
The following lemmas will be used.
Lemma 2.1. The difference equation

A(rnA%2,) = apnzne1, n €N, (5)

where a : N — R, r : N — R is a nontrivial sequence which has linearly
independent solutions u,v,w : N — R such that

Up  Un Wy
Wy =| Au, Av, Aw, |= —1, for alln € N.
A2y, A%y, A%w,

Proof. The proof is obvious and will be omitted. |

The next Lemma was proved by Migda in [11].

Lemma 2.2. Let (uy), (v,) and (w,) are linearly independent solutions
of the difference equation (5) and let M, ;(n) are minors of the Casorati’s
matriz of these solutions. Then AMs ,(n) = My i(n), for k=1,2,3, n¢
N and AMs ;(n) = M3 p(n+1), fork=1,2,3, neN.

We introduce the following useful definition.

Definition 2.1. The function B : NxR — R, belongs totheset By (B €
BF) when

o B(n,z1) < B(n,x2) for 0 < z1 < x9,
o B(n,kz) < F(k)B(n,z) for x > 0 and every k € R,

where F' : R — R is a continuous, nondecreasing function, such that F(z) #
0 for x # 0.

Theorem 2.2. Assume that
rn N =< €,00), where e >0, (6)

in equation (4), and sequences (uy,), (v,) and (w,) denote three linearly
independent solutions of this equation. Assume also that

|f(n,z)| < B(n,|z|), for all z € R and fized n € N, (7)



395

where function B € Br, and functions F fulfil the condition

o0

/ Fd(; - ®)

€

and there exists a positive constant C' that
|f(n,z)| > C|Ar,|, for everyn € N and z > e. (9)
Let us denote

Uy = masc {Jugl, o], Jwil, [Max(G + D] [Mas(G+ DI, (10)

for every j € N. If
ZUjB(ja Uj) < o0, (11)
j=1

and conditions (2) and (3) hold then there exists a solution of equation (4)
such that y, = 7= + Bn 7™ + 72, where lim o, = a, lim 3, = 3 and
n n n n—oo

n—oo
lim v, =~ («a, B8, v- constants).
n—oo

Proof. From Lemma 1 there exists three linearly independent solutions
(un), (v,) and (w,) of equation (5) such that

Up  Un Wy
W, =| Au,, Av, Aw, |=—1. (12)
A2y, A%, A%w,

First, we assume that (12) holds. Because assumptions of Theorem 1 hold
then there exists a convergent solution of equation (4). Let us denote

An = _MLl(n)Tnyn + le(”)T’nAyn - MB,l(n)rnAQyn
Bn - Ml,Q(n)Tnyn - MQ,Q(”)TnAyn + M3,2(n)TnA2yn (13)
Cn = _M1,3(n)r71yn + M2,3(")7"nAyn - M3,3(n)T"A2y"7

where y,, is a such convergent solution of equation (4). Then we obtain

Un Ay + v Bp + w,C,

= [—upMi 1(n) + v, M1 2(n) — wpyMi 3(n)] rayn+
+ [un M2 1(n) — v, Mo 2(n) + wnp Mz 3(n)] Tn Ayn+
+ [~unMs1(n) + v, Ms 2(n) — wy, Ms 3(n)] rp A2y,

(14)

It is easy to check that w,Ms1(n) — v,Ma2(n) + wy,Ma3(n) = 0 and
—up Mz 1(n) + v, M3 2(n) —w, Ms 3(n) = 0. From the above equalities, (14)
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and (12), we obtain u, A, + v, By, + w,Cp, = [—unMi1(n) + v, M7 2(n) —

wn My 3(n)|rnyn = —WpTnyn = Tnyn. Thus we get

n rn n

Applying operator A for (13), and from Lemma 2 we obtain
AAn = M2,1(n + ]-)ArnAynJrl - M371(n + l)f(nu yn)
AB,, = —Msz2(n+ 1)Arp,Aypt1 + Ms2(n+ 1) f(n, yp)
ACn = M2,3(n + ]-)ArnAynJrl - M373(TL + l)f(nu yn)'

Summing both sides of the above equations over n, we get

n—1 n—1
Ap=A1+ Y Moa(j+1)ArjAyi — > Msa(3+1)f(5,y5)
j=1 j=1

n—1 n—1
By, =B1+ Y Mas(j+1)Ar;Ayjpr+ > Mso(j+1)f(,y5)
Jj=1 j=1

n—1 n—1
Cn=Ci+4 32 Mas(j +1D)ArAy 40 — > Mss(j +1)f(5,4;)-

j=1 Jj=1

Hence, we have
|[An| + |Bn| +|Cn| < [AL] + |Bi] + |C1]
n—1
+ 20 (IM21 (G + D]+ [M22(j + 1) + [M23(j + 1)]) |Arj]| Ayt
j=1

#ihMmu+m+M@AyunﬂMmo+nnuuw»
p2

Let us denote
hn =|An| +|Bn|l +|Cn|, meN
From (15), (6), (10) and (18), we obtain

1 1 1
yj = —lujdj +v;B; + w;Cs) < “U;(14;] + |Bj| + 1G5 1) = ZUshy.
J

From (17), (18) and (10), we get
n—1 n—1

hn < hy+3 " UjlArgl| Ay +3 > Ul £ i)l-

Jj=1 J=1

(15)

(16)

(18)

(19)

(20)

From Theorem 1, there exists a constant C; > 0 that |y;| < %, for j € N.
Then [Ayjt1| = |yj+2 — yj+1] < [yjse| + [yj41| < C1, for j € N. From

condition (9), we obtain

C )
A1 Ayal < G176 w3)l

(21)
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Hence, from (9), (18), (19) and (21), we get
i b+ 60 U Gs)
< hy +6C* j;l Uil f (5 7 (Aju; + Bjvj + Cjw;)]
< hy + 6C* nill Uj(Bj, tUjhy),
iz

n—1

where C* = max{1, &}. We set b, = hy + 6C* Z U,;B(j, 1U;h;). Then

by, > hy, for n € N. Applying operator A for sequence (b;), we obtain Ab; =
6C*U; B(i, LU;h;). From Definition 1, we get F(b) < 6C*F(L)U;B(i,U;).
1

Since function F' is nondecreasing then function & is nonincreasing. Thus
bit1

we obtain the following 1nequahty ( ) > [ T From above, we obtain
b;

bit1

dt
—— < 6C*F B, U; ; . 22
/F(t) 6C ()UZB(Z,UZ), for all ieN (22)
b;

n—1
By summation we get f Fd’;) < 6C*F(1) Z U;B(i,U;). We will use the

x

following notation [ 75 = G(x). This implies that f Ty = Gba)—G(b1).

From (22), we obtain G(b,) < G(b1) + 6C*F(1) Z U;B(i,U;). Function
G is increasing then G~! is increasing, also. From Z(Z; we see that G(by) +
6C*F(L) Z U;B(i,U;) belongs to the domain of function G1, for all n €
N. Therefore there exists b,, such that

by < G7HG(b1) + 6C*F ZUB (i, Uy)]
We set > U;B(j,U;) = S. So, we obtain
j=1
1 _
hn = [An| +|Bn| +|Cal < G_l(G(|A1| + |Bi] + [Ch]) + 6C*F(Z)S) =C.
From (7), (10), (19), (21) and properties of function f, we obtain

. s B s .
[ Mz,:(j + DI|Ar;||Ays| < U;C°Lf(G,95)] < CF(=C)U;B(5, Uj)
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and
. . S R . . .
|M3:(3 + DIIf(G,y5)l < C F(ZOW;B(3,U5),i=1,2,3, jeN.

From (11) series

D Myi(j+1)Ar; Ay and Y Ms (5 +1)f(,y;), i=1,2,3

j=1 j=1

are absolute convergent. Then from (17) finite limits of A,, B, and C,
exist. Using (15), we get the thesis.

Now, we will prove this theorem for any three linearly independent solutions
(@), (Up,) and (wy,) of equation (5). Let (uy,), (v,) and (wy,) be three linearly
independent solutions of equation (5) fulfilling condition (12). Then for
some constants ¢;, 1 = 1,2,...,8,9 we have

Up = Clﬂn+621~}n+03wna Un = c4ﬂn+651~}n+06wna Wy, = C7ly + C8Uy + Coty, .
Now,
0y = max {Jis. 151,145, |92 + V). 1331+ D}

We will show that the condition (11) holds.
Set ¢ = max lc;|. Hence U; < max{3¢,9¢*}U;. Let ¢* = max{3¢, 9¢*}.

Therefore, we get inequalities

U;B(j,U;) < ¢*U;B(j,¢*U;) < ¢*U;F(c*)B(4,U;),

and
Z UjB(ja Uj) < 0.
j=1

We see that assumptions of Theorem 2 hold for solutions (u,), (v,) and
(vp) also. Then the thesis holds. This completes the proof of this Theorentl

Now, we consider a special case of equation (4), where a,, = 0. Hence
this equation takes the following form

A(THAQyn) = f(n,yn). (23)
Corollary 2.1. Assume that conditions (2), (3), (6)-(9) and (11) hold.

Let us denote
' Zi—i—l
b) rl .

i
—1
Uj:max{j,zjr‘
toi=1

=1
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Then there exists a solution of equation (23) such that

_ Bn = n—i—1
Yo = o Py TN —,

Tn Tn Tn “— [
i=1

where Ay, Bn, Yn have a finite limits.

Proof. Equation A(r,A?z,) = 0 has three linearly independent solutions

n—1:—1 1 n n—i— 1
=1,v, = =
= Lo = = 35 3 A
=1 j=1
Since assumptions of Theorem 2 hold, we get the thesis. |
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It is known that solutions of certain classes of linear hyperbolic systems with
nonlinear boundary conditions and consistent initial conditions can be written
via the iteration of a map of the interval. In this work we characterize the
solutions of such problems, with a vortex as initial condition and the iteration
of a bimodal map of the interval, using the bimodal topological invariants.

1. Introduction

There are nonlinear boundary value problems the investigation of which
is reduced to the investigation of low-dimensional or even one-dimensional
DS. The study of such problems was began still at the first half of 80th.!
At that time, the theory of one-dimensional DS possessed certain tools
allowing effectively and sufficiently deeply to study properties of solutions
of such BVP.

Actually every achievement into the theory of low-dimensional DS can
be transformed into new usefull results for these BVP. Prof. Sousa Ramos
had initiated in Portugal investigations on application of symbolic dynamics
to the study of various classes of low-dimensional and, first of all, one-
dimensional DS. Later he offered to use results of these investigations in
describing properties of BVP solutions. Our paper deals with just the such
researches started still under direct participation of Prof. Sousa Ramos.

At the beginning of the paper we also consider one of the simplest n-
dimensinal BVP with linear PDE, the investigation of which is reduced
to one-dimensional DS. Generally, such reducing can be realized even for



401

some classes of BVP that include piecewise linear PDE and essentially more
complicated boundary conditions.

2. A Certain Class of Boundary Value Problems

Consider the following linear hyperbolic system

au:iai@+ Ou

E =1 axz aa_y (1)
v T v ou
= =) bimz—+b—,
ot ; oz oy
with u = u(t, x1,%2,...,%m,y) and v = v(t, x1,%2,...,Tm,y) being
functions of the arguments ¢t € R™, x1,...,x,, € R, and y € [0,1]. Assume

both u and v are subject to the nonlinear boundary conditions

{u|y_o = vly=o (2)

u|y:1 = f(”|y:1)a

with f: R — R, and to some initial conditions

{u|t—0:uo(x17x27"'7xm7y) (3)
U|t:0 = ’Uo(ﬁl,xg, v 7xm7y) .

A similar problem was considered by Maistrenko? where the solution
representation was given and the continuous dependence on perturbations
was investigated.

It is convenient for us to represent the general solution of (1) in the form

U (t, 21,y T, y) = P21 — Dy, o, Ty — L2y, %y)7
V(T e, Ty Y) = YT — %y, ey T — bT’"y, t+ %y),
where ¢, 1 are arbitrary (differentiable) functions. Then, the equality ¢ = 9
follows from the first boundary condition in (2). Using the second condition,

we obtain that, for a < 0 < b, the solution of the boundary value problem
(1), (2) can be written as

u(t, w1,y rm) = w(wy — 2Ly, ., Ty — 22y, 4 %y)7 (@)
’U(t7xla---amm) = ’U)(Il - leya sy Imo— bTmya i+ %y)a
where w(x1,...,2m,y), with z1,...,2, € R, y > 1/a, is the solution of
the difference equation
w(Tr + 1y T + Cmy, Yy+d) = f(w(;vl,...,xm, y)), (5)

ci=a;/a—b;/b, i=1,...,m, d=1/b—1/a. For this difference equation,
the initial condition wg = wo(x1,...,Tm,y), *1,...,Zm € R and y €
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[y0,yo + d) with yo = 1/a, follows from the initial conditions (3) for the
problem (1),(2):

wWo = UO(xl +alya~ <y Im +amy7 a’y) Zf Yy e [1/@,0], (6)
0 UO(x1+b1ya~'-axm+bmy7 by) Zf Yy e (Ovl/b)

Hence, the solution of the difference equation (5) with the initial con-
dition w = wo if x1,...,2m € R, y € [1/a,1/b) can be represented for
y € [nd+ 1/a,nd+1/b) in the form

w(T1, ..., Tm,Y) = f"(wo(xl —NCly ...y Ty — NCpn, y—nd)). (7)

This means that, with (4) and (7), the solution of the problem (1), (2), (3)
also is computed via the iterations of the map f. The latter allows us to
realize sufficiently deep study of solution properties of the boundary value
problems in the form (1), (2).

Consider the (simplest) case m = 1, namely, the linear hyperbolic
system
Ou  Ou  Ou
ot dr dy
LT TR T
at - 8x ay) ) y ) ) )
under the nonlinear boundary conditions
uly—0 = vly=o (
9)
{U|y—1 = [ (uly=1),
with f a bimodal map of the interval I = [—1, 1], and subject to some initial
conditions
{u|t—0 = uo(z,y) (10)
vle=0 = vo(, ).

In this case, the solution of (8)-(10), at times ¢ = 2n, is given by
{U(2n7 z,y) = f"(uo(z,y))
U(zna T, y) = fn(’Uo(ﬂf,y)), nENO-
Suppose now that we assume a vortex as initial condition,

uo(z,y) = 2y —1
Uo(%y) = -2z, (‘ray) € mou

defined on a region R, = {22 + (y — 1/2)? = a?/4,a < 1} of the plane,
see Figure 1, and choose f(r) = —0.21 — 2.4z + 0.212% + 3.42%. The
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Y A
1
0 =2«
9’{@ v = 2a v=20
u=—2a u=20
v=20 v = —2«
0 x

Fig. 1. The inital vortex defined on R, .

t=0 t=2 t=4

following sequence of pictures gives us snapshots, at times ¢t = 0,2,4, for
the evolution of the initial vortex under the map f. We claim that there is
a striking resemblance with turbulence phenomena, e.g., the growth with
time of the number of vortices, worth exploring. The object of this paper is
to use symbolic dynamics techniques to describe both the growth number
of vortices and its spatial distribution of the BVP solution for the family
of bimodal maps of the interval [—1, 1],

f(z) = fu(x) =az® +ba* + (1 —a)z —b, (a,b) €,

with Q a suitable region of the plane, see Skjolding et al.?

3. A Bimodal Boundary Condition

In this section we consider the class of BVPs described by (8), with a vortex
as initial condition, and subject to a boundary condition characterized by
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a bimodal map of the interval f. The first observation is that the vortices
center, at a time t = 2n, are related with the zeros of the map f™.

Let (1 < -+ < (an41 denote the zeros of ", for some integer N > 0,
and assume that (f™)(Cx) # 0, for k =1,...,2N + 1. Then, it is an easy
exercise to see that the centers of the vortices of the BVP solution, at time
t = 2n, occur precisely at the points P(n2;41, &2541) and P(n2;, &;), for
i,j=1,...,N, with

e = —Ck/2, k=1,...,2N+1
&= (G +1)/2.

Next, we define the growth number of vortices of a bimodal BVP as
p(f) = (Ng)M-,

in which Ny denotes its number of vortices, at time ¢t = 2k. The following
theorem relates p(f) with an important dynamical property of the map f.

lim
k—-+o0

Theorem 3.1. The growth number of vortices of a BVP characterized by
a bimodal map f of the interval I is equal to its growth number of laps.

Proof. Since we are going to use symbolic dynamics techniques, consider
the following bimodal alphabet: let A and B be the addresses of the critical
points of the map, and L, M, R the addresses of every point belonging,
respectively, to the subinterval on the left of the first critical point, to the
subinterval defined by both critical points, and to the subinterval on the
right of the second critical point.

Given the itinerary it(x) = SoS1--- of a point = € I, we define its n-
itinerary as the subsequence of the first n+ 1 symbols, it,, (x) = SpS1 - - - Sn.
Consider now the following symbolic classification of n-itineraries: we say
that a n-itinerary it,(z) is of Type 1, if none of its symbols are equal to A
or B; of Type 2, if S,, is the only of its symbols equal to A or B; and of
Type 3, if Sk is equal to A or B, for some 0 < k < n — 1.

Let us denote by #1(n), #2(n), and #3(n) the number of n-itineraries
of type one, two, and three, respectively. From its definition, we have #3(n+
1) = #3(n) + #2(n). Furthermore, there is a precise relation between the
number of laps of f™ and Type 3 n-itineraries.

Lemma 3.1. The number of laps of f™ can be computed from the number
of Type 3 n-itineraries, L(f™) = #3(n) + 1.

For latter use, it is convenient to distinguish the sequences of Type 2 ending
with a symbol S, = A, from those ending with S,, = B. Let #24(n) denote
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the number of Type 2 n-itineraries with S,, = A, and #2p(n) the number
of those such that S,, = B.

Since not all laps of f™ correspond to zero crossings, the problem is to
count the number of positive and negative extrema of f™. The following
two lemmas state that some of that information can be obtain from a
subsequence of the n-itineraries.

Lemma 3.2. Given a Type 3 n-itinerary it,(x) = So--- Sy, let k be the
largest integer such that S, = A. Then, x is a mazimum of f™ if the parity
of the subsequence Siy1 -+ Sy is equal to +1, and a minimum otherwise.

Proof. From the expression for the second derivative of f™(z),

(fn)”(x) = f"(x) f’(m(l)) f’(m@)) . f’(x("—z)) f’(m("_l))-|-
+f/(m)2f”($(1)) f/(x(Q)) . f’(x("—z)) f/(m("_l))+
+f/(m)2f/(m(1))Qf//(m(Q)) . f’(x("—z)) f/(m("_l)) L

4 f'($)2f’(x(1))2f’(x(2)) . f’(x("_z))Qf”(x(”—l))

with z(®) = f¥(z), k = 1,2,..., we observe that, if Sy ---S,, has only one
symbol S = A, all terms are null except one, in which case

(f")”(x) = f/(x)Q - f/(x(k—l))Q f”(x(k)) f'(x(kH)) o fl(x(n)) )

Therefore, the signal of ( f”)”(x) is equal to the signal of
(DY (™), ie., the parity of the subsequence Sy ---S,, and
the required statement follows easily.

Now observe that, if Sy---.S5, has two symbols Sx_,, = Sp = A, then
both the second and the third derivatives of f™ are zero, and that the only
term different from zero of its fourth derivative is given by

(fn)(4) (z) = 3f/(3?)4 o f/(x(k—m—l))Al f//(x(k—m))Q f/(l‘(k_m+1))2 .
...f/(x(k—l))2 f”(a:(k)) f(xFD)Y . ..f/(a,(n—l)),
from which we get the same conclusion. By direct computation it is further

possible to analyze the situation for any number of symbols A and prove
the stated result. O

Similarly, there is an analogous result for n-itineraries with a symbol B.

Lemma 3.3. Given a Type 3 n-itinerary it,(x) = So--- Sy, let k be the
largest integer such that Sy, = B. Then, x is a minimum of f™ if the parity
of the subsequence Sky1 -+ Sy is equal to +1, and a mazimum otherwise.
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Since after any symbol A or B of an itinerary comes the corresponding
kneading sequence of the map f, the lemmas above guarantee that we can
get the number of positive and negative extrema, i.e., the number of zero
crossings of f", from a detailed analysis of the kneading data K ;. However,
to avoid some cumbersome technicalities, we will assume now a very simple
form for the kneading sequences of f. The generalization for any kneading
data, being not easy, follows closely.

Suppose Ky = (R™ 1A, L*~'B), for some integers m,k > 2. Then,
every Type 3 n-itinerary with S,, = A corresponds to a negative maximum,
otherwise it corresponds to a positive maximum. Likewise, every Type 3
n-itinerary with S,, = B corresponds to a positive minimum, otherwise it
corresponds to negative minimum. Therefore, the number of zero crossings
of f, #2(n), is given by

#z(n) =#3(n)+1— Z #24(n —mj) — Z #2p(n — kj).

n—myj>=0 n—kj>=0

Thus, the following inequality holds
#z(n) > #3(n) +1— Z #2(n —mj) — Z #2(n — kj),

n—myj>=0 n—kj>=0

with n — kj # n — myj, from which we have

#z(n) > #3(n)+1— > (#3(n—mj+1) — #3(n —mj))—
n—mj>=0
— 3 (#3(n—kj+1)— #3(n — kj)).
n—kj>0
Then, since #z(n) < £(f™), we conclude that the growth number of zero
crossings of the map f is equal to the growth number of Type 3 n-itineraries,
and thus to the growth number of its laps, as required. (|
This theorem gives a generalization to bimodal maps of a previous result by
Severino et al4, stated for unimodal maps of the interval. However, there is
a significant difference, since the vortices spatial distribution for a bimodal
BVP is no longer necessarily symmetric, as it was for the unimodal class.

4. The Spatial Distribution of Vortices for a Bimodal BVP

Although, at the first sight, it might look like a straightforward generaliza-
tion from the unimodal situation, the bimodal class of BVPs exhibits spatial
patterns of vortices which never occur for the former family of BVPs. Thus,
we now turn our attention to the characterization of the vortices’ spatial
distribution of a bimodal BVP.
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Given a BVP associated with a bimodal map f, with critical points ¢y
and ca, let

6(f) =1 = Aez) = Aler),
where A : [0,1] — [0,1] is the map introduced by Milnor and Thurston®,

1 L([—l,x]ﬂf)
A) = tim 10

with s the growth number of laps of f, and L(J,t) is given by
L(J.t) =Y _L(f|ne",  Jcl-1,1].
n=1

Now, it is important to make a few observations about this quantity: first,
it is obvious that, for any antisymmetric bimodal map f, we have 0(f) = 0.
Therefore, §(f) measures the deviation of the map f from the antisymmetric
situation. Second, it uses the values of A at ¢; and ¢y because our symbolic
methods are best suitable to deal with data taken from the critical points

of the map. Finally, introducing I1 = [—1,¢1] and I = [cg, 1], we find that
3(f) = Af(I2) — Af(1y) is the difference between
L 1
Ap(l) = tim L2 1h0)

t—1/s L([—]., ].],t)

and

_ o Ll=Lelt)
At = i TS

As pointed out by Milnor and Thurston,® Af(I>) and As(I;) can be re-
garded as the probability of a randomly chosen lap of the map f”, for a
large value of n, is totally contained in I5 and I, respectively. But, since the
arguments that allow us to proof Theorem 3.1 can be use to state that the
growth number of zeros of f in Iy and I; are equal to the growth number
of laps of f contained in these subintervals, we can conclude that the pro-
posed quantity §(f) measures the difference of probabilities of a randomly
chosen zero of f™, for large n, to be in Iy and in I;. Therefore, §(f) give
us a asymptotical measure of the difference of the percentages of vortices
of the BVP in the two regions Ry = I; x I} and Re = I X I5. In the
following figure we pictured these two regions and, schematically, identified
the position of the vortices for the bimodal map considered and for a time
t = 4 (compare it with the picture given from the numerical solution of the
BVP). The next theorem gives an expression for ¢(f) in terms of the growth
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number and a second topological invariant introduced by Sousa Ramos, see
Almeida et al®, for bimodal maps.

Theorem 4.1. For a BVP associated with a bimodal map f, we have

5(f) = (35 + 2r — 3)/(2s).

Proof. It is an easy consequence of the definition of §(f) and the bimodal
second topological invariant r = r(f). O

5. Conclusions

From the results shown above, Theorem 3.1 and Theorem 4.1, we conclude
that the topological classification of the family of bimodal maps establishes
a classification of the space-time evolution of the bimodal class of BVPs
with an initial vortex.
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Conservation Laws of Several (2+1)-Dimensional
Differential-Difference Hierarchies

Zuo-Nong Zhu

Department of Mathematics, Shanghai Jiao Tong University,
800 Dongchuan Road, Shanghai, 200240, P R China

In this paper, by solving the (2+1)-dimensional discrete spectral equations,
we demonstrate the existence of infinitely many conservation laws for sev-
eral (241)-dimensional differential-difference hierarchies and obtain the corre-
sponding conserved densities and associated fluxes.

1. Introduction

In recent years there has been wide interest in the study of nonlinear in-
tegrable differential-difference systems. It is well known that integrable
differential-difference systems not only possess rich mathematical struc-
tures, such as the Lax pairs, the Hamiltonian structures, infinitely many
conservation laws, the Backlund transformation, and soliton solutions, but
also have applications in many fields, such as mathematical physics, nu-
merical analysis, statistical physics, quantum physics, etc. It is known that
demonstrating the existence of infinitely many conservation laws for a dis-
crete system and deriving the corresponding conserved densities and the
associated fluxes are very interesting and important. There are several mo-
tives to find conservation laws of a discrete system. First, the existence of
infinitely many conservation laws is an important indicator of integrability
of the discrete system. The second, from physical view, it is important to
know whether there exist conservation laws for a discrete system, since the
first few conservation laws usually have physical meaning, such as the con-
served momentum and energy. The third, the conservation laws are also very
useful to numerical analysis for a discrete system. This is due to the fact
that we hope the solution to a difference model satisfies the corresponding
conservation laws.

By solving the corresponding discrete spectral problem, infinitely many
conservation laws for a number of (141)-dimensoional differential-difference
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hierarchies have been given!=3. In this paper, our aim is to demonstrate the
existence of infinitely many conservation laws for several (2+1)-dimensional
differential-difference hierarchies and to obtain the corresponding conserved
densities and associated fluxes by solving the (2+1)-dimensional discrete
spectral equations.

2. Conservation laws for several (241)-dimensional
differential-difference hierarchies

For a (2+1)-dimensional differential-difference system

g0 %an 940 9%qn 0
8t7 8t2 ) 8;1/’ 82/2 y ooy dn—154ns dn+1,--- | = Y,

(1)

where ¢, = q(n,t,y) (with n a discrete variable, and ¢ and y continuous
variable), if there exist functions p,,n, and J,, such that

(3pn Oy

5 T oy >|F_0 = (E —1)Jn, (2)
then equation (2) is called the conservation law of equation (1), with
Pn,Nn being the conserved density and J,, the associated flux. In this sec-
tion, by solving the (2+41)-dimensional discrete spectral equation, we will
demonstrate the existence of infinitely many conservation laws for (2+1)-
dimensional Benjamin-Ono (BO) lattice hierarchy, (2+41)- dimensional
Blaszak-Szum (BS) three-field lattice hierarchy, and (2+1)-dimensional BS
four-field lattice hierarchy. The corresponding conserved quantities, con-
served densities and the associated fluxes will be given.

(1) The discrete spectral problems for several (2+1)-dimensional
differential-difference hierarchies

In order to derive the conservation laws, let us first give the discrete spectral
problems for (2+1)-dimensional BO lattice hierarchy, (2+1)- dimensional
BS three-field lattice hierarchy, and (2+1)-dimensional BS four-field lattice
hierarchy. The three differential-difference equation hierarchies admit the
following (2+1)-dimensional discrete isospectral problem:

Ep(n,t,y,A) = Ulu(n, t,y), A\ + 8y)¢(n, t,y, A), (3)

W = V(u(n,t,y), A+ 8,0 (n, t,y, ), (4)
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where E is a shift operator defined by Ef, = f,11. For the (2+1)-
dimensional BO lattice hierarchy, U and V take the form

U=X+0y— un, (5)
V=> am\+09,)" (6)
=0

for the (24-1)-dimensional BS three-field lattice hierarchy, the matrix U and
V' = (Vi,j)3x3 are given by

0 1 0
U= A—Up_1+ ay —Pn—-1 —Un—1 (7)
1 0 0

Ve = a = Z ajm(A+ 8y)™ 7, Vag = b = ij,m(x +0,)™ 7,
j=0 7=0

m

Vizg =c= Z Cj,m()\ + 8y)m_j,

J=0

‘/11 = (Eb)()\ + Bu — ’Unfl) + EC, V12 = Fa— (Eb)pnfl, V13 = —(Eb)un,l,
Vo1 = <E2a - (EQb)pn> A+ 0y —vn_1) — (E%b)u,,
Vag = (E%b)(A+ 0y — vy + pr—1pn) + E*c — (E*a)p,—1,

‘/23 = <(E2b)pn - E2(L> Un—1;

for the (2+1)-dimensional BS four-field lattice hierarchy, the matrix U and
V = (Vi j)axa are written as

0 1 0 0
0 0 1 0
U = ) (8)

A— Up—2 + ay —Un—2 —Pn—-2 —(qn-2
1 0 0 0
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and

Var = a,Vaa =b,Vaz = ¢, Vas = d,

Vi1 = (E¢)(A+ 0y — up—2) + Ed,Vi2 = Ea — (Ec)vp—2, Vi3 = Eb— (Ec)pn—2,
Vig = —(Ec)qn—2, Va1 = (Egb - (E2C)Pn71) A+ 0y — up—2) = (E*¢)gn-1,
Voo = (E?¢)(A + 0y — tn—1 + Pn—1vn—2) + E>d — (E*b)vy,_o,

Vaz = E%a — (B°¢)(vn—1 — pn—1Pn—2) — (E°b)pn_2,

Vas = (B%¢)(pn—1dn—2) — (E*b)gn—o2,
Va1 = [E% — (E%¢)(vn — pn—1pn) — (E%)pn,l} A+ 0y — )

~(B°0)gn—1 + (B°¢)(pngn—1),
Vg = (B% — (B°pn) (A+ 0y — un-1)

—(E¢)(gn — vnvn—2 + pnpn—1vn—2) — (E>a)vn_2 + (E*b)(pn—10n—2),
Vag = (E*¢)(A + 9y — tn + Pnn—1 + UnPn—2 — PnPp—1Pn—2)
+E3d - (E3a)pn72 + (EBb)(pn—lpn—2 - 'Unfl)7

Vag = —(E*a)gn—2 + (E*¢)(vndn—2 — Pnpn—1dn—2) + (E*b) (Pn—1qn—2).

The integrability condition of the spectral problem (3-4) leads to the fol-
lowing discrete operator zero curvature equation:

ou

ot
where ¢ is an arbitrary function. By using the discrete operator zero cur-
vature equation and taking the above U and V, the (2+1)-dimensional
BO lattice hierarchy, the (241)-dimensional BS three-field lattice hierar-
chy, and the (2+1)-dimensional BS four-field lattice hierarchy are derived
respectively®5. Here we write down the first equations for the three (2+41)-
dimensional differential-difference hierarchies. The first equations for the
(24+1)-dimensional BO hierarchy are, respectively,

= [(EV)U = UV]g, (9)

Un ty = Un,y + 2UnUn,y + Hip yy, (10)
Un,ts = Un,yyy T Un,yy + Un,y (35 + 2un +3(E = 1) uny1,y)
+3un (B = 1) g1,y + (B = 1) (3(untiny )y + 2un,y,)
+3(E - 1)72un+1,yyy (11)
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where the operator H = (E+1)(E —1)~!. The term V associated with the
two equations is, respectively,
Vo=(A+0,)2 +A+0, +2(E— 1) u,,, (12)
Va=A+0,)° +(A+0,)* +3(E — 1) upy (A +9y)
+3(E = 1) 2unsry + (B = )7 Guattny +2u0,)  (13)

It is interesting to note that equation (10) yields the discrete KP

equation®—8

(B — 1)(qn,t + Gny — 2ann,y) =(E+ 1)qn,yy’ (14)

where we have set ¢,, = u,,+1. The first equations for the (2+1)-dimensional
BS three-field hierarchies are given by the following equations:

Un unHilpnfl
Un = Unp+1 — Unp + (E + 1)_1pn,y ) (15)
Pn to Un41 — Un — an_lpn
Up un(vn - Un—l)
Un = | PrUnt+1 — Pn—1Un + Uny | - (16)
Pn to Up+2 — Up + DPn,y

The corresponding matrix V' of the two equations is, respectively,

(B + 1)_1pn—1 1 0
V= A — Un—1 + ay —(E + 1)_1pn_1 —Unp—1 (17)
1 0 (E4+1)"'pn_s

A+ 8y 0 —Up—1
V=| —u, A+9, 0 (18)
Pn—2 1 Un—2

The first equations for the (2+1)-dimensional BS four-field hierarchies are,

respectively,
Unp, Gn+1 — Gn + Apn,y
Un | Ung1 —un +op(l— E)Ap, (19)
Pn Un4+1 — Un — pn(E2 - 1)Apn ’
dn QTL(E - I)Apn—l

to
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(E— 1)[an(pn +pn71)] + ay[A(Un + Up41 — pnAanrl)]

Un Gn+2 — Gn + (Uny1 — un) A(E + 1)py,
Un _ _Un(E - ]-)A[UnJrl +vp — pnAanrl] + A(pn +pn+1)y
Pn Up+2 — Up — Un+1Apn+2 + vnApn

—pnA(Vnt2 — Vng1) + pu(E? — 1) A(pnApnt1)
qn(E — I)A(’Un + Up—1 — pn—lAp’ﬂ)

an

(20)
Un, UnQn+1 — Un—1Gqn + Uny
Un - Pndn+2 — Pn—14n + Un,y (21)
Pn Gn+3 — qn + Dn,y
Adn to dn (un - un—l)

Here the operator A is defined by A = (E2+E+1)~1 = Y72 (E3F—E3k+1),
The matrix V' associated with the three equations are given, respectively,

App—_o 1 0 0
0 Apy,_ 1 0
V= Pn=1 (22)
A+ ay — Up—-2 —Un-—-2 —A(pn—l +pn72) —Ggn—2
1 0 0 Apn—3
A(”n—Z +vp—1— pn—2APn—l) A(pn—l +pn—2> 1 0
Vo A+ 3y — up—2 —A(vn—2 + Pn—14pn) —App_2 —qn—2
Va1 Vaa Va3 Vaa
A(pn—Z + pn—B) 1 0 A('Un—S + vp—2 — Pn—BApn—Z)
(23)
where

‘/31 = (Apnfl)(un72 . ay) — 4n-1, Vv32 =A + ay — Up—1 + vn72Apn71

Va3 = pn—2Apn—1 — A(Un—1 + pnApn+i1), Vas = gn—2Apn—1

A+ 81/ 0 0 —(dn—2
—Qn_1 A+ 8y 0 0
0 —qn A+0y 0

Un—-3 Pn-3 1 Un—3

V= (24)

We remark here that the (2+1)-dimensional BS differential-difference
equations are the generalizations of the (1+1)-dimensional differential-
difference equations constructed by Blaszak and Marciniak®. Equation (15)
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is also viewed as a two-dimensional generalization of a differential-difference

equation'®.

(2) Conservation laws for the (2+1)-dimensional BO lattice hierarchy

Here we first suppose the eigenfunctions 1, is an analytical function of the
arguments. The (2+41)-dimensional BO lattice equations correspond to the
discrete spectral problem

¢n+1
Un

=\ —up + Oylny,. (25)

Let T, = d’;}:l , the spectral problem leads to the following discrete Riccati
equation:

o,

FnFn+1 — Fi + (un+1 - un)Fn = B—y (26)

We can give a series solution to the equation. Expand I',, with respect to
A by the Laurent series

Lp=> A7wf, (27)
j=1
and substitute it into equation (26), we obtain

Y
w,(ll) :exp(/ (Un+1—un)dy),
0
y y
W w1+ [ (E=Vewn( [ (nir—u)dy)dy),
0 0
, y y
wf) =1+ [ eapl [ (un—uni)dy) 3 0wl —wl)dy). 123
0 0 l+s=1
On the other hand, we have

0 0

For equations (10) and (11), %lnwn is described by the following equations,
respectively,
0

E In ¢n = Up + ui + Hun,y + (2un + l)F’H, + Fi +

or,

n (29)
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and

0
En In, = uf’l + ui + Hup y + Un yy + 3un(E — 1)_1un+17y

+3(F — 1) 2upi1,yy + 3(E — 1) Hupuny)
+ T2 + (Buy + D2 + (3u? + 2uy, + 3(E — 1) tuy )Ty,

0 1
+ o9 Tl + §r3 + (Uns1 + 2u, + 1), (30)
It follows from equation (28) that
%lnFn + (%(1 — By, = (B — 1)(un +u2 + Hupy + (2u, + )T, +T2)
(31)
and
0

) 1
i1nn + a_y(l — BE)[WThyt + §Pi + (U1 + 2up, + 1),

=(E - 1)[ui + ui + Hup y + Un gy + 3un(E — 1)*1un+17y
+3(F — 1) 2uni1,yy + 3(E — 1) Hupun )
+ T8 + (Buy + DI2 + (3u? + 2uy, + 3(E — 1) u, ,)T,). (32)
Noting that

) ) O N (—1)kFINE
—nl, = — Inw) + = d*), 33
ot " ot Wn +8t(kZ:1 k ) (33)
where
(I):Z/\ ]Sj, szwnj :W; (34)
Jj=0 n

and making a comparison of the powers of A on both sides of equations (31)
and (32), we obtain infinitely many conservation laws of the 241 dimension
BO lattice equations (10) and (11),
9
ot

For equation (10), the conserved densities and the associated fluxes are

pg>+8%5g> —(E-1JD, =012 .. (35)

Y
01(10) = / (un+1 - un)dyv 67(10) =0, J’I(LO) = Un + U’12’L + Hun,ya
0

po) =@, B =01-Bwt, T = Quat Dui) (36)
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and
107(1]) = Sj-1— 2 Z 81,81, + 3 Z 4 811815813 — ceeees
Litle=j—2 l1+l2+1l3=5-3
-1 i-t S -1 J+1
+7( - _)2 Z 81, S1y---S1,_ + (—1)7 8}, 21 + ( ) S0,
J Litlo4. . Flj—2=2 J
(37)

B0 = (1= By, JP = Qun+ 1wl + 3w, j=2 0 (38)
l+s=j

For equation (11), the conserved densities and the associated fluxes can be
written as

Yy
Pl = / (Unt1 —un)dy, B =0,
0

T =} +u + Huny + oy + 3un(E — 1) Mg,
+3(E — 1) unt1,yy + 3(E — 1) (tnun,y)
P =wP, B = (1= E)(L+ 2un + uper)wiV],
T = (3up + 2up + 3(E — 1) gy )wll, (39)
and pg), ,(Zj) and J,(Zj) (j > 2) are presented by equation (37) and the
following equations respectively,

(s)
j ; wn, s
BY) = (1 — B)[(1 4 2up + unp1)wl + g w,(f)(—2 + w,(“)rl)]
l+s=j

JO) = (3u2 + 2u, + 3(F — 1)y, ) w(

+ (Bu, + 1) Z wDw® + Z wWww™  j>2  (40)
l+s=j l+s+m=j

It is interesting to note that equations (35)-(38) with ¢, = u, + 1 yield
infinitely many conservation laws of the discrete KP equation.

(8) Conservation laws for the (2+1)-dimensional BS three lattice-field
equations

The (2+1)-dimensional BS three lattice-field equations (15) and (16) relate
to the discrete spectral problem

¢n+1 + pn—l"r/)n + un—1¢n—2 - ()\ — Up—1+ 8@;)1/)11—1; (41)
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which leads to the following discrete Riccati-type equation:

1_‘nfll_‘n]-—‘rwrl(FnJr2 - Fn) + I‘nfll_‘n(pTLJranJrl - pnrn)
or,

+ 1—‘n—lrn(vn+l - Un) + un+1Fn—1 - unFn = Fn—la—ya (42)

The discrete Riccati-type equation also has the solution given by the Lau-
rent series (27) with

w,(ll) = Upy1, w,(f) = Upt1[Un+1 — (F — 1)_18y In wy,12],
’ _ C(n
0 = (B - 1)
Un++1Un+2
where
Cn) = > wlwl) ,+ st = vaga) Y wDul),
l+s=1 l+s=1
+ Prt1 Z wﬁf)w,(fllwffi)l — Pn+2 Z wg)wiialwfﬁé
l+s+m=i l+s+m=i

- Z wg)wis_alng_)z(wff_ag - wg_al),i =3,4,.....

l4+s+m+r=1

Note that % In ), for equations (15) and (16) are written as, respectively,

0
5 nn =Tn+ (E+ 1) pn, (43)
0
g Int, =Tplhg1 +pnln + v — A (44)
we thus obtain the following two discrete conserved equations:
0
5;"Tn = (B =)0+ (E+1)""pn), (45)
0
alnfn =(F -1y + puln +vp). (46)

From the above two equations, we obtain infinitely many conservation laws
of the (241)- dimensional BS three lattice-field equations (15) and (16),

%p,@ =(E-1)JY,  j=012,... (47)

where the conserved densities have the form

P = Inun g1, P = vng1 — (B = 1) 0ylnun s,
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and pgf ), j > 2 is described by equation (37). The associated fluxes are
given, respectively,
IO =(E+1) " pn, I =uppr, JP =), 2 (48)

n

and

JO =v,, TV =punys, JY =pawd + Z wg)w,(fll. (49)
l+s=j

(4) Conservation laws for the (2+1)-dimensional BS four lattice-field
equations

The discrete spectral problem corresponding to the (2+1)- dimensional BS
four lattice-field equations (19)-(21) reads

¢n+1 + pn—an + Un—2¢n—l + Qn—an—S = (/\ — Up—2 + 8y)¢n—27 (50)

which leads to the discrete Riccati-type equation,

Pnfl]-—‘nrnJranJrZ (Fn+3 - Fn + anrl) + l—‘nfll_‘n]-—‘rHrl(UnJrl - pnrn)

ar,
+ anl]-—‘n(unJrl — Up — vnrn) + QnJrl]-—‘nfl - Qnrn = Fn718—y~ (5]-)
The Laurent series (27) solves the last equation, where
wg) = Q4n+1, wy(zz) = Qn+1[un+l - (E - 1)_1874 In Qn+2]a
. D
W) = —guia (B - 1) [ﬂ] i3 (52)
4n+19n+2
with
D(TL) = Z wg)wr(zs)rl,y + (unJrl - Un+2) Z wg)wr(zs)rl
l4+s=1 l4+s=1
+ (Ona1 —vns2) Y Dl () +wlt))
l4+s+m=1
+ (Pnt1 = Png2) Z w%)wf(fllw?(:i)z(ngzl + wffi)s)
l4+s+m+pu=i
+ Z w! )wff+)1w7(ﬁ)zw7%3(wff+)1 - wr(zv+)4)'

I+s+m~+p+y=i
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Note that % In 1), for equations (19)-(21) are written as, respectively,
0

5y M =Tn +(E?+E+1)"'p,, (53)
0 2 -1
5p 2 n = Talngs + (B2 + B+ 17 (prga + pn)

+(E* + E+ 1) [ong1 + v —pu(E> + E+ 1) 'ppial, (54)
gt Ity = un + valn + Pplnlnst 4+ TnlngtDnss, (55)

we have the following three discrete conserved equations:

0

5nTn = (B —1) [T, + (E*+ E+1)"'p,] (56)
0

(E2 +E+1)" (Un+1 +vp — pn(E2 +E+ 1)71pn+1)]7 (57)
0

The above equations yield infinitely many conservation laws of the (2+1)-
dimensional BS four lattice-field equations (19)-(21), respectively,

o . _
ap;ﬂ =(E-1)JY. j=0,1,2,.... (59)
where
Pt = Ingpy1, P = tpiy — (B —=1)7'0y In gy, (60)
and p(J ) ,J > 2 is given by equation (37). The corresponding fluxes are,
respectively,

IO =(E* +E+1)pu, I =qun, S =0, j=2, (61)
IO = (B> + E+1) o1 + vn — pu(B* + E+ 1) 'patil,
Jy(ll) = qn+1(E2 + FE+ 1)_1(pn+1 +pn>a

P =D (B2 B+ D) o +pa)+ > wluldy, =2 (62)

l+s=j
and
J(O) = Un, Jf,sl) = UnQn+1,
J(”—“w“’ﬂﬂ > wlofli+ Y0 el =2
l+s=j l+s+m=j
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(5) Conservation laws for several (1+1)-dimensional lattice-field equations

In this sub-section, we derive infinitely many conservation laws for several
(141)-dimensional lattice-field equations which are the (1+1)-dimensional
reductions of the (2+1)- dimensional BS lattice-field equations. Infinitely
many conservation laws for (1+41)-dimensional reductions of the (241)-
dimensional BS lattice-field equations (16) and (21) have been constructed?.
Here we give the conservation laws for the (1+1)-dimensional reductions of
the (24+1)- dimensional BS lattice-field equations (15), (19) and (20). In the
(141)-dimensional case, the discrete Riccati-type equations (42) and (51)
reduce to the following equations, respectively,

1—‘ln—lrln]:‘n+1 + pnFn—lrn + (Un - A)Fn—l + Uy = 07 (64)
1—‘ln—1Fn]:‘n+1rln+2 +pnFn—1FnFn+l +'Unrn—1rn + (un - A)Fn—l +Qn - O
(65)

The solutions to the two equations can be given by the Laurent series (27),
where wff )(j > 1) are, respectively,

U%(«Ll) = Un+1, w1(12) = Un+1Un+1, w7(7,3) = un+l(U121+1 +pn+1un+2)7
ws) = Un+1w1(1¢_1) + Pnt1 Z wf(zl)wis—i)-l + Z wf(ll)wis—i)-lwiﬂ—gv
l4+s=i—1 l4+s+m=i—1
(66)
and
ngl) = gdn+1, w1(12) = Qdn4+1Un+41, U}S’) = qn+1(u121+1 + vn+lqn+2)

W) = up 1wl ™Y o Z wff)wf«i)l +Pn+1 Z wg)wf(fllwgi)z
l+s=i—1 l+s+m=i—1

+ Z wg)wiﬁlwﬁﬁéwgﬁ& 1 >4 (67)
I+s+m+pu=i—1

We thus obtain infinitely many conservation laws described by equation (47)

for the (1+1)-dimensional reductions of the (241)- dimensional BS lattice-

field equations (15), (19) and (20). The conserved densities pEf' ) is given

by equation (37). Here we write down the following conserved densities

and associated fluxes for the three (1+1)-dimensional differential-difference
equations, respectively,

1
Pq(lo) = InUn41, Pq(ll) = Un+41, 01(12) = Pn+1Un+2 + 5”72L+1a ey (68)
and
1
P =ngns1, PP =tnt1, PP =vni1Gnan + suliy, ., (69)

2
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Jﬁo) = (E+1)"'p,, Jﬁl) = Up+1, Jff) = Un41Un+1, Jr(zj) = wr(zj)a (70)
I =(B*+ E+1)7"pu, I = aurr, I =untiterr, JP =wd),
(71)
and
JO = (B> + E+ 1) Yong1 + vn — pu(E? + E+ 1) "poga],
I = gui1(B® + E +1) " (png1 + pn),

I =wD(E? + B+ 1) puss +pa)+ 3 wlully, =2 (72)
l+s=j

3. Conclusions

As is well known, infinitely many conservation laws is an important inte-
grable property for a differential-difference system. Specially, there is less
work on the infinitely many conservation laws for the (2+1)- dimensional
differential-difference hierarchy. In this paper, by solving the correspond-
ing (2+41)-dimensional discrete spectral equations, we have demonstrated
the existence of infinitely many conservation laws for several (2+1)- di-
mensional lattice hierarchies and have derived the corresponding conserved
densities and associated fluxes. To the best of our knowledge, the explicit
constructions of infinitely many conserved quantities associated with the
(24+1)- dimensional differential-difference hierarchies discussed in the paper
are new. It should be marked that some integrable properties on (2+1)-
dimensional BO equations (10) and (2+41)-dimensional BS equation (15),
such as lump solution, the Lie symmetries, the Béacklund transformation
have been derived®.
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